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PREFACE

It is hard to name another branch of physics more essentially changed
in the last few decades than the theory of phase transitions. One can
go further: having appeared in different variants of a mean field theory
for the description of equilibrium phase transitions in problems of sta-
tistical physics and thermodynamics, the theory of phase transitions now
appears to be an interdisciplinary science such as, say, the theory of oscilla-
tions. Also the concepts contained in the term “phase transition” has been
substantially broadened. In condensed matter physics, besides traditional
equilibrium thermodynamic phase transitions, this term includes quantum
phase transitions, non-equilibrium dissipative phase transitions, percolation
phenomena, etc.

During the last several decades we have witnessed intensive studies of
the above phenomena in condensed matter physics, and of similar phenom-
ena in different branches of physics (on a larger scale, of similar phenomena
in chemistry, biology, ecology, economy). In particular, a breakthrough in
understanding and precise quantitative description of the long-range prop-
erties of different systems in the vicinity of a second-order phase transition
occured due to the applications of renormalization group ideas. Such an
intensive and fruitful activity in the field sometimes leads to the opinion
that all principal work in phase transitions theory had already been com-
pleted by the middle of the 80’s and no new physics remains to be explained.
On the other hand, there exists an opposite opinion, stating that it is a fas-
cinating part of physics still actively developing and there is a lot of work
to be done in both the fundamental and the applied areas.

The purpose of this book is to support the latter opinion and, in doing
so, to give a review of some current topics in phase transitions theory.
The book contains six chapters reviewing state-of-the-art studies in vari-
ous areas of phase transitions theory: rigorous results for the classical and
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quantum lattice models, dynamics and statics of quantum phase transi-
tions in regular and disordered one-dimensional systems, phase transitions
in two-dimensional systems with weak quenched disorder, field theoretical
analysis of critical behavior in polymer physics and of the superconducting
phase transition.

The above list of advanced topics in the theory of phase transitions
is far from being complete, but it reflects some of the main trends in the
development of the subject. The book opens with a review of Yuri Kozitsky
giving an introduction to the rigorous theory of the Ising model and its
generalizations. It may serve as a bridge for those physicists who do not
work in the field of mathematical physics but are interested both in the
modern methods and in the recent results.

The articles of Dragi Karevski and Oleg Derzhko are devoted to the
study of quantum phase transitions in quantum spin chains. These sim-
ple quantum mechanical many-particle systems are of current interest for
several reasons. On the one hand nowadays it is possible to perform an
experimental study of a phase transition driven by quantum fluctuations,
on the other hand the theoretical analysis of one-dimensional quantum sys-
tems is far from being trivial, as the above reviews will convince the reader.
Moreover, new phenomena of interest appear when one introduces struc-
tural disorder to such systems. The influence of structural disorder is also
the subject of the paper by Bertrand Berche and Christophe Chatelain
who give a comprehensive review of experimental and theoretical studies of
the two-dimensional random Potts model. The reviewed methods include
perturbative expansions, MC simulations, transfer matrix technique, and
short-time dynamic scaling.

The review by Christian von Ferber concerns scaling properties of star
polymers. Since the early 70’s, thanks to the work of P.-G. de Gennes,
it has been understood that properties of long flexible polymer chains in
good solvents may be described in terms of critical phenomena. The review
shows modern state-of-the-art insight in studies of the scaling properties
of (co-)polymer stars and networks, including possible applications of the
theory for describing the interaction of star polymers in a solvent and for the
analysis of the multifractal properties of diffusion in the vicinity of polymer
absorber. The paper by Flavio S. Nogueira and Hagen Kleinert aims to
answer the question concerning the order of a normal-to-superconducting
phase transition. This question becomes nontrivial when one considers also
the fluctuating magnetic field. The paper reviews different field-theoretical
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approaches to the problem, emphasizing the renormalization group and the
duality approach.

The selection of the contributors to this review volume stems from the
presentations of their review lectures in March 2002 in Lviv (Ukraine) in
the setting of the “Ising lectures” – a traditional annual workshop on phase
transitions and critical phenomena. The workshop is organized by the Insti-
tute for Condensed Matter Physics of the National Academy of Sciences of
Ukraine and the Ivan Franko National University of Lviv, and aims to bring
together scientists working in the field of phase transitions with university
students and those who are interested in the subject. On this occasion, it
is my pleasure to express my cordial thanks to the lecturers for coming
to Lviv and presenting their lectures. Special thanks are due to Professor
Ivan Vakarchuk, Dr. Ihor Mryglod, and Dr. Mykhailo Kozlovskii for their
support in the organization of the workshop and to Dr. Kyrylo Tabun-
shchyk, Mr. Maksym Dudka, and Mrs. Viktoria Blavats’ka for their help,
before, during, and after the workshop. I am very much oblidged to World
Scientific Publishers for the interest in getting these lectures published and
to Dr. Kok-Kean Yim for the fruitful collaboration in the preparation of
this book.

Yurij Holovatch
Institute for Condensed Matter Physics &

Ivan Franko National University of Lviv
Lviv, Ukraine, May 2003
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CHAPTER 1

MATHEMATICAL THEORY OF THE ISING MODEL
AND ITS GENERALIZATIONS: AN INTRODUCTION

Yuri Kozitsky
Institute of Mathematics, Maria Curie-Sk�lodowska University,

20-031 Lublin, Poland
E-mail: jkozi@golem.umcs.lublin.pl

An introduction into the rigorous theory of equilibrium states of a
number of lattice models of classical and quantum statistical physics is
given. Generalized Ising models with discrete, continuous, bounded and
unbounded spins, translation invariant and with a hierarchical struc-
ture, quantum spin models, models of interacting quantum anharmonic
oscillators are considered. For the classical models, certain properties of
local Gibbs states, such as the Lee–Yang theorem, correlation inequali-
ties, phase transitions and self-similarity, are discussed. The Gibbs states
of such models are defined by means of the Dobrushin–Lanford–Ruelle
equation. The problem of uniqueness of such states is also discussed.
For the quantum models, an approach based on functional integration is
presented on an introductory level. Within this approach phase transi-
tions and the critical point convergence in models of interacting quantum
oscillators are discussed.

1. Introduction

This article is addressed to those physicists working in statistical physics
who would want to learn modern mathematical methods and concepts used
by mathematicians who are also working in this area. Although both com-
munities study the same object, there exists a serious gap between the
ways of getting and expressing knowledge, which quite often impedes sub-
stantially the exchange of this knowledge between them. The intention of
the article is to help making just the first steps towards treating equilib-
rium states, phase transitions, critical points, etc. as mathematical objects.
As a continuation, a serious work on such classical sources as Refs. 1–14

1
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is recommended. The article is more or less self-contained, nevertheless
the reader is supposed to possess certain knowledge in functional analysis
(linear operators on Banach and Hilbert spaces, see Ref. 15), analytic func-
tions (holomorphic functions of one and several complex variables, entire
functions, see Refs. 16 and 17), measure theory (see Refs. 18–20), proba-
bility and stochastic processes (see Ref. 21). The article is mainly a review,
although certain results and approaches are new. Among them – a new
approach to the description of the critical point in one-dimensional models
(classical and quantum) with long-range interactions.

The Ising model was introduced in 1925. Ising solved the model in the
one-dimensional case22 (see also Refs. 23 and 24) and came to the con-
clusion that it has no phase transitions in all dimensions. Later, due to
Onsager’s solution,25 it had become clear that the two-dimensional version
of the model does have a phase transition and a critical point. Since that
time, the Ising model has become one of the most popular models of sta-
tistical physics. A very important conclusion, which one can come up to
by analyzing Onsager’s solution, is that the phase transition singularities
of thermodynamic functions, such as the free energy density, magnetiza-
tion, etc., occur only in the infinite-volume (thermodynamic) limit. Another
important peculiarity of Onsager’s solution is that it cannot be extended
to the three-dimensional case.a This fact stimulated a more serious mathe-
matical approach to the description of lattice models of this kind. The state
of the art account in this area may be found in the monographs Refs. 13
and 14.

Originally the Ising model was considered as a quantum model described
in terms of spin operators. Later, it was understood29 that there exists a
deep connection between the Ising model, the ϕ4-models of the Euclidean
quantum field theory and classical lattice models. Moreover, due to its diag-
onality, the Ising model may be considered as a classical model as well. In
accordance with this duality the main body of the article consists of two
parts dedicated to classical and quantum models respectively. In the first
part (Section 2), we consider a number of generalizations of the Ising model,
which may be described in terms of systems of dependent random variables
(spins) indexed by the elements of a d-dimensional simple cubic lattice

aIt is believed26 that the three-dimensional and two-dimensional Ising models have dif-
ferent types of time complexity. The 3D-model has a non-polynomial time complexity;
whereas the 2D-model, polynomial. More about complexity – a very popular conception
of modern science – see Refs. 27 and 28.
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of unit spacing Z
d. In this context the Ising model describes a system of

interacting spins taking values ±1. In its generalizations the spins take val-
ues: (a) from a finite sets s1, . . . , sn (discrete spins); (b) from intervals like
[a, b] (bounded continuous spins); (c) from the whole real line (unbounded
spins). These values are taken with certain probability (in the Ising model
both ±1 are taken with probability 1/2). Different types of probability
laws, which prescribe these probabilities are discussed. Local Gibbs states
are introduced as probability measures, which are constructed by means
of local Hamiltonians and the probability laws discussed above. Here and
below local means related to a finite subset of the lattice Z

d. The central
notion of this part is the infinite-volume Gibbs state, which is defined by
means of local Gibbs states as a probability measure. As has been pointed
out above, the only possibility to describe phase transitions in such models
is to construct these infinite-volume states, or at least to get information
about their properties. Such information may be obtained by studying local
Gibbs states, in particular the analytic properties of local partition func-
tions. Valuable information may be obtained with the help of correlation
inequalities, which we discuss in Subsection 2.3. In Subsection 2.6 we show
how to prove that the infinite-volume Gibbs state of the Ising model with a
nonzero external field is unique at all temperatures. This uniqueness means
that only one phase may exist hence no phase transitions are possible.
The proof is based on the correlation inequalities and analytic properties of
the model partition function as a function of the external field. Among the
main problems of statistical physics a special place belongs to the problem
of criticality. At a critical point the infinite-volume Gibbs state possesses
unusual properties. In particular, it is characterized by large fluctuations
due to which the usual central limit theorem fails to hold whereas the law
of large numbers is still valid. Such a phenomenon is interesting not only
for physicists – the appearance of the strong dependence between random
patterns is studied in population genetics, mathematical finance, etc. In
Subsection 2.7 we consider some new aspects of the theory of critical points
in a number of models discussed in this section.

In Section 2 we have restricted ourselves to real-valued spin models.
Therefore, we do not consider classical models with vector spins, taking
values in R

n with n > 1. We also leave without consideration models like
the Potts model, the clock model, etc. Finally, we do not consider a very
interesting class of spin models on graphs (like the Bethe lattices), which
now are getting more and more popular [see e.g., Refs. 30 and 31, and
pp. 170–173 in Ref. 13].
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In the second part (Section 3) we discuss how to construct local Gibbs
states of quantum lattice models, which can be considered as general-
izations of the Ising model. We consider two types of such models: (a)
non-diagonal spin models (like the Heisenberg spin model), which may
be described by means of finite complex matrices; (b) models of interact-
ing localized quantum particles, described by unbounded momentum and
position operators. A typical example of the latter models is the model of
quantum anharmonic oscillators, which is now extensively employed in the
theory of structural phase transitions.32 The local Gibbs states of quantum
models are constructed as positive linear normalized functionals on non-
commutative algebras of observables. Such functionals are defined by means
of density matrices, which in turn are defined in terms of local Hamiltonians.
All these objects, i.e. local Hamiltonians, density matrices and observables,
may be realized as operators acting on certain Hilbert spaces. In Subsection
3.1 we give a brief introduction and some examples on this matter, includ-
ing a number of facts from the theory of such operators. In Subsection 3.2
we discuss the main technical tool in quantum statistical physics which
provides a possibility to describe local Gibbs states by means of Matsubara
functions constructed for observables taken from a commutative subalgebra
of the algebra of all observables. In the approach to the description of the
models of quantum anharmonic oscillators initiated in Ref. 33, the Mat-
subara functions are written as integrals on function spaces, which makes
this description similar to the description of models of classical statisti-
cal physics, in particular the models considered in Section 2. The only
difference is that now the spins are infinite-dimensional. This approach is
called Euclidean because of its similarity to the corresponding approach
in quantum field theory. Within this approach it is possible to construct
infinite-volume Gibbs states on the same base as in the case of classical
models. We present here certain aspects of this approach, a full description
of which may be found in Ref. 34. In Subsection 3.3 we make some state-
ments regarding phase transitions and critical phenomena in the models of
quantum anharmonic oscillators obtained in the Euclidean approach.

2. Classical models

2.1. Local Hamiltonians and Gibbs States

We denote by N, N0, Z, R, C the sets of positive integers, nonnegative
integers, integers, real and complex numbers, respectively. For simplicity, we
consider a simple cubic lattice of unit spacing, i.e., our lattice is Z

d, d ∈ N.
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Let ∆ be a finite subset of the lattice Z
d. Among such subsets we will

distinguish boxes

Λ = (−L,L]d ∩ Z
d, L ∈ N. (1)

Below, unless otherwise explicitly stated, ∆ and Λ will always stand,
respectively, for an arbitrary finite subset of Z

d and a box (1). The number
of lattice points in ∆, Λ, will be denoted by |∆|, |Λ|. Since Λ is a special
case of ∆, everything stated for subsets ∆ will be valid also for boxes Λ.

We start the description of the models we consider by introducing the
measure � on R which describes a priori the probability distribution of a
random variable corresponding to a “particle”. The measure which would
describe a system of such non-interacting particles, each of which is labelled
by an element of a subset ∆, should be the product of this � taken over ∆.
If the particles interact with each other, the measure which describes this
system is obtained6 as a “Gibbsian reconstruction” of the product measure
performed by means of the energy functional. In the simplest case this is
a quadratic form on the Euclidean space R

|∆| consisting of vectors σ∆ =
(σl)l∈∆ with components σl , l ∈ ∆, which reads

H∆ = −1
2

∑
l,l′∈∆

Jll′σlσl′ −
∑
l∈∆

hlσl, (2)

where Jll′ = Jl′l, hl are real parameters of the model defined for all
l, l′ ∈ Z

d. By means of these objects, we introduce the following probability
measure on the space R

|∆|:

dν∆(σ∆) = Z−1
β,∆ exp (−βH∆)

∏
l∈∆

d�(σl), (3)

Zβ,∆ =
∫

R|∆|
exp (−βH∆)

∏
l∈∆

d�(σl),

where β is the inverse temperature measured in energy units. This mea-
sure is called the local Gibbs measure, or equivalently the local Gibbs state,
corresponding to the zero condition on the boundary (i.e., outside) of ∆.
The mentioned reconstruction was performed by multiplying the product
measure in (3) by the corresponding factor, which turns out to be equal to
unity for β = 0 when the particles become non-interacting. The normaliza-
tion constant Zβ,∆, which ensures that

∫
dν∆ = 1, is called the partition

function in the subset ∆ and

Fβ,∆ = − 1
β|∆| lnZβ,∆, (4)

is called the free energy density.
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A particular case of the above model, where the reference measure � is

d�(σl) = δ(σ2
l − 1) dσl =

1
2

[δ(σl − 1) + δ(σl + 1)] dσl, (5)

is nothing else but the Ising model with the interaction potential Jll′ in the
external field hl. This field is called homogeneous if hl = h for all l ∈ Z

d.
In (5) δ is the Dirac δ-function, thus the above measure is symmetric and
concentrated at ±1.

Due to the fact that the Ising model is a particular case of the model
described by (2), the random variables in a general situation are called
“spins”, the energy functional (2) is called “Hamiltonian”, and the measure
� is called “single-spin measure”. The models for which the measure �

is concentrated at points s1, s2, . . . , sn ∈ R, as is the case for the Ising
model, are called models with discrete spin. Such a model with s1 = −1,

s2 = 0, s3 = 1 and with the single-spin measure

d�(σl) = c[δ(σl + 1) + δ(σl − 1)]dσl + (1− 2c)δ(σl)dσl, c ∈ (0, 1/2),

was studied in Ref. 35. The models for which the measure � is not concen-
trated at any points are called models with continuous spin. As an example
here one may take the model with the single-spin measure

d�(σl) =
1
2
	[−1,1](σl) dσl, (6)

where 	[−1,1](t) = 1 if t ∈ [−1, 1] and 	[−1,1](t) = 0 otherwise. The models
for which there exists a > 0 such that∫

[−a,a]
d�

def=
∫ a

−a

d� = 1,

are called models with bounded (compact) spins. Thus, discrete spins are
always bounded. The models for which the measure � is not concentrated
on a bounded interval are called models with unbounded spins. Among such
models, a significant role is played by the polynomial models, for which

d�(σl) = C−1 exp (−P (σl)) dσl, C =
∫

R

exp (−P (σl)) dσl, (7)

where P is a polynomial, i.e.,

P (σl) = b1σl + · · ·+ b2rσ
2r
l , b2r > 0. (8)

Such a polynomial is semi-bounded, which means that for all its arguments
P (σl) ≥ b0 for some real b0. A measure � on R is called symmetric if for
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every 0 ≤ a < b, ∫ b

a

d� =
∫ −a

−b

d�.

The measure (7) is symmetric if P is even, i.e., if only even powers appear
in (8). A typical example of such a measure is the symmetric Gaussian
measure, for which P (σl) = (b/2)σ2

l . Another typical example is obtained
by setting r = 2,

d�(σl) = C−1 exp
(−aσ2

l − bσ4
l

)
dσl, a ∈ R, b > 0; (9)

C =
∫

R

exp (−P (σl)) dσl,

which is known as the ϕ4 measure.
Such polynomial models have another interpretation. For the above P

and the Hamiltonian (1), set

E∆ = −1
2

∑
l,l′∈∆

Jll′σlσl′ −
∑
l∈∆

hlσl +
∑
l∈∆

P (σl). (10)

This functional may be considered as the potential energy of a system of
interacting classical (non-quantum) oscillators, in which the first term is
responsible for the inter-particle interaction whereas the second and the
third ones represent the single-particle potential energy. In case P (σl) =
(b/2)σ2

l , b > 0, for all l ∈ Z
d, these oscillators are harmonic. A general-

ization of (7) and (10) may be made by replacing the polynomial P by a
differentiable semi-bounded function. With the help of the potential energy
(10) the measure (3) may be written in the form

dν∆(σ∆) = Z−1
β,∆ exp (−βE∆)

∏
l∈∆

dσl, (11)

which is the Gibbs measure of a system of classical oscillators; it is Gaussian
if they are harmonic. Let us describe the latter case in more detail.
For P (σl) = (b/2)σ2

l , we set

Sll′ = bδll′ − Jll′ , l, l′ ∈ ∆, (12)

where δll′ is the Kronecker delta. Let S be the |∆|× |∆| symmetric matrix,
the elements of which are given by (12). It may be diagonalized and all its
eigenvalues have to be real. The measure (11) will exist for all d ∈ N if all
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these eigenvalues are strictly positive. In this case the inverse matrix S−1

exists and the partition function may be written explicitly

Zβ,∆ = (2π)|∆|/2 [det S]−1/2 exp

1
2

∑
l,l′∈∆

(S−1)ll′hlhl′

 . (13)

If Jll′ ≥ 0 for all l, l′ ∈ Z
d, the necessary and sufficient condition for the

mentioned eigenvalues to be positive is

b > max
l∈∆

∑
l′∈∆

Jll′ . (14)

It is sensible to consider the thermodynamic properties of the model only
if the relation ∑

l′∈Zd

Jll′ < ∞, (15)

holds for all l ∈ Z
d. In this case condition (14) will be satisfied for any ∆ if

b > sup
l∈Zd

∑
l′∈Zd

Jll′ . (16)

If the latter condition fails to hold, the same will be the case with (14) for
sufficiently large subsets ∆. In this case the infinite-volume Gibbs measure
does not exist.

By means of the local Gibbs measure (3), one obtains physical quantities
as the integrals ∫

Ω∆

f(σ∆) dν∆(σ∆) def= 〈f〉ν∆ , (17)

where we have set Ω∆ = R
|∆|. Such integrals are called expectation values

of the functions f with respect to the measure ν∆. In particular, the mean
magnetization in the set ∆, the two-point correlation function and the
susceptibility of the model read, respectively,

M∆ =
1
|∆|

∑
l∈∆

〈σl〉ν∆ , K∆
ll′ = 〈σlσl′〉ν∆ − 〈σl〉ν∆〈σl′〉ν∆ , (18)

χ∆ =
1
|∆|

∑
l,l′∈∆

K∆
ll′ . (19)

The infinite-volume limit of such quantities, if it exists, will describe the
thermodynamic properties of the model. In general, the integrals (17) exist
not for all functions f : Ω∆ → R. If such a function is continuous and
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polynomially bounded, its expectation value 〈f〉ν∆ exists for all measures
� of the type of (7). A polynomially bounded function by definition is a
function f : Ω∆ → R, which satisfies the condition

|f(σ∆)| ≤ f0 +

[∑
l∈∆

σ2
l

]n

, (20)

with certain f0 > 0 and n ∈ N. In the case of compact spins, the integrals
(17) exist for all continuous functions. It should be pointed out here that the
integrals (17) exist not only for continuous functions, but their extension to
wider classes of functions will complicate mathematics, which complications
we are going to avoid in this article. Moreover, all functions for which the
expectations 〈f〉ν∆ have a physical meaning are continuous, hence we may
restrict ourselves to considering such functions only. Thereby, we denote by
F∆ the set of all polynomially bounded continuous functions f : Ω∆ → R.
All the single-spin measures we consider in this article are supposed to
satisfy the condition ∫

R

exp
(
as2) d�(s) <∞, (21)

with a certain a > 0. In this case all functions from F∆ will be integrable
with respect to the local Gibbs measures (3).

2.2. Analytic Properties of Local Gibbs States

In this Subsection we study the dependence of the partition function Zβ,∆,
and hence of the free energy density Fβ,∆, on the parameters Jll′ and
hl. Here we extensively use notions and facts from the theory of entire
functions, which may be found in the books of Refs. 16 and 17.

For discrete spins, the partition function Zβ,∆, as a sum of exponents,
may be extended to an exponential type entire function of h∆ = (hl)l∈∆ ∈
C

|∆|. The same remains true for all types of bounded spins – a fact which
follows from the Paley–Wiener theorem (see e.g., Ref. 17). For the model of
classical harmonic oscillators, i.e., for Gaussian ν∆, it may be extended to
an entire function of h∆ of order two (see (13)). For unbounded spins with
the measure � in the form (7), Zβ,∆ may be extended to an entire function
of order between one and two, depending on the degree of the polynomial P

(see below). Since for real hl, the function exp (−βH∆) takes positive values
only, the partition function Zβ,∆ is also positive, which means that the free
energy density Fβ,∆ is an analytic function on a domain in C

|∆|, which
contains R

|∆|. This shows one more time that no phase transitions can arise
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unless the volume (i.e., the subset ∆) remains finite since these phenomena
are connected with the singularities of the free energy density (see Refs. 8,
10 and 14). On the other hand, by (4), the singularities of the free energy
density may be connected with the zero points of the partition function.
A classical result in this domain, known as the Lee–Yang theorem36 (see
also Refs. 10 and 11), states that for the Ising model, the only point of
the real line which such zeros may reach in the infinite-volume limit is the
origin. Here we present a generalization of this statement proven in Ref. 37.
To this end we introduce the following notion.

Definition 1: A symmetric probability measure � on the real line R is said
to possess the Lee–Yang property if

ϕ�(z) =
∫

R

ezt d�(t), z ∈ C, (22)

is an entire function which has either imaginary zeros or none at all.

Then the Lee–Yang theorem in the version of E.H. Lieb and A.D. Sokal
may be formulated as follows.

Proposition 2: Let the spin model defined by the Hamiltonian (2) and the
single-spin measure � possess the properties: (a) Jll′ ≥ 0 for all l, l′ ∈ Z

d;
(b) the measure � has the Lee–Yang property. Then, for every finite subset
∆ ⊂ Z

d and every β > 0, the partition function (3), as a function of h∆,
can be extended to an entire function, which has nonzero values whenever

(hl) > 0 for all l ∈ ∆.

Here 
(z) stands for the real part of z ∈ C. The spin model for which
Jll′ ≥ 0 is called ferromagnetic. A corollary of the above statement, a
particular case of which is equivalent to the original theorem proved by
T.D. Lee and C.N. Yang (see below), is formulated as follows.

Proposition 3: Let the conditions of the above proposition be satisfied and
let hl = z for all l ∈ ∆. Then, for every β > 0, the partition function (3),
as a function of z ∈ C, can be extended to an entire function, which has
nonzero values whenever 
(z) �= 0.

Let us analyze this statement in more detail. For hl = z, one has from (2)
and (3) the following expression

Zβ,∆(z) =
∫

Ω∆

exp

βz
∑
l∈∆

σl +
1
2
β
∑

l,l′∈∆

Jll′σlσl′

∏
l∈∆

d�(σl). (23)
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As has been mentioned, the order ρ of Zβ,∆, as an entire function of z,
belongs to the interval ρ ∈ [1, 2]. Since the measure � is supposed to be
symmetric, this function ought to be even. Thus, it can be written as the
following infinite product (see e.g., Ref. 17)

Zβ,∆(z) = Zβ,∆(0) exp(γ0(β,∆)z2)
∞∏

j=1

(1 + γj(β,∆)z2), (24)

where Zβ,∆(0) > 0, γj(β,∆) ≥ 0, for all j = 0, 1, 2, . . . . The case of all
γj(β,∆) = 0 is degenerate, it holds if and only if the single-spin measure
is concentrated at zero, i.e., d�(s) = δ(s) ds. The case γ0(β,∆) > 0 and
γj(β,∆) = 0 for j ∈ N, corresponds to the model of harmonic oscillators,
for which the single-spin measure is Gaussian. In this case the function (24)
may be written (see (13))

Zβ,∆(z) = Zβ,∆(0) exp


1

2
β2

∑
l,l′∈∆

(S−1)ll′

 z2

 .

It has no zeros at all and the corresponding infinite-volume free energy
density exists and has no singularities. For polynomial models with even
polynomials, for which the single-spin measure has the form (7) and (8)
with r ≥ 2, one has γ0(β,∆) = 0 and γj(β,∆) > 0 for all j ∈ N. In
this case the order of growth of the function (24) is ρ = 2r/(2r − 1). This
function has imaginary zeros at the points z = ±i/

√
γj(β,∆), j ∈ N. An

immediate consequence of the above analysis is that the only value of the
homogeneous external field hl = z at which the infinite-volume free energy
density may have a singularity is z = 0. This occurs when the zeros of
Zβ,∆(z) reach the origin as ∆→ Z

d. Further analysis of measures with the
Lee–Yang property may be found in Refs. 38 and 39. So far, we have had
no examples of measures � possessing the Lee–Yang property. Two such
measures are well-known. These are the measure (5) and the symmetric
Gaussian measure, i.e., a polynomial measure (7) with P (σl) = (b/2)σ2

l :

d�(s) = [b/2π]1/2 exp(−(b/2)s2) ds, b > 0. (25)

In fact, for the former measure, one has ϕ�(z) = cosh(z), whereas for
the latter one, ϕ�(z) = exp(z2/2b). The original Lee–Yang theorem is
equivalent to Proposition 3 with the single-spin measure (5) and with the
nearest-neighbor interaction potential Jll′ = Jδ1,|l−l′|, J > 0.

Another example of measures possessing the Lee–Yang property are
described by the following statement, which was proven in Ref. 40 (see also
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Refs. 41 and 42). Let L stand for the class of entire functions of a single
complex variable, which are the polynomials possessing real nonpositive
zeros only or the limits of sequences of such polynomials, taken in the
topology of uniform convergence on compact subsets of C. Such functions
are called Laguerre entire functions, their theory may be found in Ref. 16.

Proposition 4: Given an entire function g : C → C let: (a) for every real
z ∈ [0, +∞), this function have real positive values; (b) there exist b > 0
such that the function φ(z) = b + g′(z), where g′ = dg/dz, belongs to the
class L. Then the measure

d�(s) = C exp(−g(s2)) ds, C =
∫

R

exp(−g(s2)) ds, (26)

possesses the Lee–Yang property. For this measure, ϕ� is of order ρ =
2r/(2r − 1) if g is a polynomial of degree r ∈ N, and ρ = 1, if g is a
transcendental function.

An immediate consequence of this statement is that the ϕ4 measure (9)
possesses this property (see also Theorem IX.15 in Ref. 11).

2.3. Correlation Inequalities

As mentioned in the Introduction, correlation inequalities constitute the
basis of a number of powerful methods in the theory of models we consider.
Here we describe the most important of them, a more detailed descrip-
tion of such inequalities and their applications may be found in Ref. 3.
Mostly these inequalities hold for ferromagnetic spin models only, i.e., for
the models with Jll′ ≥ 0, though some of them may be extended to more
general interaction potentials. Therefore, in the statements presented below
all inequalities hold for the ferromagnetic spin models described by the
Hamiltonian (2) and a single-spin measure �, which satisfies (21). In some
cases we impose more specific conditions on the measure �. The model with
hl ≥ 0 (hl = 0) will be called a model with a nonnegative (with a zero)
external field.

The first example is known as the Fortuin–Kastelyn–Ginibre (FKG)
inequality.43 To formulate it we will need the following notion. For σ∆ =
(σl)l∈∆ and σ′

∆ = (σ′
l)l∈∆, we write σ∆ ≤ σ′

∆ if σl ≤ σl′ for all l ∈ ∆. A
function f ∈ F∆ is said to be monotone on Ω∆ if f(σ∆) ≤ f(σ′

∆), whenever
σ∆ ≤ σ′

∆.
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Proposition 5: For any two monotone functions f, g ∈ F∆

〈fg〉ν∆ ≥ 〈f〉ν∆〈g〉ν∆ . (27)

The next correlation inequalities are known mostly due to R.B. Griffiths,44

and they are called Griffiths–Kelly–Sherman (GKS) inequalities.

Proposition 6: Let the functions f1, . . . , fn, g1, . . . , gn ∈ F∆ be given.
Suppose that each of them satisfies the following conditions: (a) it depends
on one component σl of the vector σ∆ only; (b) as a function of this σl,
it is either odd and monotone or even and monotone as a function of |σl|.
Then for any ferromagnetic spin model with the zero external field,

〈f1 . . . fn〉ν∆ ≥ 0; (28)

〈f1 . . . fng1 . . . gn〉ν∆ ≥ 〈f1 . . . fn〉ν∆〈g1 . . . gn〉ν∆ . (29)

Definition 7: A probability measure � on the real line R is said to be a
Bridges–Fröhlich–Spencer (BFS) measure if it is of the form

d�(s) = C−1 exp(−v(s2)) ds, C =
∫

R

exp(−v(s2)) ds, (30)

where the function v : [0, +∞) → R has the following properties: (a) there
exist v0 ∈ R, v1 > 0 such that v(s2) ≥ v0+v1s

2 for all s ∈ R; (b) it is convex
on [0, +∞), i.e., for any τ1, τ2 ≥ 0 and θ ∈ [0, 1], it obeys v(θτ1+(1−θ)τ2) ≤
θv(τ1) + (1− θ)v(τ2).

Definition 8: A probability measure � on the real line R is said to be a
Ellis–Monroe (EM) measure if it has the form (7) with an even polynomial
(8), in which b2 ∈ R, b4, . . . , b2r−2 ≥ 0, b2r > 0.

The Gaussian measure (25), the ϕ4-measure (9), the measures (26) are both
BFS- and EM-measures. Moreover, every EM-measure is a BFS-measure.

Now we introduce the Griffiths–Hurst–Sherman (GHS) inequality, its
proof may be found in Ref. 45.

Proposition 9: For any ferromagnetic model with a nonnegative external
field and a EM single-spin measure �, the following inequality

〈σl1σl2σl3〉ν∆ ≤ 〈σl1〉ν∆〈σl2σl3〉ν∆ + 〈σl2〉ν∆〈σl1σl3〉ν∆

+〈σl3〉ν∆〈σl1σl2〉ν∆ − 2〈σl1〉ν∆〈σl2〉ν∆〈σl3〉ν∆ , (31)

holds for any l1, l2, l3 ∈ ∆.
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The proof of the Lebowitz inequality, which we formulate below, may be
found in Ref. 3.

Proposition 10: For any ferromagnetic model with the zero external field
and a BFS single-spin measure �, the inequality

〈σl1σl2σl3σl4〉ν∆ ≤ 〈σl1σl2〉ν∆〈σl3σl4〉ν∆ + 〈σl1σl3〉ν∆〈σl2σl4〉ν∆

+〈σl1σl4〉ν∆〈σl2σl3〉ν∆ , (32)

holds for any l1, l2, l3, l4 ∈ ∆.

Remark 11: All the above correlation inequalities hold for the ferromag-
netic Ising model with the corresponding external field.

The proof of this statement follows from the fact that the Ising model can
be approximated by the model with the single-spin measure of the form
(9), for which all these inequalities hold. Let us provide some more details.
The measure

d�λ(σl) = C−1
λ exp(−λ(σ2

l −1)2) dσl, Cλ =
∫

R

exp(−λ(σ2
l −1)2) dσl, (33)

with λ > 0, is evidently of the type of (9). By means of the Laplace
method,46 one may prove the following statement. For any continuous
polynomially bounded function f : R → R,

lim
λ→+∞

∫
R

f(σl) d�λ(σl) =
∫

R

f(σl) d�I(σl) =
1
2
[f(1) + f(−1)], (34)

where �I is the measure (5). This statement has the following important
corollary. Let νI

∆ or νλ
∆ denote the local Gibbs measure (3) corresponding,

respectively, to the Ising mode, i.e., the model with the single-spin mea-
sure (5), or to the model with the single-spin measure (33). Then for any
continuous polynomially bounded function f : R

|∆| → R, the following
holds

lim
λ→+∞

∫
Ω∆

f(σ∆) dνλ
∆(σ∆) =

∫
Ω∆

f(σ∆) dνI
∆(σ∆), (35)

which proves Remark 11. On the other hand, for any λ > 0 the measure
νλ
∆ may be approximated by νI

∆.29

For the measure νI
∆ with the zero external field, the function

ψ∆(z) =
∫

Ω∆

exp

(
z
∑
l∈∆

σl

)
dνI

∆(σ∆), (36)

may be written also as ψ∆(z) = Zβ,∆(β−1z)/Zβ,∆(0), where Zβ,∆(β−1z) is
defined by (23) with the single-spin measure �I. By the Bochner theorem,18
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there exists a unique probability measure �∆ on R, such that this ψ∆ may
be written (cf., Eq. (22))

ψ∆(z) =
∫

R

exp(zt) d�∆(t).

The measure �∆ defines the probability distribution of the total spin

S∆ =
∑
l∈∆

sl.

By (24) and Definition 1, this measure has the Lee–Yang property.
Let D be a sequence of subsets ∆ ⊂ Z

d, such that for any two of
its elements ∆, ∆′, one of them is contained in the other one. We also
suppose that this sequence exhausts the lattice Z

d, which means that any
finite subset A ⊂ Z

d is contained in a certain ∆ ∈ D. As a countable set,
the sequence D can be enumerated in such a way that for any two of its
elements ∆n, ∆m, their numbers satisfy n < m if and only if ∆n ⊂ ∆m.
Then we may write D = {∆n}n∈N. For a sequence {c∆}∆∈D indexed by
the elements of such D, we write limD c∆ or, if the sequence D has been
specified, lim∆→Zd c∆ meaning limn→+∞ c∆n

.

Definition 12: A sequence of probability measures {µn}n∈N is said to
converge weakly to the measure µ if for any bounded continuous function
f : R → R,

lim
n→+∞

∫
R

f(t) dµn(t) =
∫

R

f(t) dµ(t). (37)

Definition 13: A probability measure � on R is called a Griffiths-Simon
(GS) measure if it may be written as the �∆ defined above with the cor-
responding ∆ and nonnegative Jll′ , or if it is the weak limit of a sequence
{�∆}∆∈D of such measures.

Thus by Ref. 29, the ϕ4-measure is a GS-measure. Another example is

d�(t) =
1
3
[δ(t− 1) + δ(t) + δ(t + 1)] dt.

One may show that the sequence of ϕµn , defined by (22) for the above mea-
sures µn converges uniformly on bounded closed (i.e., compact) subsets of
the complex plane C to the function ϕµ, which means that ϕµ has the rep-
resentation (24) and hence the measure µ possesses the Lee–Yang property.
It should be pointed out that not all of the EM- and BFS-measures possess
this property (cf., Proposition 4).
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The Lebowitz inequality (32) may be generalized to the case of a nonzero
external field, but for another type of single-spin measures. The result
presented below was proven in Ref. 45.

Proposition 14: For any ferromagnetic model with a nonnegative external
field and a single-spin measure �, which is either of EM or of GS type, the
following inequality

〈σl1σl2σl3σl4〉ν∆ ≤ 〈σl1σl2〉ν∆〈σl3σl4〉ν∆ + 〈σl1σl3〉ν∆〈σl2σl4〉ν∆

+〈σl1σl4〉ν∆〈σl2σl3〉ν∆ − 2〈σl1〉ν∆〈σl2〉ν∆〈σl3〉ν∆〈σl4〉ν∆ ,

(38)

holds for any l1, l2, l3, l4 ∈ ∆.

Yet another result connected with the Lebowitz inequality (32) was proven
in Ref. 47, it is called the Aizenman–Fröhlich inequality (see also Ref. 3).

Proposition 15: For any ferromagnetic model with the zero external field
and a GS single-spin measure �, the following inequality

〈σl1σl2σl3σl4〉ν∆ − 〈σl1σl2〉ν∆〈σl3σl4〉ν∆

−〈σl1σl3〉ν∆〈σl2σl4〉ν∆ − 〈σl1σl4〉ν∆〈σl2σl3〉ν∆

≥ −2
∑
l∈∆

〈σl1σl〉ν∆〈σl2σl〉ν∆〈σl3σl〉ν∆〈σl4σl〉ν∆ , (39)

holds for any l1, l2, l3, l4 ∈ ∆.

It is worth noting that the Lebowitz inequality (32) gives an upper bound
(it is zero) for the left-hand side of (39), whereas the above inequality gives
its lower bound.

By Proposition 2, the partition function of the Ising model Zβ,∆(h∆)
can be extended to an entire function of complex h∆, which does not vanish
in the vicinity of the point h∆ = 0. Therefore, in this vicinity its logarithm
will be holomorphic and hence may be written

Φβ,∆(h∆) def= lnZβ,∆(h∆)

= lnZβ,∆(0) +
∞∑

n=1

1
(2n)!

∑
l1,...,l2n∈∆

U
(2n)
β,∆ (l1, . . . , l2n)hl1 · · ·hl2n

,

(40)

where the

U
(2n)
β,∆ (l1, . . . , l2n) =

(
∂2n

∂hl1 · · · ∂hl2n

Φβ,∆

)
(0), n ∈ N, (41)
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are called Ursell functions. They are also called cumulants or semi-
invariants. By direct calculation,

U
(2)
β,∆(l1, l2) = K∆

l1l2(0),

which is the correlation function for this model with the zero external field
(see (18)). By Remark 11 and Propositions 10 and 15

−2
∑
l∈∆

U
(2)
β,∆(l1, l) U

(2)
β,∆(l2, l) U

(2)
β,∆(l3, l)U

(2)
β,∆(l4, l)

≤ U
(4)
β,∆(l1, . . . , l4) ≤ 0. (42)

For certain models, U
(2n)
β,∆ (l1, . . . , l2n), n ∈ N satisfy the following

sign rule.48

Proposition 16: For all β > 0 and any finite subset ∆, the Ursell func-
tions (41) for the ferromagnetic model with the zero external field and a GS
single-spin measure, satisfy the sign rule

(−1)n−1U
(2n)
β,∆ (l1, . . . , l2n) ≥ 0, n ∈ N. (43)

Moreover, the equality in (43) occurs either if the single-spin measure � is
Gaussian, or if and only if among the indices l1, . . . , l2n one finds the pair
li, lj such that ∆ may be divided onto disjoint ∆1, ∆2, li ∈ ∆1 and lj ∈ ∆2,
such that for any l ∈ ∆1 and l′ ∈ ∆2, one has Jll′ = 0.

The following statements are important corollaries of the inequalities
presented above. First, we obtain a property of the correlation functions
K∆

ll′(h∆) defined by (18).

Corollary 17: For any ferromagnetic model with a nonnegative external
field

K∆
ll′(h∆) ≥ 0. (44)

Proof: By (18),

K∆
ll′(h∆) = 〈fg〉ν∆ − 〈f〉ν∆〈g〉ν∆ ≥ 0,

where we have set f(σ∆) = σl, g(σ∆) = σl′ and employed the FKG
inequality (27).

Recall that h∆ ≤ h′
∆ means hl ≤ h′

l for all l ∈ ∆, moreover, 0∆ stands for
such a vector h∆ with all hl = 0.
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Corollary 18: For any ferromagnetic model with an EM single-spin
measure �, the correlation function has the property

K∆
ll′(h′

∆) ≤ K∆
ll′(h∆) ≤ K∆

ll′(0∆), (45)

for any h∆, h′
∆ such that 0∆ ≤ h∆ ≤ h′

∆.

Proof: By (18) and (2), (3), one has

∂

∂hl′′
K∆

ll′(h∆) = 〈σlσl′σl′′〉ν∆ − 〈σlσl′〉ν∆〈σl′′〉ν∆ − 〈σlσl′′〉ν∆〈σl′〉ν∆

−〈σl′σl′′〉ν∆〈σl〉ν∆ + 2〈σl〉ν∆〈σl′〉ν∆〈σl′′〉ν∆ ≤ 0,

where we have used the GHS-inequality (31). Thus, as a function of h∆,
K∆

ll′(h∆) is monotone decreasing for all h∆, for which (31) is valid, i.e., for
h∆ ≥ 0.

Corollary 19: For every monotone function f ∈ F∆, the expectation value
〈f〉ν∆ is a monotone function of the external field h∆. This means that for
any h∆, h′

∆, such that h∆ ≤ h′
∆, the following holds

〈f〉ν∆ ≤ 〈f〉ν′
∆
, (46)

where ν∆ and ν′
∆ are respectively, the local Gibbs measure (3) corresponding

to the local Hamiltonian (2) with the external field h∆ and h′
∆.

Proof: For t ∈ [0, 1] and the mentioned h∆, h′
∆, we set x∆(t) = h∆ +

t(h′
∆− h∆) and let ν∆(t) be the measure (3) corresponding to the external

field x∆(t), which obviously satisfies the “boundary condition” ν∆(0) = ν∆

and ν∆(1) = ν′
∆. Then

〈f〉ν∆(t)

=
1

Zβ,∆(t)

∫
Ω∆

f(σ∆) exp

1
2
β
∑

l,l′∈∆

Jll′σlσl′ + β
∑
l∈∆

xl(t)σl

∏
l∈∆

d�(σl),

(47)

where

Zβ,∆(t) =
∫

Ω∆

exp

1
2
β
∑

l,l′∈∆

Jll′σlσl′ + β
∑
l∈∆

xl(t)σl

∏
l∈∆

d�(σl). (48)

Differentiating both parts of (47) and taking into account (48) one obtains

∂

∂t
〈f〉ν∆(t) = 〈fg〉ν∆(t) − 〈f〉ν∆(t)〈g〉ν∆(t), (49)
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where

g(σ∆) def= β
∑
l∈∆

(h′
l − hl)σl,

which is a monotone function since h∆ ≤ h′
∆. Now we apply in (49) the

FKG-inequality, which obviously holds for the measure ν∆(t) with any
t ∈ [0, 1], and obtain

∂

∂t
〈f〉ν∆(t) ≥ 0,

for all t ∈ [0, 1]. Therefore, 〈f〉ν∆(t) is a monotone function of t, which
yields (46).

Corollary 20: For every monotone function f ∈ F∆ and for any ferro-
magnetic model with the zero external field, the expectation value 〈f〉ν∆ is
a monotone function of the interaction parameter Jll′ . This means that for
0 ≤ Jll′ ≤ J ′

ll′ for all l, l′ ∈ ∆, the following holds

〈f〉ν∆ ≤ 〈f〉ν′
∆
, (50)

where ν∆ and ν′
∆ are respectively, the local Gibbs measure (3) corresponding

to the local Hamiltonian (2) with the interaction potential Jll′ and J ′
ll′ .

The proof of this statement is almost the same as the proof of the pre-
vious one and is based on the GKS-inequalities. Below we give another
applications of the above inequalities.

A wide variety of correlation inequalities and examples of their applica-
tions are presented in Ref. 3 (see also Ref. 49).

2.4. Infinite-Volume Gibbs States

As has been pointed out above, phase transitions are possible only in the
infinite-volume limit ∆ → Z

d. In order to pass to such a limit, we have to
relate with each other functions belonging to F∆ and F∆′ with ∆ ⊂ ∆′.
Thus, each f ∈ F∆ will be considered also as an element of F∆′ , which is
independent of σl with l ∈ ∆′ \∆. This defines an embedding F∆ ⊂ F∆′

for ∆ ⊂ ∆′. We recall that a sequence D of subsets ∆ is called increasing
if, for every two of its elements, one of them is a subset of the other one. It
exhausts the lattice Z

d if every finite subset of the latter is contained in an
element of D. For such a sequence D, we set

F =
⋃

∆∈D
F∆. (51)
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Therefore, for every f ∈ F , one may find ∆1, such that f ∈ F∆1 , and
a sequence D in which this ∆1 is the first element. Then the infinite-
volume limit limD〈f〉ν∆ will make sense. By limD we mean the limit in
which ∆ → Z

d along the sequence D. At first glance, this setting is suf-
ficient to describe possible phase transitions in our model. But a more
detailed consideration immediately yields that it is not. For example, in
the case of symmetric � and all hl = 0 there is no way to break the
symmetry σl → −σl of the model in such a limit. This means that cer-
tain thermodynamic properties of the model, especially those related to
phase transitions, are described by quantities, which cannot be obtained as
infinite-volume limits of expectations (averages) with respect to the mea-
sures (3). To obtain such quantities N.N. Bogolyubov50 introduced a notion
of quasi-averages. They are obtained by adding to the Hamiltonian (2) cor-
responding infinitesimal fields, which are to be removed after passing to the
infinite-volume limit. At the same time, an approach to the construction of
“all possible” infinite-volume Gibbs measuresb on the basis of conditional
probabilities was elaborated by R.L. Dobrushin51,52 and by O.E. Lanford
and D. Ruelle.53 In this approach such measures are obtained as solutions
of a certain equation, now known as the Dobrushin–Lanford–Ruelle (DLR)
equation. A detailed description of this approach is given in Ref. 4. Here we
present a short introduction into this theory.

First of all we will need the space on which such infinite-volume measures
are defined. Set

Ω = {σ = (σl)l∈Zd | σl ∈ R}. (52)

This set consists of vectors σ, which have infinitely many real components σl

indexed by the points of the lattice. Such vectors are called configurations.
This set can be metrized by introducing the following “distance” between
any two of its elements σ, σ′

d(σ, σ′) =
∑
l∈Zd

1
2|l|

|σl − σ′
l|

1 + |σl − σ′
l|

, (53)

where |l| = √|l1|2 + · · ·+ |ld|2. This enables us to introduce the set of all
probability measures on Ω , which will be denoted by P(Ω). It appears, see
Ref. 4 (p. 59), that the above introduced set of functions F separates the

bMore details on the relation between infinite-volume Gibbs states and phase transitions
are given in the next subsection.
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points of P(Ω). This means that if the measures µ1, µ2 ∈ P(Ω) have the
property 〈f〉µ1 = 〈f〉µ2 for all f ∈ F , then they coincide. Here we write

〈f〉µ =
∫

Ω
f dµ. (54)

In order to have the things we deal with as simple as possible, we suppose
in this subsection that the interaction potential Jll′ in the Hamiltonian
(2) has a finite range, which means that this potential takes zero values
whenever the distance |l − l′| exceeds a certain R > 0. Given a subset ∆
and a configuration ξ ∈ Ω, we define the following probability measures

dν∆(σ∆|ξ) = Z−1
β,∆(ξ) exp(−βH∆(ξ))

∏
l∈∆

d�(σl), (55)

dπ∆(σ|ξ) = dν∆(σ∆|ξ)
∏

l∈∆c

[δ(σl − ξl) dσl] , (56)

where

H∆(ξ) = −1
2

∑
l,l′∈∆

Jll′σlσl′ −
∑
l∈∆

hlσl −
∑

l∈∆,l′∈∆c

Jll′σlξl′ , (57)

Zβ,∆(ξ) =
∫

Ω∆

exp(−βH∆(ξ))
∏
l∈∆

d�(σl), (58)

and ∆c = Z
d \∆. The first two terms of the last Hamiltonian describe the

energy of the self-interaction of the spins located in ∆ whereas the third
term corresponds to the interaction of these spins with the fixed configura-
tion ξ outside ∆. Due to our assumption regarding the range of Jll′ , the sum
in this term is finite hence no convergence problems appear. The essential
difference between the above introduced measures is that ν∆(·|ξ)c is defined
on the space Ω∆ consisting of vectors σ∆ of finitely many components. The
measure π∆(·|ξ) is defined on the space Ω, but due to the presence of the
δ-functions on the right-hand side of (56), the components of σ labelled by
l ∈ ∆c are “frozen”, i.e., they should coincide with the corresponding com-
ponents of the configuration ξ. The partition function Zβ,∆(ξ) is defined
in the same way as in (3). In what follows, the measure (3) is a particular
case of (55), which corresponds to the zero configuration ξ = 0. Hence ν∆ is
called the local Gibbs measure with the zero boundary condition, whereas
ν∆(·|ξ) is the local Gibbs measure with the boundary condition defined

cIn this way we indicate the dependence of ν∆, π∆ on ξ.
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by the configuration ξ, or simply, with the boundary condition ξ. For a
function f ∈ F∆, one readily has∫

Ω∆

f(σ∆) dνβ,∆(σ∆|ξ) =
∫

Ω
f(σ) dπβ,∆(σ|ξ),

where the function under the integral on the right-hand side is the same f

but considered as a function defined on the whole Ω, which is independent
of the components of σ labelled by l ∈ ∆c. The measure πβ,∆ has the
following property. For every µ ∈ P(Ω), the integral∫

Ω
dπβ,∆(σ|ξ) dµ(ξ),

is again a probability measure on Ω. We will denote this new measure by
πβ,∆ ◦ µ, that is we set

d(πβ,∆ ◦ µ)(σ) =
∫

Ω
dπβ,∆(σ|ξ) dµ(ξ). (59)

The above integration has the following interpretation. Given a configu-
ration ξ ∈ Ω, the measure πβ,∆(·|ξ) defines a probability distribution of
configurations σ ∈ Ω which ought to coincide with this ξ outside ∆. In
the course of the integration (59) the boundary conditions are averaged,
i.e., they are taken with their weights which are prescribed by the measure
µ. Suppose now that this new measure (59) coincides with the averaging
measure µ and this takes place for every finite subset ∆. Then for any
f ∈ F , one finds ∆ such that f ∈ F∆ and then∫

Ω
f dµ =

∫
Ω

(∫
Ω

f(σ) dπβ,∆(σ|ξ)
)

dµ(ξ) =
∫

Ω
f d(πβ,Λ ◦ µ),

which means that the expectation value of f with respect to the local Gibbs
measure with averaged boundary conditions is the same as its expectation
taken directly with respect to the measure µ. In other words, a kind of
equilibrium between configurations inside and outside each such a ∆ holds.

Definition 21: A probability measure µ ∈ P(Ω) is called an equilib-
rium (Gibbs) measure if, for any finite ∆ ⊂ Z

d, the following equilibrium
condition holds

πβ,∆ ◦ µ = µ. (60)

The set of all Gibbs measures existing at a given β will be denoted by Gβ . It
is defined by the family of all local Hamiltonians (2). The equality (60) may
be considered as an equation, in which the unknown is µ. It is called the
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Dobrushin–Lanford–Ruelle equation. On can show (see e.g., Ref. 4) that
under the assumptions (21) made regarding the single-spin measure � the
set Gβ in nonempty for all β > 0. If for a given β, it contains more than
one element, the system considered may exists in more than one phases
in the same conditions. And alternatively, if this set consists of exactly
one element at all temperatures, no phase transitions are possible for this
system. Suppose now that µ1, µ2 are two different elements of Gβ . Then,
for every θ ∈ [0, 1], the combination

µ = θµ1 + (1− θ)µ2, (61)

which is called a mixture of the measures µ1 and µ2, is a probability measure
(it is normalized since θ + (1 − θ) = 1). It solves the DLR equation (60)
hence belongs to Gβ . This means that the last set may contain either one
or infinitely many elements. If an element µ ∈ Gβ cannot be written as a
convex combination (61) with θ �= 1, 0 of any other elements of this set, it is
called a pure state. In the case of the Ising model such pure states µ± may
be obtained as infinite-volume limits of the measures (55) corresponding
to the boundary conditions ξ±, all elements of which are equal to ±1. For
d ≥ 2 and large enough β, µ+ �= µ−.

Now let us discuss how, for a given model, one may get its Gibbs states
or at least how to get information regarding such states. Another question
of this kind is whether one can get such states as infinite volume limits of
local states, which would be very natural. The direct construction of Gibbs
states may be made only for simple models, for example in the case of the
Gaussian single-spin measure �. In more nontrivial situations such states are
studied by means of the DLR equation without their explicit construction.
As for the second question, the answer is yes. It was obtained recently54

and even for much more general objects than those we consider. In order to
formulate the corresponding statement we have to make precise the notion
of convergence. Recall that the set F consists of local polynomially bounded
continuous functions f : Ω → R, where “local” means that there exists a
finite subset ∆, depending on f , such that f depends on σl, l ∈ ∆ only. By
F (0) we denote the subset of F consisting of bounded functions. Let again
D be an increasing sequence of subsets ∆, which exhausts the lattice Z

d

and for which we write limD meaning the limit ∆ → Z
d taken along this

sequence.

Definition 22: A sequence of probability measures {µ∆}∆∈D, defined on
the configuration space Ω is said to converge locally weakly to a probability
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measure µ if for every f ∈ F (0),

lim
D

(∫
Ω

f dµ∆

)
=
∫

Ω
f dµ. (62)

Then we have the following result.54

Proposition 23: For every ξ ∈ Ω and any sequence D, the locally weak
limit of the sequence of {πβ,∆(·|ξ)}∆∈D, if it exists, is a Gibbs measure.

Another result of this kind is taken from Ref. 4. Pure states, i.e., the Gibbs
measures which cannot be written as nontrivial convex combinations (61),
are called extreme elementsd of Gβ . Theorem 7.26 of Ref. 4 (p. 13) has the
following corollary.

Proposition 24: The set of extreme elements Gex
β ⊂ Gβ is nonempty. If

|Gex
β | = 1, then |Gβ | = 1.

Another result of this book (Ref. 4, Theorem 7.12 on p. 122) reads as
follows.

Proposition 25: For every µ ∈ Gex
β and any sequence D, the sequence

{πβ,∆(·|ξ)}∆∈D locally weakly converges to µ for almost all ξ. The latter
means that this convergence may fail to hold only for boundary conditions
ξ, which belong to a subset A ⊂ Ω, such that µ(A) = 0.

Given l0 ∈ Z
d and a configuration σ = (σl)l∈Zd , we set ϑl0σ =

(σl+l0)l∈Zd . Now for a function f ∈ F , we set

tl0(f)(σ) = f(ϑl0σ), (63)

i.e., ϑl0 and tl0 are translations defined on the set of configurations and real
valued functions of configurations respectively.

Definition 26: The model, described by the family of Hamiltonians (2)
with all possible finite ∆ ⊂ Z

d, is called translation invariant if, for every
l0 ∈ Z

d, its parameters satisfy the following conditions

∀l, l′ ∈ Z
d : Jll′ = J(l+l0)(l′+l0); ∀l ∈ Z

d : hl = hl+l0 .

The external field hl which satisfies the above condition is homogeneous,
i.e., it is constant hl = h. A particular case of the translation invariant

dThe extreme elements of a plane triangle are its vertices.
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interaction potentials is Jll′ = φ(|l − l′|), where φ is a real valued func-
tion. One has to remark here that the Hamiltonians (2) are not translation
invariant, but for a translation invariant model, in accordance with (63),

tl0H∆ = H∆′ ,

where ∆′ is obtained as a translation of ∆ on the vector l0.

Definition 27: A Gibbs measure µ is called translation invariant if, for
every f ∈ F and l0 ∈ Z

d,

〈f〉µ = 〈tl0(f)〉µ.

One can show that, for any l0 ∈ Z
d and every µ ∈ P(Ω), there exists a

µ̃ ∈ P(Ω) such that, for every f ∈ F ,

〈f〉µ̃ = 〈tl0(f)〉µ.

If this µ is translation invariant, then µ̃ = µ. On the other hand, since F sep-
arates the points of P(Ω), there exists exactly one such µ̃. By Definition 21,
for every µ ∈ Gβ and every l0 ∈ Z

d, its µ̃ will also belong to Gβ provided
the model is translation invariant. Therefore if, for a translation invariant
model, the set of all Gibbs measures consists of one µ, this element should
be a translation invariant measure. R.L. Dobrushin proved in Ref. 55 that,
for the three-dimensional Ising model with the zero external field, below its
critical point there exist infinitely many non-translation invariant phases.
This is a consequence of the fact, also proved by R.L. Dobrushin,56 that
in the Ising model on the lattice Z

d with d ≥ 3, below TC different phases
may coexist separated by stable surfaces, which is impossible in the case
d = 2 (see also Refs. 57 and 58).

Now we present some facts about the infinite volume convergence of
thermodynamic functions. By means of estimates proven by D. Ruelle,59

J.L. Lebowitz and E. Presutti60 proved the existence of the infinite-volume
free energy density, which is independent of the boundary conditions. Below
we present this result in a simplified version, for more details and general-
izations we refer the reader to the original work in Ref. 60. Given N ∈ N

and a finite ∆ ⊂ Z
d, we set

Ω(N, ∆) =

{
σ ∈ Ω

∣∣∣∣∣ ∑
l∈∆

σ2
l ≤ N2|∆|

}
. (64)

The set of tempered configurations Ωt by definition consists of those σ ∈ Ω
for which there exists N ∈ N such that, for any finite ∆, σ ∈ Ω(N, ∆).
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Of course, the zero configuration, for which all σl = 0, is tempered. Let
L be the sequence of cubes (1) defined by a sequence {Ln}n∈N such that
Ln+1 > Ln, henceforth Ln → +∞. We say that the external field is bounded
if there exists a constant a such that for all l ∈ Z

d, |hl| ≤ a.

Proposition 28: For the spin model described by the Hamiltonian (2) with
a bounded external field and with the single-spin measure � which has the
form (7), (8) with r ≥ 2 or (5), the free energy density

Fβ,Λ(ξ) = − 1
β|Λ| lnZβ,Λ(ξ), (65)

with ξ ∈ Ωt converges, as Λ → Z
d along any sequence L, to a limit, which

does not depend on the choice of L and on ξ, hence it is the same as for
the zero boundary condition.

We complete this subsection by describing a special kind of translation
invariant Gibbs measures. Of course, they may be constructed for transla-
tion invariant models only. We suppose that the interaction potential has
the form Jll′ = φ(|l− l′|). These measures are built by means of cubes (1).
Given such a cube Λ, we define

|l− l′|Λ =
√
|l1 − l′1|2Λ + · · ·+ |ld − l′d|2Λ,

where |lj − l′j |Λ = min{|lj − l′j |; 2L − |lj − l′j |}, j = 1, . . . , d. The above
introduced function gives a periodic distance between the points l, l′ ∈ Λ,
it may be interpreted as a distance on the torus which one obtains by
identifying the opposite walls of the cube Λ. Thereby, we set JΛ

ll′ = φ(|l −
l′|Λ) with the same φ. The Hamiltonian

HΛ = −1
2

∑
l,l′∈Λ

JΛ
ll′σlσl′ −

∑
l∈Λ

hσl, (66)

is invariant with respect to translations on the mentioned torus. Such
Hamiltonians are said to satisfy the Born–von Karman boundary condi-
tion. By means of this Hamiltonian, one may construct the corresponding
(periodic) local Gibbs state ν

(p)
Λ exactly as was done in (3) for the zero

boundary condition. The only difference is that such periodic local Gibbs
states may be defined only for boxes like (1) or their translates. The fol-
lowing statement may be proven on the basis of the results of Refs. 54
and 61.

Proposition 29: There exists a tending to +∞ sequence {Ln}n∈N ⊂ N,
which defines by (1) the sequence of boxes {Λn}n∈N, such that the sequence
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of periodic local Gibbs states {ν(p)
β,Λn

}n∈N locally weakly converges to an
element of Gβ, which is a translation invariant Gibbs state.

2.5. Phase Transitions and Critical Points

As has been pointed out in the preceding subsection, phase transitions are
associated with the fact that the set Gβ contains more than one element,
i.e., more than one phase. There exist several methods to prove that |Gβ | >
1, depending on the model considered. A profound and extensive description
of this problem is given in Part IV of Ref. 4. We recommend also Refs. 8
and 62–66 for further information on this subject.

In the case of the Ising model, the best known result, which inspired
many of the approaches developed in the sequel, is due to R. Peierls67 who
proposed his famous contour method. One of its offsprings is now known as
the Pirogov–Sinai theory, first publications of which are due to S.A. Pirogov
and Ya.G. Sinai.68 Its further development was due to several mathemati-
cians, a complete description of this theory may be found in Ref. 69.

If the model possesses a symmetry, this symmetry should be preserved in
the case |Gβ | = 1, i.e., a phase should possess this symmetry if it is unique.
A typical example here is translation invariance, which was discussed in
the preceding subsection. If |Gβ | > 1, the symmetry may be “distributed”
among the different phases, whereas each of them lacks this symmetry. Then
the phase transition is connected with the loss of symmetry and is often
called “spontaneous symmetry breaking”. Another example, appropriate for
our model (2), is the Z2-symmetry, i.e., the symmetry with respect to the
transformation σl → −σl for all l ∈ Z

d. Of course, to have this symmetry
one has to take hl = 0 for all l ∈ Z

d. In the following section we show that
in the case of the Ising model |Gβ | = 1 for all temperatures for a nonzero
external field. Therefore, the only possibility to get a phase transition in
this model is connected with the Z2-symmetry breaking.

Here one has to point out that phase transitions may occur without
symmetry breaking (see Chapter 19 in Ref. 4 and references therein). An
example here is model (2) with d ≥ 3, a nearest neighbor interaction, zero
external field and with the polynomial single-spin measure (7) for which the
polynomial P has two asymmetric wells. If one well is deep and steep and
the other one is wide and shallow, and if the barrier which separates the
wells is high enough, there exist phases in which the particles are located
mostly near the deep wells (one phase) and near the shallow wells (the other
phase). This result was proven by R.L. Dobrushin and S.B. Shlosman.70
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Now let us discuss how to demonstrate that |Gβ | > 1, i.e., how to prove a
phase transition. One way may be described as follows. For model (2) with
a homogeneous external field which takes two values hl = ±h and with
a symmetric single-spin measure �, one calculates the mean magnetization
M±

∆ (h), corresponding to these values [see (18)]. Then one has to show that
there exists βC such that, for β > βC

lim
h→0+

lim
∆→Zd

M+
∆(h) �= lim

h→0+
lim

∆→Zd
M−

∆ (h),

which obviously contradicts uniqueness of Gibbs states. In fact, if the phase
is unique, both limits ought to coincide with the mean magnetization cal-
culated for this phase. This method is very natural from the physical point
of view but its mathematical realization may be technically impossible. Of
course, instead of calculating M±

∆ (h) and then the above limits, it may suf-
fice to just show that the difference M+

∆(h)−M−
∆ (h) is separated from zero

for all h > 0 and ∆, but this task may be very difficult as well.
Another way to show that |Gβ | > 1 is based on the following important

notion. For a probability measure µ on the set Ω, defined by (52), and a
subset A ⊂ Ω, we write

µ(A) =
∫

A

dµ, (67)

if the above integral exists.e Given such a subset A and l0 ∈ Z
d, we set

ϑl0A = {ϑl0σ | σ ∈ A}, i.e., this set is obtained by translating on l0 every
configuration which belongs to A. For A, B ⊂ Ω, we denote by A� B =
(A ∪ B) \ (A ∩ B) their symmetric difference, i.e., the new set consists of
those configurations which belong to exactly one of these sets.

Definition 30: A translation invariant probability measure µ on the set
of all configurations Ω is said to be ergodic, if it has the following property.
For every subset A such that, for all l0 ∈ Z

d

µ((ϑl0A)�A) = 0, (68)

one has µ(A) = 0 or µ(A) = 1.

Below we present a number of statements, proven in Ref. 13, which describe
the properties of such ergodic measures.

eSuch integrals exist for measurable subsets, which form a σ-algebra – a family of subsets
of Ω, which contains Ω and is closed with respect to taking complements and countable
unions. In our case this is the Borel σ-algebra – the smallest σ-algebra which contains
all open subsets of Ω. To define which subsets are open one uses the metric (53).
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Proposition 31: A translation invariant Gibbs state µ ∈ Gβ is ergodic if
and only if it is a pure state. If |Gβ | = 1, then its unique element is ergodic.

Thus, in order to prove that |Gβ | > 1 it is enough to show that there exists
a nonergodic Gibbs state. This may be done on the base of the following
von Neumann ergodic theorem (see Theorem III.1.8 in Ref. 13).

Proposition 32: A translation invariant state µ ∈ Gβ is ergodic if and
only if, for every f, g ∈ F ,

lim
Λ→Zd

1
|Λ|

(∑
l0∈Λ

[〈(tl0f)g〉µ − 〈f〉µ〈g〉µ]

)
= 0, (69)

where Λ is defined by (1) and the above limit is taken in the sense L→ +∞.

Now let µ ∈ Gβ be the periodic Gibbs measure to which a sequence of
periodic local Gibbs states converges by Proposition 29. Let us take in (69)
f(σ) = g(σ) = σ0. Set in (66) h = 0, then the state µ is Z2-invariant, hence
〈f〉µ = 〈g〉µ = 0. By Proposition 29, one has

〈σl0σ0〉µ = lim
n→+∞〈σl0σ0〉ν(p)

β,Λn

. (70)

In view of the von Neumann ergodic theorem this immediately yields that
the state µ is nonergodic if

lim
n→+∞

1
|Λn|

∑
l0∈Λn

〈σl0σ0〉ν(p)
β,Λn

> 0, (71)

for a certain sequence of boxes {Λn}n∈N. Since the local Gibbs state ν
(p)
β,Λ is

invariant with respect to the translations on the corresponding torus, the
above condition is equivalent to

P (β) def= lim
n→+∞

1
|Λn|2

∑
l,l′∈Λn

〈σlσl′〉
ν
(p)
β,Λn

> 0. (72)

This P (β) is called an order parameter. By (28), P (β) ≥ 0. If P (β) > 0,
there exists a periodic nonergodic Gibbs state, which contradicts |Gβ | = 1
since if Gβ is a singleton, its unique element has to be ergodic. Therefore,
P (β) > 0 implies nonuniqueness of phases, i.e., a phase transition. On the
other hand, by (18),

χ = lim
Λ→Zd

χΛ = lim
Λ→Zd

1
|Λ|

∑
l,l′∈Λ

〈σlσl′〉
ν
(p)
β,Λ

, (73)
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is the infinite-volume susceptibility if the above order parameter P (β) is
zero, i.e., above the Curie temperature TC = β−1

C . The Curie tempera-
ture is defined as the supremum of the values of β−1 for which P (β) > 0.
Comparing (72) and (73) one comes to the following conclusion:

• If χ <∞, then certainly P (β) = 0 and T > TC .
• If P (β) > 0, then certainly the right-hand side of (73) is equal to

+∞, then there exist many phases, i.e., T < TC and one has to
calculate the susceptibility taking into account this fact.

• If χ = ∞ but P (β) = 0, then T = TC?

The answer to the above question depends on the model. It may be
negative if one has a first order phase transition at T = TC . In this case the
third possibility does not occur. If it occurs, one has a second order phase
transition at T = TC , or TC is also called a critical point. At this point one
may find λ ∈ (0, 1) such that

0 < lim
Λ→Zd

1
|Λ|1+λ

∑
l,l′∈Λ

〈σlσl′〉
ν
(p)
β,Λ

<∞. (74)

Such a λ is known as a critical exponent. The calculation of such exponents
for a given model is the main goal of many works in this field. Finally, let
us remark that for the model described by (2) with hl = h �= 0 and with
the single-spin measure possessing the Lee–Yang property, χ < ∞ for all
temperatures. This fact was proven in Ref. 71.

2.6. Uniqueness of Gibbs States for the Ising Model

In this subsection we prove that the set of Gibbs states Gβ of the ferro-
magnetic Ising model with a homogeneous external field h is unique at all
temperatures and all dimensions of the lattice if h �= 0. Our proof will be an
extended version of the proof given by J.L. Lebowitz and A. Martin-Löf.72

On the other hand, it is a simplified version of the proof given for quantum
Gibbs states in Refs. 73 and 74.

We consider a ferromagnetic Ising model with the homogeneous external
field, i.e., hl = h for all l ∈ Z

d, with the interaction Jll′ ≥ 0, which satisfies
condition (15).

Theorem 33: For every β > 0 and d ∈ N, the set of Gibbs measures Gβ

of the Ising model with a homogeneous external field h consists of exactly
one element if h �= 0.
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To prove this statement we will need a number of new notions and auxiliary
facts. For the Ising model, the set of local continuous functions F defined on
the space of all configurations Ω is measure defining, i.e., it has the following
property. If for given measures µ1, µ2 ∈ Gβ , the expectations 〈f〉µ1 , 〈f〉µ2

coincide for all f ∈ F , then µ1 = µ2. One could use this property in proving
our theorem but the set F is too big and it would be natural to look for a
smaller set possessing the same property. Before formulating a statement,
which describes the properties of such sets, we remark that F is closed
under pointwise multiplication, i.e., if one defines that for f, g ∈ F , their
product fg has the value (fg)(σ) = f(σ)g(σ) at every σ ∈ Ω, then fg ∈ F .
The following statement is a corollary of the monotone class theorems (see
e.g., Ref. 21, p. 6).

Proposition 34: A subset Φ ⊂ F is measure defining if it has the following
properties: (a) it is countable; (b) it is closed under pointwise multiplication;
(c) for any σ ∈ Ω, σ′ ∈ Ω one finds f ∈ Φ such that f(σ) �= f(σ′) if σ �= σ′.

Given n ∈ N and l1, . . . , ln ∈ Z
d , we set

f(σ) = σl1 . . . σln . (75)

Every such function is continuous and local, the set Φ of all such functions
(all possible choices of n ∈ N and l1, . . . , ln ∈ Z

d) is a subset of F . This
set is countable since the set of all finite subsets of the countable set Z

d is
countable. For every f, g ∈ Φ, fg ∈ Φ. Finally, it separates the points of
Ω. In fact, if σ �= σ′, then one finds l ∈ Z

d such that σl �= σ′
l. The function

f(σ) = σl takes different values on such σ, σ′.
Now we introduce two specific configurations of spins, i.e., two specific

elements of Ω. Recall that for the Ising model, all spins take values ±1, thus
the set Ω consists of vectors σ = (σl)l∈Zd , σl = ±1. We set ξ+ = (σl)l∈Zd ,
with all σl = 1 and ξ− = (σl)l∈Zd , with all σl = −1.

Let L be a sequence of boxes Λ defined by (1). The following lemma
plays a key role in the proof of our uniqueness theorem.

Lemma 35: Suppose that for any l ∈ Z
d and for a sequence of boxes L,

each of which contains this l, the convergence

〈σl〉νβ,∆(·|ξ+) − 〈σl〉νβ,∆(·|ξ−) → 0 as Λ → Z
d, (76)

holds. Then the set of all Gibbs measures Gβ contains exactly one element.

Here the expectations are taken with respect to the conditional Gibbs
measures (55) with the corresponding boundary conditions ξ±.
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Proof: We prove this lemma by showing that for any f ∈ Φ and two
arbitrarily chosen Gibbs measures µ1 and µ2, one has 〈f〉µ1 = 〈f〉µ2 if
condition (76) holds. This should yield µ1 = µ2 since Φ is measure defining.
Hence all elements of Gβ coincide, which means |Gβ | = 1.

Take an arbitrary f ∈ Φ and write it in the form (75) with certain
l1, . . . , ln. For this f , one may pick up λ > 0 such that the function

φ(σ) = λ

n∑
j=1

σlj
+ θf(σ), (77)

will be monotone for both values θ = ±1. Indeed, for any σ, σ′ ∈ Ω, such
that σ′ ≥ σ, one has σ′

lj
≥ σlj

with j = 1, 2, . . . , n. Then by means of the
identity

a′
1a

′
2 · · · a′

n − a1a2 · · · an =
n∑

j=1

a′
1a

′
2 · · · a′

j−1[a
′
j − aj ]aj+1 · · · an,

which holds for any n and any sets of numbers a1, . . . , an, a′
1, . . . , a

′
n, we

get

φ(σ′)− φ(σ) =
n∑

j=1

(σ′
lj
− σlj )[λ + θσ′

l1 · · ·σ′
lj−1

σlj+1 · · ·σln ]. (78)

Obviously, the latter sum is nonnegative if λ > 1.
We recall that Gex

β denotes the set of extreme elements of Gβ , i.e., the
elements which cannot be written as nontrivial convex combinations (61)
of other elements of Gβ . By Proposition 25, |Gβ | = 1 if |Gex

β | = 1.f Thus,
the lemma may be proven by showing that for any f ∈ Φ and any two
µ1, µ2 ∈ Gex

β , one has 〈f〉µ1 = 〈f〉µ2 if (76) holds. By (55) and (56),

〈f〉νΛ(·|ξ±) = 〈f〉πΛ(·|ξ±), (79)

which holds for any Λ such that l1, l2, . . . , ln ∈ Λ. Then by Proposition 25,

〈f〉µ1 = 〈f〉µ2 (80)

provided

〈f〉ν∆(·|ξ+) − 〈f〉ν∆(·|ξ−) → 0 as Λ → Z
d, (81)

along a sequence L each element of which contains l1, l2, . . . , ln. Thus, it
remains to show that (76) implies (81). To this end we employ Corollary 19.
Recall that for the case considered, the Hamiltonian which determines

fLike a triangle with just one vertex.
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νΛ(·|ξ) has the form (57), see also (55), with the external field hl = h

for all l ∈ Z
d. Then for ξ = ξ±, it can be rewritten as

HΛ = −1
2

∑
l,l′∈Λ

Jll′σlσl′ −
∑
l∈Λ

(
h±

∑
l′∈Λc

Jll′

)
σl

= −1
2

∑
l,l′∈Λ

Jll′σlσl′ −
∑
l∈Λ

h±
l (Λ)σl, (82)

where h±
l (Λ) = h±∑l′∈Λc Jll′ . Our model is ferromagnetic, i.e., all Jll′ are

nonnegative, which yields h+
l (Λ) ≥ h−

l (Λ). Then by Corollary 19,

〈φ〉νΛ(·|ξ+) ≥ 〈φ〉νΛ(·|ξ−), (83)

since the function φ defined by (77) is monotone. Then by (77), one gets

λ

n∑
j=1

(〈σlj 〉νΛ(·|ξ+) − 〈σlj 〉νΛ(·|ξ−)) ≥ θ(〈f〉νΛ(·|ξ+) − 〈f〉νΛ(·|ξ−)).

Since the latter estimate holds for both θ = ±1, it may be rewritten as

λ

n∑
j=1

(〈σlj 〉νΛ(·|ξ+) − 〈σlj 〉νΛ(·|ξ−)) ≥ |〈f〉νΛ(·|ξ+) − 〈f〉νΛ(·|ξ−)|, (84)

which yields (81) if (76) holds.

The next step in proving Theorem 33 is to show that (76) always holds
if h �= 0. To this end we employ the infinite-volume free energy density and
its properties as a function of the external field h. We recall that a function
f : R → R is called convex if for every θ ∈ [0, 1] and any s, t ∈ R, one has

f(θt + (1− θ)s) ≤ θf(t) + (1− θ)f(s).

A wide variety of the properties of convex functions and their applications
in the theory of lattice models may be found in Refs. 5 and 13. In particular,
they have the following property (see Ref. 13, pp. 35–39).

Proposition 36: Let a sequence of convex functions {fn}n∈N converge
pointwise on R to a function f . Then this function is also convex, it is
differentiable for all but countable values of its argument. If all fn and f

are differentiable at a given x0 ∈ R, then f ′
n(x0) → f ′(x0).
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For the model considered, the partition function in a box Λ with the external
field h = z and with the zero boundary condition is given by (23) with the
single-spin measure (5), it also may be written in the form (24). We set

pΛ(z) =
1
|Λ| lnZβ,Λ(z). (85)

In the lattice gas terminology,13 such a function is called pressure. Its
connection with the free energy density Fβ,Λ(0), where 0 means the zero
boundary conditions, may be established by means of (65). Taking into
account Proposition 28, we can state the following.

Proposition 37: For every z ∈ R and β > 0, the sequence {pΛ(z)}Λ∈L
converges as Λ → Z

d. Its limit p(z) is a convex function of z. Moreover,
for any ξ ∈ Ω,

p(z) = −β lim
Λ→Zd

Fβ,Λ(ξ), (86)

where Fβ,Λ(ξ) is the free energy density of the model with the homogeneous
external field hl = z.

Let us prove that the only point at which p(z) may fail to be differentiable
is z = 0. To this end we employ the Lee–Yang theorem in the form of
Proposition 3, which yields (24), as well as the following well-known theorem
of complex analysis (Vitali’s theorem, see e.g., Theorem VIII.19 in Ref. 11).

Proposition 38: Given a domain D ⊂ C, let a sequence of functions
fn : D → C, n ∈ N have the following properties: (a) each fn is holomorphic
on D; (b) for every bounded closed subset K ⊂ D, there exists CK > 0 such
that |fn(z)| ≤ CK for all n ∈ N and z ∈ K; (c) there exists a subset F ⊂ D,
which has an accumulation point, such that, for every z ∈ F , the sequence
{fn(z)}n∈N converges to a function f : D → C. Then this function is also
holomorphic on D.

This theorem has the following interpretation. Let a sequence of functions
that are holomorphic on D have the properties: (a) it is uniformly bounded
on compact subsets of D; and (b) it converges pointwise on D to a function,
which is just defined on D. Then this sequence converges to the latter
function uniformly on compact subsets of D, hence the limiting function is
holomorphic on D.

Now we may prove the following result.

Lemma 39: For every β > 0, the limit of the sequence {pΛ(z)}Λ∈L is an
infinitely differentiable function at any z ∈ R \ {0}.
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Proof: For the Ising model, one has in (24) γ0(β,Λ) = 0 [see the analysis
following Eq. (24)], which yields

pΛ(z) = lnZβ,Λ(0) +
∞∑

j=1

ln
[
1 + γj(β,Λ)z2] ,

and hence
p′
Λ(z)
z

=
∞∑

j=1

2γj(β,Λ)
1 + γj(β,Λ)z2 . (87)

This means that all the functions pΛ are holomorphic in the domain C \A,
where A = A+ ∪ A−, A± = {z = ±it | t ∈ [(γ1(β,Λ))−1/2, +∞)}, which
includes the whole real line R. Then, for z = x + iy ∈ C \A, one has∣∣∣∣ 2γj(β,Λ)

1 + γj(β,Λ)z2

∣∣∣∣2 =
4γ2

j (β,Λ)
[1 + γj(β,Λ)(x2 − y2)]2 + 4γ2

j (β,Λ)x2y2

≤ 4γ2
j (β,Λ)

[1 + γj(β,Λ)(x2 − y2)]2
.

Given θ > 0, we set

Bθ = {z = x + iy ∈ C | x ≥ 0, x2 − y2 ≥ θ2}.
Applying the above estimate in (87) we get for z ∈ Bθ∣∣∣∣p′

Λ(z)
z

∣∣∣∣ ≤ ∞∑
j=1

2γj(β,Λ)
1 + γj(β,Λ)θ2 =

p′
Λ(θ)
θ

. (88)

By Proposition 37, the limiting function p(z) is convex on R hence it is not
differentiable on a subset E ⊂ R, which is at most countable. This means
that for any ε > 0, the interval (0, ε) contains points at which p′(z) exists.
Moreover, by the same statement, p′

Λ(z) → p′(z), as Λ → Z
d, at each such

point. Thus, we take an arbitrary ε and select θ ∈ (0, ε) such that p′(θ)
exists. Then the sequence {p′

Λ(θ)} converges to p′(θ), hence this sequence
is bounded. Now we take t > θ and set

Bθ,t = {z = x + iy ∈ C | x2 − y2 ≥ θ2, x ∈ [0, t]}. (89)

This set contains [θ, t] ⊂ R. Then, for z ∈ Bθ,t, one has

|z| =
√

x2 + y2 ≤
√

2x2 − θ2 ≤
√

2t2 − θ2,

and, by the estimate (88),

|p′
Λ(z)| ≤ (

√
2(t/θ)2 − 1)p′

Λ(θ).

Since the sequence {p′
Λ(θ)}Λ∈L is bounded, the sequence of functions

{p′
Λ}Λ∈L holomorphic in Bθ,t is uniformly bounded on Bθ,t. Moreover, one
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has p′
Λ(z) → p′(z) for all z ∈ [θ, t] except possibly for a countable subset

of this interval. Thus, the subset of [θ, t] on which p′
Λ(z) → p′(z) has an

accumulation point, which yields by Proposition 38 that p′ is holomorphic
on Bθ,t; hence p is infinitely differentiable on (θ, t). Since this is true for any
t > θ and θ may be chosen arbitrarily close to zero [recall that θ ∈ (0, ε)
with any ε > 0], this is true for all z ∈ (0, +∞). Since all the functions pΛ

and p are even, the same is also true for z ∈ (−∞, 0). Thus, the only point
where this may fail to hold is z = 0.

The next step is based on the following simple result.

Lemma 40: The Ising model with the homogeneous external field h and the
zero boundary condition has the following property. For any ∆ and f ∈ F∆,

lim
h→+∞

〈f〉ν∆(h) = f(σ+
∆), (90)

where σ+
∆ is the configuration σ∆ = (σl)l∈∆ for which σl = 1 for all l ∈ ∆.

Proof: Set S∆ =
∑

l∈∆ σl. The values of this total spin variable constitute
the set S∆ = {−|∆|,−(|∆| − 2), . . . , |∆| − 2, |∆|}. Furthermore, let S ′

∆ =
S∆ \ {|∆|} (i.e., the latter set coincides with the former one up to the
element |∆|). Then

〈f〉ν∆(h) =
1

Zβ,∆(h)

∑
S∈S∆

∑
σ∆: S∆=S

f(σ∆)

× exp

βhS∆ +
1
2
β
∑

l,l′∈∆

Jll′σlσl′

 . (91)

When dealing with the Ising model, for which spin variables take discrete
values, it is more convenient to use a notation in which expectations with
respect to the corresponding local Gibbs measures are written as sums over
the values of spins instead of integrals. Thus, for a given ∆, the sum

∑
σ∆

is taken over all values of σl with l ∈ ∆. The second sum in the above
expression is taken over all such values but with the restriction

∑
l∈∆ σl =

S∆ = S. Employing such notation the partition function becomes

Zβ,∆(h) =
∑

S∈S∆

∑
σ∆: S∆=S

exp

βhS∆ +
1
2
β
∑

l,l′∈∆

Jll′σlσl′

 ,
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which may be written in the form

Zβ,∆(h) = exp

βh|∆|+ 1
2
β
∑

l,l′∈∆

Jll′


×
1 +

∑
S∈S′

∆

exp (βh(S − |∆|))

×
∑

σ∆: S∆=S

exp

1
2
β
∑

l,l′∈∆

Jll′ [σlσl′ − 1]

 . (92)

Similarly (91) may be written as

〈f〉ν∆ = f(σ+
∆) +

1
1 + A∆(h)

∑
S∈S′

∆

exp (βh(S − |∆|))

×
∑

σ∆: S∆=S

f(σ∆) exp

1
2
β
∑

l,l′∈∆

Jll′ [σlσl′ − 1]

 , (93)

where A∆(h) stands for the second term in the square brackets in (92).
For all S ∈ S ′

∆, one has S < |∆|, which yields exp (βh(S − |∆|)) → 0 as
h → +∞. Furthermore, the sums over S ′

∆ are finite, hence both A∆(h)
and the second term in (93) tend to zero as h → +∞, which completes
the proof.

Another result which we use to prove our theorem describes the expecta-
tions 〈f〉ν∆(·|ξ+).

Lemma 41: The ferromagnetic Ising model with an arbitrary external field
h∆ = (hl)l∈∆ has the following property. For every β > 0, any finite subsets
∆, ∆′, such that ∆′ ⊂ ∆, and for any monotone function f ∈ F∆′ ,

〈f〉ν∆(·|ξ+) ≤ 〈f〉ν∆′ (·|ξ+). (94)

Proof: For ∆′ ⊂ ∆, we write ∆′′ = ∆ \∆′. By ξ∆′ × η∆′′ we denote the
configuration ζ∆ such that ζl = ξl for l ∈ ∆′, and ζl = ηl for l ∈ ∆′′. Then
for the mentioned ∆, ∆′, we may write σ∆ = σ∆′ × σ∆′′ . Obviously, for
appropriate functions,∑

σ∆

f(σ∆) =
∑
σ′
∆

∑
σ′′
∆

f(σ∆′ × σ∆′′).
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Then the Hamiltonian H∆ (2) may be written

H∆ = H∆′ + H∆′′ −
∑

l1∈∆′,l2∈∆′′
Jl1l2σl1σl2 . (95)

For t ∈ [0, +∞), we set

φ(t) =
1

Zβ,∆(t)

∑
σ∆

f(σ∆)

× exp

(
−βH∆ + β

∑
l∈∆

σl

∑
l′∈∆c

Jll′ + t
∑

l∈∆′′
σl

)
, (96)

where

Zβ,∆(t) =
∑
σ∆

exp

(
−βH∆ + β

∑
l∈∆

σl

∑
l′∈∆c

Jll′ + t
∑

l∈∆′′
σl

)
. (97)

Here the terms
∑

l∈∆ σl

∑
l′∈∆c Jll′ describe interaction with the external

spins ξ, fixed at ξ = ξ+ (recall that ∆c = Z
d \∆). Thus, we have

φ(0) = 〈f〉ν∆(·|ξ+). (98)

Taking into account (95) and the fact that f ∈ F∆′ [which means f is
independent of the components of σ∆ with l ∈ ∆′′, i.e., f(σ∆) = f(σ∆′)],
one can rewrite the above expressions as follows:

φ(t) =
1

Zβ,∆(t)

∑
σ∆′

f(σ∆′) exp

(
−βH∆′ + β

∑
l∈∆′

σl

∑
l′∈∆c

Jll′

)

×
∑
σ∆′′

exp
(
− βH∆′′ + β

∑
l∈∆′′

σl

∑
l′∈∆c

Jll′

+β
∑

l1∈∆′,l2∈∆′′
Jll′σl1σl2 + t

∑
l∈∆′′

σl

)
, (99)

Zβ,∆(t) =
∑
σ∆′

exp

(
−βH∆′ + β

∑
l∈∆′

σl

∑
l′∈∆c

Jll′

)

×
∑
σ∆′′

exp

(
− βH∆′′ + β

∑
l∈∆′′

σl

∑
l′∈∆c

Jll′

+β
∑

l1∈∆′,l2∈∆′′
Jll′σl1σl2 + t

∑
l∈∆′′

σl

)
. (100)

The external field in exp(·) in (96) is h′
∆ = (hl + t)l∈∆, where hl, l ∈ ∆

is the external field in H∆. Since t ≥ 0, h′
∆ ≥ h∆, which by Corollary 19



December 18, 2003 17:28 Master File for Review Volume chap01

Mathematical Theory of the Ising Model and its Generalizations 39

yields

φ(t) ≥ φ(0) = 〈f〉ν∆(·|ξ+). (101)

We recall that f is monotone. Set

F (σ∆′′) =
1

Zβ,∆′(σ∆′′)

∑
σ∆′

f(σ∆′)

× exp

β
∑

l1∈∆′,l2∈∆′′
Jl1l2σl1σl2 − βH∆′ + β

∑
l∈∆′

σl

∑
l′∈∆c

Jll′

 ,

(102)

Zβ,∆′(σ∆′′)

=
∑
σ∆′

exp

β
∑

l1∈∆′,l2∈∆′′
Jl1l2σl1σl2 − βH∆′ + β

∑
l∈∆′

σl

∑
l′∈∆c

Jll′

 .

(103)

Let ν∆′′(t) be the local Gibbs measure of the Ising model in the set ∆′′

corresponding to the Hamiltonian H∆′′ − β−1t
∑

l∈∆′′ σl (we have fixed
β which, by the end of this proof, is just a parameter) and to the zero
boundary condition. Its partition function is

Zβ,∆′′(t) =
∑
σ∆′′

exp

(
−βH∆′′ + t

∑
l∈∆′′

σl

)
.

By means of this measure, the above expectations may be rewritten as

Zβ,∆′(t) =
∑
σ∆′′

[
Zβ,∆′(σ∆′′) exp

(
β
∑

l∈∆′′
σl

∑
l′∈∆c

Jll′

)]

× exp

(
−βH∆′′ + t

∑
l∈∆′′

σl

)

= Zβ,∆′′(t)

〈
Zβ,∆′(σ∆′′) exp

(
β
∑

l∈∆′′
σl

∑
l′∈∆c

Jll′

)〉
ν∆′′(t).

(104)
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Similarly

φ(t) =

[
Zβ,∆′′(t)

〈
Zβ,∆′(σ∆′′) exp

(
β
∑

l∈∆′′
σl

∑
l′∈∆c

Jll′

)〉
ν∆′′(t)

]−1

×
∑
σ∆′′

[∑
σ∆′

f(σ∆′) exp

(
− βH∆′ + β

∑
l1∈∆′,l2∈∆′′

Jl1l2σl1σl2

+β
∑
l∈∆′

σl

∑
l′∈∆c

Jll′

)]
exp

(
−βH∆′′ + t

∑
l∈∆′′

σl

)

=

[〈
Zβ,∆′(σ∆′′) exp

(
β
∑

l∈∆′′
σl

∑
l′∈∆c

Jll′

)〉
ν∆′′(t)

]−1

×
〈

Zβ,∆′(σ∆′′)F (σ∆′′) exp

(
β
∑

l∈∆′′
σl

∑
l′∈∆c

Jll′

)〉
ν∆′′(t). (105)

Passing here to the limit t → +∞ and employing Lemma 40 we arrive at

lim
t→+∞ φ(t) =

Zβ,∆′(σ+
∆′′)F (σ+

∆′′) exp(β
∑

l∈∆′′
∑

l′∈∆c Jll′)
Zβ,∆′(σ+

∆′′) exp(β
∑

l∈∆′′
∑

l′∈∆c Jll′)
= F (σ+

∆′′).

By (102), this yields

lim
t→+∞ φ(t)

=
∑
σ∆′

f(σ∆′) exp

(
−βH∆′ + β

∑
l1∈∆′

σl1

∑
l2∈∆′′

Jl1l2 + β
∑

l1∈∆′
σl1

∑
l2∈∆c

Jl1l2

)

×
∑

σ∆′

exp

(
−βH∆′ + β

∑
l1∈∆′

σl1

∑
l2∈∆′′

Jl1l2 + β
∑

l1∈∆′
σl1

∑
l2∈∆c

Jl1l2

)−1

=
∑
σ∆′

f(σ∆′) exp

−βH∆′ + β
∑

l1∈∆′
σl1

∑
l2∈(∆′)c

Jl1l2


×
∑

σ∆′

exp

−βH∆′ + β
∑

l1∈∆′
σl1

∑
l2∈(∆′)c

Jl1l2

−1

= 〈f〉ν∆′ (·|ξ+).

Taking into account (101) we obtain (94).

Recall that we are studying the Ising model with a non-zero homogeneous
external field h. Since the interaction term in the Hamiltonian (2) and
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the single-spin measure �I are symmetric with respect to the replacement
σ → −σ, it is enough to consider the case h > 0 only.

A function f : R → R is called right-continuous at x0 ∈ R if
limx→x0+0 f(x) = f(x0). Such a function is left-continuous at x0 if g(x) def=
f(−x) is right-continuous at −x0. If a sequence of monotone increasing
continuous functions {fn}n∈N, fn : R → R converges pointwise on R to a
function f , then this f is right-continuous.

The next statement follows from the one just proven.

Corollary 42: For every β > 0 and h ∈ R, the infinite-volume limits of
the expectations

M±(h) = lim
Λ→Zd

〈σl〉νΛ(·|ξ±), (106)

exist. They do not depend on l. Moreover, M+(h) (respectively M−(h)) is
right-continuous (respectively left-continuous).

Proof: Let us prove the above statement for M+(h). Since the function
f(σ) = σl is monotone, the above lemma yields

〈σl〉νΛ(·|ξ+) ≤ 〈σl〉νΛ′ (·|ξ+), (107)

for any two boxes Λ′ ⊂ Λ. On the other hand, since σl = ±1,

−1 ≤ 〈σl〉νΛ(·|ξ±) ≤ 1,

hence {〈σl〉νΛ(·|ξ+)}Λ converges as a bounded monotone decreasing
sequence. By the FKG inequality,

∂

∂h
〈σl〉νΛ(·|ξ+) = β

∑
l′∈Λ

KΛ
ll′(h) ≥ 0,

hence 〈σl〉νΛ(·|ξ+) ≥ 0 for h ≥ 0. Since for every Λ, 〈σl〉νΛ(·|ξ+) is a
continuous and monotone function of h, the limit of the above sequence
is right-continuous. Finally, since the locally weak limits of πΛ(·|ξ±) are
the extreme translation invariant states µ±, the above M+(h) is indepen-
dent of l. We remark here, that all our conclusions regarding M+(h) are
valid for all h ∈ R since no assumptions restricting h were made in the
above lemma. Now let us prove the statement for M−(h). By symmetry,
〈σl〉νΛ(·|ξ−) = −〈σl〉ν̃Λ(·|ξ+), where ν̃Λ(·|ξ+) is the local Gibbs measure with
the external field equal to −h. Then the convergence of the sequence of
〈σl〉νΛ(·|ξ−) and the translation invariance of its limit follow from the above
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consideration. Moreover, for these limits one has M−(h) = −M+(−h).
Finally

lim
h′→h−0

M−(h′) = − lim
−h′→−h+0

M+(−h′) = −M+(−h) = M−(h).

Proof of Theorem 33: By (65)

− ∂

∂h
Fβ,Λ(ξ±) =

1
|Λ|

∑
l∈Λ

〈σl〉νΛ(·|ξ±). (108)

By Proposition 37, both −Fβ,Λ(ξ±) have the same limit, which coincides
with the βp(h) studied in Lemma 39. This limit, as a convex function of
h ∈ R, has one-sided derivatives at any h, which are the limits of the
derivatives (108). This means

lim
h′→h±0

β(p(h′)− p(h))
h′ − h

= − lim
h′→h±0

lim
Λ→Zd

βFβ,Λ(ξ±, h′)− Fβ,Λ(ξ±, h)
h′ − h

= lim
Λ→Zd

1
|Λ|

∑
l∈Λ

〈σl〉νΛ(·|ξ±) = M±(h). (109)

Here we have used the results of Corollary 42. By Lemma 39, p(h) is dif-
ferentiable for h �= 0, which means that both of its one-sided derivatives
coincide at such h. Therefore, M+(h) = M−(h) if h �= 0, which implies (76).
Then we may apply Lemma 35 which completes the proof. �

2.7. Self-Similarity, One-Dimensional and
Hierarchical Models

As mentioned in the Introduction, the one-dimensional Ising model with
the interaction potential of finite range has no phase transition. Moreover,
one may show that the set of its Gibbs states is a singleton for all β > 0
(see Ref. 4, p. 164). Is this true for the case of long-range interactions?
The answer was given by F.J. Dyson in Refs. 75 and 76. Namely, the one-
dimensional ferromagnetic Ising model with the zero external field and the
translation invariant interaction potential Jll′ = φ(|l−l′|), such that φ(x) ∼
φ0x

−1−λ as x → +∞ with λ ∈ (0, 1), has a phase transition. The same
model with λ > 1 has no phase transitions. The borderline case λ = 1
was studied in Ref. 77, where it was shown that the model has a phase
transition, but in contrast to the case λ < 1, the order parameter has a
jump at β = βc.

To obtain his results Dyson introduced in Ref. 75 a spin model with a
specific hierarchical structure. Later it was understood that this structure



December 18, 2003 17:28 Master File for Review Volume chap01

Mathematical Theory of the Ising Model and its Generalizations 43

has a very deep connection with a certain property of lattice spin models,
which appears at their critical points. This property is called self-similarity.
The first publication where it was discussed, though still without this name,
is L.P. Kadanoff’s paper78 (see also Refs. 79 and 80, and references therein)
in which he presented his known block-spin construction. Similar arguments
were developed also by R.B. Griffiths in Ref. 44. Later an explosion of
activity came in this direction, a consequence of which was an approach
in the theory of critical phenomena known as the renormalization group
method. In fact, that is not a single method but a vast variety of methods
and tools with different levels of mathematical sophistication. The notion
of self-similarity, first mentioned by Ya.G. Sinai in Ref. 81, was formulated
as a property of a random field. Later the concept of self-similar random
fields became a part of the mathematical theory of critical phenomena in
models of statistical physics, lattice spin models in particular. A full and
comprehensive description of this concept is given in Refs. 14 and 66. In
this connection we mention also papers by K. Gawȩdzki.82−84

Renormalization group methods developed in theoretical physics have
produced and still are producing a very strong impact on the theory of
critical phenomena. One may say that they have created a new philosophy
with its own set of concepts. In this context we mention brilliant works of
K.G. Wilson85 and I.R. Yuknovskii.86,87

At the same time, the mathematical tools used in modern renormal-
ization theories, especially those applied to more realistic models, are
not sufficiently elaborated. Moreover, quite often ill defined mathemati-
cal objects are employed here. As examples, one can mention nonexisting
integrals, series expansions with zero convergence radii, etc. An attempt to
bridge the gap between the treatments of renormalization in physics and
the mathematically rigorous approach was made recently in Ref. 88.

Let us describe, briefly and schematically, the mathematical aspects of
the renormalization group approach to the models we consider here. Recall
that we study spin models defined on the lattice Z

d and described by the
Hamiltonian (2) and single-spin measures �, which belong to one of the
types described in the preceding subsections. Recall also that Ω , P(Ω) and
Gβ stand for the set of all spin configurations, the set of all probability
measures on this set and the set of all Gibbs states of our model existing
at a given β respectively. Suppose there is defined a surjection κ : Z

d → Z
d

[a map such that for every l ∈ Z
d, there exist l′ ∈ Z

d, for which κ(l′) = l].



December 18, 2003 17:28 Master File for Review Volume chap01

44 Order, Disorder, and Criticality

Suppose also that, for every l ∈ Z
d, the set

Vl
def= {l′ ∈ Z

d | κ(l′) = l}, (110)

contains a fixed number of elements, the same for all such sets, i.e., |Vl| =
v ∈ N. We will call such Vl blocks. Given a configuration σ ∈ Ω, we set

ωl = v−ζ
∑
l′∈Vl

σl′ , (111)

where ζ > 0 is a parameter of our theory. Clearly, the vector ω = (ωl)l∈Zd

is again an element of Ω, i.e., it is a configuration. This defines a transfor-
mation Oκ,ζ : Ω → Ω, which maps configurations into configurations and
depends on the initial map κ and on the parameter ζ. As a linear bounded
transformation [defined in the metric d by (53)], Oκ,ζ is continuous, hence
for every open A ⊂ Ω, its preimage O−1

κ,ζ(A) = {σ ∈ Ω | Oκ,ζ(σ) ∈ A}
is also an open subset. This immediately yields that Oκ,ζ is a measurable
map, i.e., for every Borel set A ⊂ Ω, its preimage O−1

κ,ζ(A) is also a Borel
set (see Subsection 2.5). For a probability measure µ ∈ P(Ω), we define a
new measure µ̃ by its values on Borel subsets of Ω as follows:

µ̃(A) = µ
(
O−1

κ,ζ(A)
)

, (112)

which is correct in view of the properties of Oκ,ζ discussed above. This new
measure is again an element of P(Ω), thus we have defined the map

Rκ,ζ(µ) = µ̃. (113)

This map is called the renormalization transformation. The above def-
inition of this transformation, although correct mathematically, may seem
to be too formal from the “physical point of view”. Let us try to explain it.
First one takes an “initial” spin configuration σ and transforms it into the
configuration of renormalized block-spins, i.e., into ω given by (111). Then
one fixes ω and “integrates out” the measure µ under the condition that the
sums (111) be fixed. The new measure µ̃ obtained in such a way is called
a renormalized measure Rκ,ζ(µ). This program of passing from the distri-
bution of spins to the distribution of renormalized block-spins was a key
element of all constructions mentioned above, starting from the pioneering
paper of L.P. Kadanoff. A measure µ ∈ P(Ω) is called self-similar if it is a
fixed point of Rκ,ζ , that is, it is a solution of

Rκ,ζ(µ) = µ. (114)

The basic idea of the renormalization group theory of critical phenomena
is the so-called universality hypothesis, which states that at the critical point
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β = βc, the set of all Gibbs states of the model Gβ consists of one element
and this element is self-similar. In other words, at the critical point the
individual spins have the same probability distribution as the renormalized
sums of such spins, as well as the renormalized sums of these sums, and
so on. If this is the case, the critical point properties of the model may be
obtained by studying Rκ,ζ . Here we are at the point of this theory where it
is natural to show why it may fail to give the description of the mentioned
properties. Since Rκ,ζ is defined on the whole set P(Ω), it is also defined on
its subset Gβ , but it may not be a self-map of the latter set. This means that
for a given Gibbs measure µ ∈ Gβ , the renormalized measure Rκ,ζ(µ) may
not be Gibbsian, i.e., it may be out of Gβ . Since, except for simple situations,
one renormalizes local Gibbs measures, but not the elements of Gβ directly,
it is not clear whether or not the renormalized local Gibbs measures may
give the elements of Gβ . A problem of this kind has appeared in practice, for
example it appears in the case of the Ising model with the interaction poten-
tial of finite range. In order to be able to proceed with the renormalization,
physicists apply certain approximate “decouplings” that effectively imply
considering not the model itself but its caricature, for which such decou-
plings may be justified. This gives a hint that there might exist models
for which the mentioned problems do not appear and the renormalization
scheme may be realized rigorously. Proceeding along this line of arguments,
the authors of Ref. 89 discovered that the approximate scheme developed
in Refs. 86 and 87 for the three-dimensional Ising model becomes rigorous
when applied to Dyson’s hierarchical model, which was invented and used
by F.J. Dyson as a tool in the study of the one-dimensional translation
invariant spin model. The critical point properties of Dyson’s hierarchical
model were first studied by P.M. Bleher and Ya.G. Sinai in Refs. 90 and
91 (a complete description of these results is presented in Ref. 64). Among
other papers on this subject we mention here Refs. 82–84 and 92.

It is not surprising that the hierarchical model (described below) has
that nice property. Instead of translation invariance possessed by the models
we have considered so far, this model has a symmetry which ideally fits
the renormalization scheme – it is self-similar in some sense. The idea to
substitute translation invariance by such a symmetry was (more or less
consciously) used in the method developed by I.R. Yukhnovskii. In Ref. 89
(a slightly different version of the construction described in that paper was
used in Ref. 42), it was explicitly shown how it leads from translation invari-
ance to self-similarity possessed by hierarchical models. In this subsection
we show that the translation invariant one-dimensional spin model with
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the power-like decaying interaction potential also fits the renormalization
scheme. A preliminary version of the theory given below has appeared in
Ref. 93.

We consider the model defined on the lattice Z and described by the
Hamiltonian (2) with the interaction potential

Jll′ = [|l− l′|+ 1]−1−λ. (115)

Set

V
(n)
l = {l′ ∈ Z | 2nl ≤ l′ ≤ 2nl + 2n − 1}, n ∈ N0, l ∈ Z. (116)

The subsets V
(1)
l are the blocks mentioned above, for which v = 2. Then κ

maps the two elements of such a block V
(1)
l into l. Considering the blocks

V
(1)
l , l ∈ Z as elements of a new lattice, which however is the same as Z,

we may apply the map κ to these elements, which will map V
(1)
l′ into Z

exactly as was done above. This produces a hierarchy of subsets V
(n)
l of the

lattice Z, defined by (116), organized according to the rule

V
(n)
l =

⋃
l′∈V

(n−k)
l

V
(k)
l′ ; n ∈ N, k = 0, 1, . . . , n− 1. (117)

Given n ∈ N0, we set V(n) = {V (n)
l }l∈Z.

Definition 43: The family {V(n)}n∈N0 is called a hierarchical structure on
the lattice Z.

For α, α′ = 0, 1 and l, l′ ∈ Z, we set

I(2l + α, 2l′ + α′) =
1

[|(2l + α)− (2l′ + α′)|+ 1]1+λ
− 2−(1+λ)

[|l− l′|+ 1]1+λ
,

(118)

which defines I(l, l′) for all l, l′ ∈ Z. In order to introduce a lattice spin
model one often uses its formal Hamiltonian written on the whole lattice,
which has no rigorous mathematical meaning but shows how one can define
local Hamiltonians (2). Such a formal Hamiltonian in the case of the model
we consider now is

H = −1
2

∑
l,l′∈Z

1
(|l− l′|+ 1)1+λ

σlσl′ , (119)
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which by means of (118) may be rewritten (more details on how to pass to
the expression below may be found in Ref. 93)

H = −1
2

∞∑
n=0

∑
l,l′∈Z

2−n(1+λ)I(l, l′)σ(V (n)
l )σ(V (n)

l′ ), (120)

where for a set ∆ ⊂ Z,

σ(∆) =
∑
l∈∆

σl. (121)

The essence of the above representation of H is that it has a block-
spin structure, which enables us to apply here the renormalization scheme
described above. The local Hamiltonians may be defined on the basis of
(120) by restricting the sums to finite subsets of the lattice Z, which now
are to be taken in a special way if one wants to preserve the block-spin
structure of these Hamiltonians. In particular, the local Hamiltonian in

Λm
def= {l ∈ Z | − 2m ≤ l ≤ 2m − 1}, m ∈ N0,

with the zero boundary conditions is

HΛm
=

1
2

m∑
n=0

∑
l,l′∈Λm−n

2−n(1+λ)I(l, l′)σ(V (n)
l )σ(V (n)

l′ ), m ∈ N. (122)

It should be stressed here that this Hamiltonian does not coincide with
the one which can be obtained from the formal Hamiltonian in the form
(119) by restricting the sums to Λm. But, in order to construct Gibbs states
according to the scheme based on the DLR equation (see Subsection 2.4) we
would need such local Hamiltonians defined on different subsets ∆ ⊂ Z and
with boundary conditions outside such ∆. This means that following this
scheme we could not preserve the block-spin structure of local Hamiltonians,
which would make the above construction useless. This problem may be
overcome as follows. Given m ∈ N, we set

Hm = −1
2

m∑
n=0

∑
l,l′∈Z

2−n(1+λ)I(l, l′)σ(V (n)
l )σ(V (n)

l′ ). (123)

In contrast to (122) this is still a formal Hamiltonian since the sums over l, l′

run through the whole lattice. In view of the way in which it was produced,
such an expression can be called a truncated Hamiltonian. By means of (121)
we may rewrite it in the form (119) but with a certain interaction potential
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Jm(l, l′) instead of [|l − l′| + 1]−1−λ. The effect of the above truncation is
that this potential has the following asymptotics

Jm(l, l′) ∼ J (0)
m |l− l′|−2−λ, |l− l′| → +∞. (124)

Due to Dyson’s results mentioned above the model with such a formal
Hamiltonian has no phase transitions. Moreover, for a similar model with
the above asymptotics of the interaction potentials, it was proven that their
sets Gβ are singletons for all β (see Ref. 94 and Subsection 8.3 of Ref. 4).
This opens a possibility to construct Gibbs states of the model described
by (120) in the following way. First one constructs the states µm for (123),
which are unique for every m ∈ N, and then passes to the limit m → +∞.
By construction, these states satisfy the recursion

Rκ,1+λ(µm+1) = µm, (125)

and the limit of the sequence {µm} should be a fixed point of Rκ,1+λ. We
are going to realize this program in a separate work.

Now let us turn to hierarchical models. The simplest way to get such a
model from the translation invariant model we consider in this subsection,
is to put in (120) I(l, l′) = 0 for all l �= l′. As a consequence, the formal
Hamiltonian of this new model is

H = −1
2

∞∑
n=0

∑
l∈Z

2−n(1+λ)I(l, l)[σ(V (n)
l )]2. (126)

Since I(l, l′) ≥ 0, such an action decreases the interaction potential of
the model (120). Thus, by Corollary 20, the order parameter of the hierar-
chical model P h(β) [see (72)] will not exceed the corresponding parameter
P (β) of the model (120). Hence if the former is positive for big enough β,
P (β) should be positive as well. This argumentation was used by F.J. Dyson
in Ref. 75, although no direct comparison of these models was made in that
paper. Comparing the Hamiltonians (120) and (126) one can conclude that
in the hierarchical version the interaction between different blocks of the
same hierarchy level is neglected. The effect of this is that the Hamiltonian
(126) is additive in l, which in turn implies that instead of considering mea-
sures on infinite dimensional spaces of configurations, such as the measures
µm, µm+1 in (125), one considers measures just on the space R, which define
the probability distributions of block-spins. The corresponding recurrence
will have the form of (125) but with the renormalization transformation
acting on such one-dimensional measures. For further details the reader
is referred to the articles describing hierarchical models mentioned above.
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Finally, we remark that the hierarchical models are well studied, one can
say that almost all critical point properties of such models are known.
In particular, a self-similar Gibbs state of such a model was constructed in
Ref. 95.

3. Quantum Models

3.1. Local Gibbs States

For quantum lattice systems, Gibbs states are defined by means of their
Hamiltonians, which now are operators on certain complex Hilbert spaces.
These spaces consist of wave functions. As usual they have countable bases,
i.e., complete orthonormal systems of functions, such that every wave func-
tion may be written as a countable linear combination of the elements of
such a system. For a given finite subset ∆ ⊂ Z

d, let H∆ be such a Hilbert
space and {ψn}n∈N be its base. Let also L(H∆) be the set of all linear
operators acting from H to H.

An example of a quantum lattice system is the spin model described by
the Hamiltonian

H∆ = −1
2

∑
l,l′∈∆

∑
α=x,y,z

Jα
ll′σα

l σα
l′ −

∑
l∈∆

∑
α=x,y,z

hα
l σα

l , (127)

where, as above, Jα
ll′ , hα

l are real parameters of the model, defined for all
l, l′ ∈ Z

d and α = x, y, z, and σx
l , σy

l , σz
l are the Pauli matrices. With every

l we associate the space Hl of two-dimensional complex vector-columns
with the scalar product

φ =
(

φ(1)

φ(2)

)
, ψ =

(
ψ(1)

ψ(2)

)
, 〈ψ, φ〉 = ψ̄(1)φ(1) + ψ̄(2)φ(2),

where ψ̄(j), j = 1, 2 stands for the complex conjugate. The action of the
Pauli matrices on such vectors is defined by the usual multiplication of
matrices. The Hilbert space H∆ is defined as a tensor product

H∆ =
⊗
l∈∆

Hl. (128)

The canonical base of the space consists of the following vectors:

ε(s∆) =
⊗
l∈∆

ε(sl), sl = ±1, ε(1) =
(

1
0

)
, ε(−1) =

(
0
1

)
. (129)

Here, in a similar fashion as was done above, s∆ is a vector with the compo-
nents sl, l ∈ ∆ taking values ±1. Thus, the space H∆ is finite-dimensional
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and dimH∆ = 2|∆|. Every σα
l acts on the above vectors as follows

σα
l ε(s∆) =

(
σα

l ε(sl)
⊗) ⊗

l′∈∆\{l}
ε(sl′).

In particular,

σz
l ε(s∆) = slε(s∆).

Each element of the space H∆ may be associated with a 2|∆|-dimensional
complex vector-column. Then every element of L(H∆) may be represented
by a 2|∆| × 2|∆|-complex matrix with the standard definition of its action
on the above vectors.

Various versions of the model (127) are employed as the so called
quasi-spin models.96 If in the Hamiltonian (127) all Jx

ll′ = Jy
ll′ = 0 and

hx
l = hy

l = 0, it turns into the Ising model in the external field hz
l . The

Heisenberg model, the Ising model in a transverse field may be obtained
from (127) in an evident way.

Another example of quantum lattice models which is widely employed
in the theory of structural phase transitions (see e.g., Ref. 32) is the model
of interacting quantum anharmonic oscillators, described by the following
Hamiltonian [cf. (10)]:

H∆ =
1

2m

∑
l∈∆

p2
l +

∑
l∈∆

P (ql)−
∑
l∈∆

hlql − 1
2

∑
l,l′∈∆

Jll′qlql′ . (130)

Here m is the particle mass, P is the same polynomial as in (7)–(10),
the external field hl and the interaction potential Jll′ are also the same
as in the classical case. But now pl and ql are canonical momentum and
position operators, defined in the complex Hilbert space L2(R) of functions,
which are square integrable on R with respect to Lebesgue’s measure. These
operators obey the canonical commutation relation

plql − qlpl = −i�,

and are unbounded (see below), which strongly complicates the theory
of this model. The Hamiltonian (130) is also unbounded, and all these
operators are essentially self-adjoint.

For every ψ ∈ H∆, we define its norm as usual ‖ψ‖ =
√〈ψ, ψ〉. An oper-

ator T ∈ L(H∆) is said to be bounded if there exists a constant C > 0 such
that, for every ψ,

‖Tψ‖ ≤ C‖ψ‖.
The least such C will be denoted by ‖T‖. We will also denote by Lb(H∆)
the set of all bounded linear operators acting from H∆ into H∆. As usual,
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every such operator is defined on the whole space H∆. For the quantum
spin models described above, Lb(H∆) = L(H∆) since the corresponding
Hilbert space is finite-dimensional. For every T ∈ Lb(H∆), we define its
Hermitian conjugate T ∗ as an operator satisfying the following relation
〈T ∗φ, ψ〉 = 〈φ, Tψ〉 for all φ, ψ ∈ H∆. An operator T ∈ Lb(H∆) is said to
be positive if

〈ψ, Tψ〉 ≥ 0,

for all ψ ∈ H∆. For such an operator, one may define
√

T . For every T ∈
Lb(H∆), the operator T ∗T is positive, hence one may set |T | =

√
T ∗T .

An operator T ∈ Lb(H∆) is said to be trace-class if, for an orthonormal
base {ψn}n∈N,

∞∑
n=1

〈ψn, |T |ψn〉 <∞. (131)

Then one may set

trace (T ) =
∞∑

n=1

〈ψn, Tψn〉. (132)

The latter series converges absolutely, its sum is independent of the partic-
ular choice of the base. The set of all trace-class operators will be denoted
by Lt(H∆). For every T ∈ Lt(H∆) and Q ∈ Lb(H∆), the products TQ

and QT are trace-class. Clearly Lt(H∆) ⊂ Lb(H∆) ⊂ L(H∆). In finite-
dimensional spaces all these sets coincide, but in the infinite-dimensional
case the inclusions are proper.

For T ∈ Lb(H∆), the above introduced ‖T‖ is a norm, and we shall
call it operator norm. The set Lb(H∆) equipped with the operator norm
turns into a complete normed space – a Banach space. In addition to the
linear space structure we have also multiplication on the latter space. By
definition, for any T, Q ∈ Lb(H∆),

‖TQ‖ ≤ ‖T‖‖Q‖, ‖T ∗‖ = ‖T‖. (133)

Banach spaces with multiplication and an operation T �→ T ∗, which possess
the above properties, are called C∗-algebras. A detailed presentation of the
theory of these algebras and their application in quantum statistical physics
may be found in Ref. 2.
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For an entire function F : C → C and T ∈ Lb(H∆), we set

F (T ) =
∞∑

n=0

1
n!

F (n)Tn, F (n) =
dnF

dzn
(0).

If this series converges in the operator norm, it defines a bounded operator
F (T ). In both examples above the Hamiltonians [not necessarily belonging
to Lb(H∆)] are such that exp(−βH∆) ∈ Lt(H∆) for any finite subset ∆
and every β > 0. For such models, one may set

Zβ,∆ = trace[exp(−βH∆)], ρβ,∆ = Z−1
β,∆ exp(−βH∆). (134)

The latter trace-class operator is called a density matrix. Then, for every
T ∈ Lb(H∆), one may define

T �→ 〈T 〉β,∆ = trace (Tρβ,∆) , (135)

which is a normalized positive linear functional on the C∗-algebra Lb(H∆).
It is called a local Gibbs state of the model, and the elements of Lb(H∆)
are called observables. Comparing with the case of classical models one
can conclude that here taking trace corresponds to integration, the density
matrix corresponds to the local Gibbs measure (3), and the algebra of
observables Lb(H∆) corresponds to the set of functions F∆.

To simplify the notation we set

A∆ = Lb(H∆).

As above, for ∆ ⊂ ∆′, we may include A∆ into A∆′ and define

A =
⋃

∆∈D
A∆, (136)

where D is an increasing sequence of subsets, which exhausts the lattice Z
d.

3.2. Green and Matsubara Functions

The time evolution of a quantum system is described by the corresponding
Schrödinger equation, the solutions of which define the evolution of the
states (135). In the Heisenberg approach wave functions, and hence the
states, do not evolve. Instead the evolution of the system is described by
the evolution of the observables, which constitute the algebras A∆. This is
described by the following map. Given t ∈ R, considered as time, we set

at
∆(T ) = exp(i(t/�)H∆)T exp(−i(t/�)H∆), T ∈ A∆. (137)

In what follows, an observable T at time t = 0 evolves into the
observables at

∆(T ). The evolution maps at
∆ have the following properties.
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Since Ut = exp(i(t/�)H∆) and t ∈ R is a unitary operator, one has

‖at
∆(T )‖ = ‖T‖, (138)

i.e., at
∆ are norm-preserving hence continuous as maps acting between

normed spaces. Furthermore, they are linear, that is

at
∆(κT + λQ) = κat

∆(T ) + λat
∆(Q),

for all κ, λ ∈ C and T, Q ∈ A∆. For any t, s ∈ R and T ∈ A∆, one has

as
∆
(
at
∆(T )

)
= at+s

∆ (T ), (139)

which means that they constitute a group of algebraic isomorphisms.
Finally, they are called time automorphisms since they map the algebra of
observables A∆ into itself. For T1, . . . , Tn ∈ A∆ and t1, . . . , tn ∈ R, we set

Gβ,∆
T1,...,Tn

(t1, . . . , tn) = trace
(
at1
∆(T1) · · · atn

∆ (Tn)ρβ,∆
)
, (140)

where the density matrix ρβ,∆ was defined in (134). For fixed T1, . . . , Tn ∈
A∆, this is a function of t1, . . . , tn defined on the whole R

n. It is called a
Green function for those observables. Clearly, the whole information about
the evolution is contained in these functions defined for all observables
T ∈ A∆. Here it would be quite natural to try to find a smaller set of
observables such that the Green functions defined for the elements of this
set completely describe the evolution of the whole algebra. For the models
considered in this section, such a smaller set was found by R. Høegh-Krohn
in Ref. 97.

In order to formulate these results we have to introduce new notions.
A subset M ⊂ A∆ is called subalgebra if it is an algebra with respect
to the linear operations and multiplication, which means that it is closed
with respect to these operations. A subalgebra is called abelian if all its
elements commute with each other. For the model of interacting quantum
anharmonic oscillators described by the Hamiltonian (130), such a subalge-
bra consists of multiplication operators on bounded continuous functions.
An operator T : L2(R|∆|) → L2(R|∆|) is called a multiplication operator on
the bounded continuous function F : R

|∆| → C if for every ψ ∈ L2(R|∆|),

(Tψ)(x∆) = F (x∆)ψ(x∆). (141)

In the sequel, we will denote such operators also by F . Of course, linear com-
binations and products of multiplication operators are again multiplication
operators, they commute with each other. The algebra of such operators
will be denoted by F∆. Now we are in a position to present the result of
R. Høegh-Krohn.
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Proposition 44: Let A
(0)
∆ ⊂ A∆ be the set of all observables which are

linear combinations of the operators

at1
∆(F1) · · · at1

∆(Fn)

for all possible choices n ∈ N, t1, . . . , tn ∈ R and F1, . . . , Fn ∈ F∆. Then
the σ-weak closure of this set coincides with the whole algebra A∆.

The meaning of this statement is that the Green functions defined on the
multiplication operators only fully determine the local Gibbs state 〈·〉β,∆

defined in (134). A similar statement may be proven also for certain quan-
tum spin models described by the Hamiltonian (127). In this case the role
of F∆ will be played by the algebra generated by the Pauli matrices σz

l with
l ∈ ∆. The next step in developing the tools for studying local Gibbs states
of quantum models is to extend analytically the Green functions to imag-
inary values of t1, . . . , tn and to obtain Matsubara functions. In a general
situation the corresponding theorem was proven in Ref. 98. The proof is
quite complicated. For the model of interacting quantum anharmonic oscil-
lators, the proof was given in Ref. 33, its extended and simplified version
may be found in the Ref. 34. Given n ∈ N and a domain O ⊂ C

n, let Hol(O)
be the set of all functions holomorphic on O. Given β > 0 and n ∈ N, we set

Dβ
n = {(t1, . . . , tn) ∈ C

n | 0 < �(t1) < �(t2) < · · · < �(tn) < β}, (142)

where �(tj) stands for the imaginary part of tj , j = 1, . . . , n. By Dβ
n we

denote the closure of Dβ
n. Given ξ1, . . . , ξn ∈ R, we also set

Dβ
n(ξ1, . . . , ξn) = {(t1, . . . , tn) ∈ Dβ

n | 
(tj) = ξj , for j = 1, . . . , n}.
(143)

Proposition 45: For every T1, . . . , Tn ∈ A∆,

(a) the function Gβ,∆
T1,...,Tn

may be extended to a holomorphic function
on Dβ

n;
(b) this extension (which will also be written as Gβ,∆

T1,...,Tn
) is continuous

on Dβ
n and for all (t1, . . . , tn) ∈ Dβ

n,

|Gβ,∆
T1,...,Tn

(t1, . . . , tn)| ≤ ‖T1‖ · · · ‖Tn‖, (144)

where ‖ · ‖ stands for the operator norm;
(c) for every ξ1, . . . , ξn ∈ R, the set Dβ

n(ξ1, . . . , ξn) is such that for any
f, g ∈ Hol(Dβ

n), the equality f = g on Dβ
n(ξ1, . . . , ξn) implies that these

functions are equal on the whole Dβ
n.
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The meaning of this result may be explained as follows. If one has the
Green functions for all possible choices of Fj ∈ F∆, defined on one of such
Dβ

n(ξ1, . . . , ξn) only, then one has the complete information about the state.
Indeed, by claims (a) and (c) of the above proposition, the values of the
Green functions for real t1, . . . , tn may be uniquely determined by their
values on such Dβ

n(ξ1, . . . , ξn). Then, by Proposition 44, the values of the
Green functions constructed for Fj ∈ F∆ only, uniquely determine the val-
ues of such functions constructed for all operators, which in turn determines
the state 〈·〉β,∆. By claim (a) of Proposition 45, the Green functions are
differentiable for all real t1, . . . , tn, which can be used to study them by
means of differential equations.

The restrictions of the Green functions Gβ,∆
T1,...,Tn

to Dβ
n(0, . . . , 0), i.e.,

Γβ,∆
T1,...,Tn

(τ1, . . . , τn) = Gβ,∆
T1,...,Tn

(it1, . . . , itn), (145)

are called Matsubara functions for the observables T1, . . . , Tn. In the light
of the above discussion, these functions constructed for all possible choices
of F1, . . . , Fn ∈ F∆ completely determine the state 〈·〉β,∆.

3.3. Euclidean Approach

Integration in spaces of functions is one of the most popular and powerful
methods of modern quantum theory. It appeared as a result of the mathe-
matical development of R. Feynman’s ideas1 to formulate quantum theory
in terms of path integrals. This development has revealed deep connections
between quantum theory and stochastic analysis. A profound description
of these connections, as well as of the method and its various applications,
is given in B. Simon’s book.12

An approach to the construction of Gibbs states of quantum lattice
models of the type of (130) based on integration in function spaces was
initiated in 1975 in Refs. 33 and 97. In the case of the Ising model with
transverse field, similar methods were used in Ref. 65. The essence of the
approach of Ref. 33 may be expressed in the following formula derived in
that paper

Γβ,∆
F1,...,Fn

(τ1, . . . , τn) =
∫

Ωβ,∆

F1(σ∆(τ1)) · · ·Fn(σ∆(τn)) dνβ,∆(σ∆),

(146)
which is strongly reminiscent of expressions from the preceding section
like (17). The main dissimilarity of (146) and (17) is that the above integral
is taken in an infinite dimensional space. Let us describe all components of
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the right-hand side of (146). First we introduce Ωβ,∆. By C[0, β] we denote
the real linear space of continuous functions φ : [0, β] → R. This space
endowed with the norm ‖φ‖ = sup{|φ(τ)| | τ ∈ [0, β]} becomes a Banach
space. Set

Cβ = {φ ∈ C[0, β] | φ(0) = φ(β)}. (147)

This space consists of continuous periodic functions on the interval [0, β].
This is a closed subspace of C[0, β], which means that it is a Banach space
with the same norm. Furthermore, we set

Ωβ,∆ = {σ∆ = (σl)l∈∆ | σl ∈ Cβ}. (148)

Each element of Ωβ,∆ is a vector σ∆ = (σl)l∈∆ with the components
σl, which may also be called spins, but this time the spins are periodic
continuous functions defined on [0, β], i.e., they are infinite dimensional.

Now we describe the measure dνβ,∆, which plays here a similar role as
the local Gibbs measure dν∆ (3) does in the classical case. First we define
a reference measure γβ . It is a symmetric Gaussian measure on the Banach
space Cβ (the theory of such measures may be found in Refs. 12, 19 and
20), which is completely determined by its covariation operator. The latter
is an integral operator with the integral kernel

S(τ, τ ′) =
1

2
√

m

exp (−|τ − τ ′|/√m) + exp (−(β − |τ − τ ′|)/√m)
1− exp (−β/

√
m)

, (149)

where m is the same as in the Hamiltonian (130), i.e., it is the particle
mass. It appears that this is nothing else but the Matsubara function of the
quantum harmonic oscillator of mass m described by the Hamiltonian

Hhar =
1

2m
p2 +

1
2
q2.

On the other hand, S(τ, τ ′) is the correlation function of the so called
periodic Ornstein–Uhlenbeck process with period β. First this process has
appeared in the pioneering paper of Ref. 97, the study of such processes
and their applications in quantum statistical physics is given in Refs. 98
and 99.

In what follows, the Gaussian measure γβ describes the states of a single
quantum harmonic oscillator. The states of interacting quantum anhar-
monic oscillators located at sites of the subset ∆ are described by the
measure which is constructed from γβ and the energy functions Eβ,∆ on
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the base of the famous Feynman–Kac formula (see e.g., Ref. 12)

dνβ,∆(σ∆) =
1

Zβ,∆
exp (−Eβ,∆(σ∆))

∏
l∈∆

dγβ(σl), (150)

where

Zβ,∆ =
∫

Ωβ,∆

exp(−Eβ,∆(σ∆))
∏
l∈∆

dγβ(σl), (151)

Eβ,∆(σ∆) = −1
2

∑
l,l′∈∆

Jll′

∫ β

0
σl(τ)σl′(τ) dτ −

∑
l∈∆

hl

∫ β

0
σl(τ) dτ

+
∑
l∈∆

∫ β

0
P̃ (σl(τ)) dτ, (152)

and where P̃ (t) = P (t)− (t2/2); we have extracted t2/2 into the Gaussian
measure γβ . The measure (150) is called the local Euclidean Gibbs measure.
Since this measure completely determines the Matsubara functions (145)
for all F1, . . . , Fn ∈ F∆, it determines the local Gibbs state 〈·〉β,∆, it is
also called the local Euclidean Gibbs state. In what follows, the Euclidean
approach allows one to study local Gibbs states of the model (130) by
means of probability measures as if it is a system of classical spins with
the only difference that these spins are infinite dimensional. This approach
was developed in Refs. 34, 54, 61, 73, 74 and 100–111. Its full description
and an extended related bibliography are given in Ref. 34. Here we mention
certain results obtained in this approach. First of all it would make sense
to study these states in the quasi-classical limit m → +∞. In Ref. 101 (see
also Section 3 in Ref. 34) a statement describing such a limit was proven.
Its corollary may be formulated as follows. We recall that in Section 2 we
introduced the set F∆ of all continuous polynomially bounded functions
f : Ω∆ = R

|∆| → R. Let F (0)
∆ ⊂ F∆ be the set of such functions which are

bounded. We shall use the set F β,∆ consisting of all bounded continuous
functions F : Ωβ,∆ → R, where Ωβ,∆ is defined by (148). By Ωc

β,∆ we denote
the subset of Ωβ,∆ consisting of all constant vectors, i.e.,

Ωc
β,∆ = {σ∆ = (σl)l∈∆ ∈ Ωβ,∆ | ∃ξ∆ = (ξl)l∈∆ ∈ Ω∆,

∀τ ∈ [0, β] ∀l ∈ ∆ : σl(τ) ≡ ξl}.
For the elements of this set we write σ∆(τ) ≡ ξ∆ meaning that all the
components of σ∆, which are constant functions of τ , coincide with the
corresponding components of the vector ξ∆ ∈ Ω∆. Given a function f ∈
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F (0)
∆ , we set

Ψf = {F ∈ F β,Λ | ∀σ∆ ∈ Ωc
β,∆ : F (σ∆) = f(ξ∆)}. (153)

In other words, the above set consists of the functions which have con-
stant σ∆ values coinciding with the corresponding values of this chosen
function f .

Proposition 46: For any finite ∆, for every β > 0, for any f ∈ F (0)
∆ and

all F ∈ Ψf ,

lim
m→+∞

∫
Ωβ,∆

F (σ∆) dνβ,∆(σ∆) =
∫

Ω∆

f(ξ∆) dν∆(ξ∆), (154)

where the measure ν∆ is defined by (11) with the same P , hl and Jll′ as in
(150)–(152).

We recall that the Gibbs states of classical systems were introduced as
solutions of the DLR equation (see Definition 21). In the quantum case
the equilibrium states are defined by means of the Kubo–Martin–Schwinger
(KMS) conditions (see the second volume of Ref. 2). We are not going to pay
here more attention to this condition and just remark that for the models
with unbounded operators, like the one described by (130), this construction
is impossible (see the discussion in Ref. 34). The only possibility for such
models, at least so far, is to construct Euclidean Gibbs states following the
scheme:

local Gibbs measures ⇒ DLR equation ⇒ Gibbs measure, its solution

described in the preceding section. We refer to Ref. 34 where this scheme
has been realized.

3.4. Phase Transitions and Critical Points

Since the main place in our consideration of quantum models belongs to
the model (130), we restrict ourselves to presenting here results on phase
transitions and critical phenomena based on this model only. The corre-
sponding results for a number of quantum spin models described by the
Hamiltonian (127) may be found in Refs. 65 and 112.

Thus, we consider the model described by the Hamiltonian (130) with
the zero external field and an even polynomial P . All the methods employed
to prove the existence of the long range order for the model (130) are based
on the so called infrared bounds113 (see also Ref. 112 for more details and
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appropriate modifications to the quantum case). As in the classical case the
order parameter is defined by the expression

P (β) = lim
n→+∞

1
|Λn|2

∑
l,l′∈Λn

〈qlql′〉(p)
β,Λ, (155)

where, as in (71), {Λn}n∈N is a sequence of boxes and the state 〈·〉(p)
β,Λ is

defined by (134), (135) with the Hamiltonian (130) in which the interaction
potential has been modified to take into account the periodic boundary con-
ditions, exactly as was done in the classical case. Here one has to mention
that the states 〈·〉β,Λ, and hence the periodic state 〈·〉(p)

β,Λ, were defined
for bounded operators only, whereas the displacement operators ql are
unbounded. In general, this is a problem, which takes some effort to be
overcome, see Refs. 114 and 115. But in the case considered we may use
the representation (146) (fortunately ql is a multiplication operator), which
yields

〈qlql′〉(p)
β,Λ =

∫
Ωβ,Λ

σl(0)σl′(0) dν
(p)
β,Λ(σΛ), (156)

where the Euclidean Gibbs measure ν
(p)
β,Λ is defined by (150)–(152) with

hl = 0 and JΛ
ll′ instead of Jll′ ; see (66). We also suppose that JΛ

ll′ ≥ 0
and the condition (15) is satisfied. The following statement was proven in
Ref. 105, see also Refs. 61 and 107.

Proposition 47: Let the polynomial P (8) in (152) be even, with r ≥ 2, and
possess two nondegenerate minima at some points ±t0 with t0 > 0. Then
for d ≥ 3, there exists m∗ > 0 such that for the particle mass m > m∗,
there exists βC > 0 such that: (a) for β < βC , the order parameter (155) is
zero; (b) for β > βC , P (β) > 0.

A particular case of this statement, where the polynomial P was as above
but with r = 2 was proven in Refs. 65 and 116.

The only theorem describing a critical point of a model of this type was
proven in Ref. 103, where a hierarchical version of the model (130) was
considered. Its formal Hamiltonian may be written in the form

H =
1

2m

∑
l∈Z

p2
l +

∑
l∈Z

(
aq2

l + bq4
l

)− 1
2

∞∑
n=0

∑
l∈Z

2−n(1+λ)I(l, l)[q(V (n)
l )]2,

(157)
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where I(l, l) and V
(n)
l are the same as in (126), a ∈ R, b > 0 and

q(V (n)
l ) =

∑
l∈V

(n)
l

ql.

The statement below is a corollary of the main theorem of Ref. 103.

Proposition 48: For the model described by (157) with λ ∈ (0, 1/2), there
exist such values of the parameters m, a and b that the following holds.
There exists β∗ > 0 such that:
(a) for β = β∗ [cf., (74)],

0 < lim
n→+∞ 2−n(1+λ)

∑
l,l′∈V

(n)
0

〈qlql′〉
β,V

(n)
0

<∞; (158)

(b) for β < β∗,

2−n
∑

l,l′∈V
(n)
0

〈qlql′〉
β,V

(n)
0
≤ C <∞; (159)

for all n ∈ N.

We remark here that (159) means that the static susceptibility χ
V

(n)
0

[cf. (73) and the final part of Subsection 2.5] remains bounded as n → +∞.
Here for a finite subset ∆, we set

χ∆ =
1
|∆|

∑
l,l′∈∆

〈qlql′〉β,∆. (160)

As follows from Proposition 47, the long-range order appears when the
particle mass is big enough, which corresponds to the quasi-classical limit
(see Proposition 46). What can be said about the opposite limit m → 0?
In other words, which quantum effects may one expect in such models?
This question was first studied in Ref. 117, where it was shown that the
long-range order does not appear in the small-mass limit. A mathematically
rigorous proof of this effect was given in Ref. 118. Here we present a result,
proven in Ref. 100, which shows that not only the long-range order, but
any critical point anomaly, is suppressed if a certain condition involving
the particle mass is satisfied.

The Hamiltonian (130) may be written in the form

H∆ =
∑
l∈∆

Hl − 1
2

∑
l,l′∈∆

Jll′qlql′ , (161)
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where the one-particle Hamiltonian is

Hl =
1

2m
p2

l + P (ql). (162)

It is well known that its spectrum consists of non-degenerate eigenvalues
λn, n ∈ N0. Set

δ = min
n∈N

(λn − λn−1), (163)

which is the minimal distance between the one-particle energy levels. For
the quantum harmonic oscillator described by (162) with P (ql) = (b/2)q2

l ,
where b > 0 is its rigidity, one has

δh = �

√
b/m. (164)

The following statement is a corollary of the main theorem proven in
Ref. 100.

Proposition 49: For the model described by the Hamiltonian (130), (161)
let the following condition be satisfied:

(mδ2/�
2) > ‖J‖ def= sup

l∈Zd

∑
l′∈Zd

Jll′ . (165)

Then for every β > 0 and for any increasing sequence D of subsets which
exhausts the lattice Z

d, the sequence of static susceptibilities {χ∆}∆∈D
defined by (160) remains bounded, i.e., no critical point anomalies are
possible at all temperatures.

As shown in Ref. 100, if in (161) P is an even polynomial of degree 2r ≥ 4,
then mδ2 is a continuous function of m such that

mδ2 ∼ Cm−(r−1)/(r+1) as m → 0

which means that there should exist a constant m∗, depending on ‖J‖
and on the coefficients of the polynomial P , such that the condition (165)
is satisfied for m < m∗. This yields the following corollary of the above
statement.

Corollary 50: For the model described by the Hamiltonian (130), (161),
there exists a constant m∗ > 0, which depends solely on the coefficients of
the polynomial P and on the interaction parameter ‖J‖ and is independent
of β, such that for m < m∗, no critical point anomalies, and all the more,
no long-range order, are possible at all temperatures.
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The extension of the above results to the case of vector quantum oscillators
was given in Refs. 108 and 109.

Let us analyze these statements. By (164), for the harmonic oscillators,
one has mδ2

h = �
2b. Then the condition (165) gets the form

b > ‖J‖,
which is nothing else but the stability condition (16). Then for the anhar-
monic oscillators, the parameter mδ2 may be considered as a measure of
its quantum rigidity and the effect described by the above statements may
be called a quantum stabilization of the system of quantum anharmonic
oscillators described by (130), (161). Stronger statements of this kind estab-
lishing uniqueness of Euclidean Gibbs states for this system, were proven
in Refs. 73, 74 and 102.
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32. S. Stamenković, Condens. Matter Phys. 1(14), 257 (1998).
33. S. Albeverio and R. Høegh-Krohn, J. Func. Anal. 19, 242 (1975).
34. S. Albeverio, Yu. Kondratiev, Yu. Kozitsky, and M. Röckner, Rev. Math.
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The aim of this chapter is to give a pedagogical introduction to the exact
equilibrium and non-equilibrium properties of free fermionic quantum
spin chains, whether disordered or otherwise. In the first part we present
in full detail the canonical diagonalization procedure. The phase dia-
gram is analysed and phase transitions are discussed on simple grounds.
Equilibrium dynamical properties are reviewed. The remaining part is
devoted to the non-equilibrium dynamical behaviour of such quantum
chains relaxing from a non-equilibrium pure initial state to a final sta-
tionary state. In particular, special attention is paid to the relaxation of
transverse magnetization. Two-time functions are also considered, giving
insights on the nature of the final non-equilibrium stationary state and
the possibility of aging in such systems.

1. Introduction

Quantum spin chains are probably the simplest quantum mechanical sys-
tems showing a wide variety of interesting properties,1–5 a main one being
the existence of quantum phase transitions, that is transitions at zero
temperature driven by large quantum fluctuations.6 Singularities occuring
strictly7 at the zero-temperature transition point can, however, produce a
typical signature at a (very) low temperature. On the experimental side,
physicists are nowadays able to produce artificial samples with behaviour
that fits very well with the theoretical descriptions.8–10

The low dimensionality of these systems allows the use of efficient ana-
lytical and numerical tools such as the Bethe ansatz,11,12 bosonization13,14

67
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or fermionization,1,15 exact diagonalization of finite chains or the numeri-
cal density matrix (DMRG) approach.16–18 We focus our attention in this
review on free-fermionic quantum spin chains, which are spin models that
can be mapped on systems of non-interacting fermions.1 The free nature
of the elementary excitations allows for an exact diagonalization of the
Hamiltonian. It is not here necessary to argue on the usefulness of exact
solutions for the implementation of the general comprehension we have
of such many-body systems. In particular, they can be used as a garde
fou when dealing with more complex systems, unsolved or unsolvable.
Moreover, some of the properties they show can still be present in truly
interacting systems, that is, models that cannot be or have not yet been
mapped on free particles or solvable problems.

Most of the studies during the last decades, have been devoted to under-
stand the influence of inhomogeneities,19 such as regular alternation (see
Derzhko in this volume), aperiodic20 modulation of the couplings between
spins or the presence of quenched disorder,21 on the nature of the phase
transition (one can refer to Berche and Chatelain in this volume for a
general review of the influence of quenched disorder on classical, that is
thermally activated, phase transitions). This has culminated in the work
of D. Fisher22 on the random transverse field Ising quantum chain. The
extremely broad distribution of energy scales near the critical point, for
such random chains, allows the use of a decimation-like renormalization
group transformation.23 However, all these works deal with equilibrium
properties, but here we will pay attention to another less worked out aspect,
which is the non-equilibrium behaviour of such fermionic spin chains. The
focus will be on homogeneous systems, since they allow analytical calcula-
tions, although expressions are given which are valid for general coupling
distributions.

The paper is organised as follows: in the next section, we present the
general features of the free fermionic spin models and the canonical diago-
nalization procedure first introduced by Lieb et al.1 A detailed discussion
is given on the excitation spectrum and the associated eigenvectors. In
Section 3 we turn on the discussion of equilibrium properties, static as
well as dynamic. In particular we point out that one can extract the full
phase diagram of such spin chains from the knowledge of the surface mag-
netization. Results on dynamical correlation functions are reviewed. The
following section deals with the non-equilibrium behaviour. After solving
the Heisenberg equations of motion for the basic dynamical variables, we
present some aspects of the relaxation of the transverse magnetization.
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We show that systems with either conserved or non-conserved dynamics
present, however, some similarities in their relaxation behaviour. This is
illustrated with the XX-chain for conserved dynamics, and with the Ising
chain for non-conserved dynamics. Two-time functions are also considered
and aging, that is, the dependence of the relaxation process on the age of
the system, is also discussed. Results reviewed here are summarised in the
last section.

2. Quantum Spin Chains

2.1. Free Fermionic Models

The generic XY Hamiltonian that we will consider is24–26

H = −1
2

L−1∑
n=1

(
1 + κ

2
σx

nσx
n+1 +

1− κ

2
σy

nσy
n+1

)
− 1

2

L∑
n=1

hσz
n, (1)

where the

σn = 1⊗ 1 · · · ⊗ σ ⊗ 1 · · · ⊗ 1

are Pauli matrices at site n and κ is an anisotropy parameter with limiting
values: κ = 1 corresponding to the Ising case with a Z2 symmetry; and
κ = 0 describing the XX-model which has U(1) symmetry. We will consider
here only free boundary conditions. The phase diagram and the critical
behaviour of this model are known exactly since the work of Barouch and
McCoy in 1971 who generalized27,28 results obtained previously in the case
of a vanishing transverse field,1 or at κ = 1.26 It was first considered in
the framework of conformal invariance29 in Ref. 30. In this section, to give
a self-consistent presentation, we present in full detail the diagonalization
procedure, following, more or less closely, the initial work of Lieb et al.1

The Hamiltonian can be mapped exactly on a free fermion model,
consisting of an assembly of non-interacting Fermi–Dirac oscillators. To
proceed, let us first introduce the ladder operators

σ± =
1
2
(σx ± iσy).

In the diagonal base of the σz component, they simply act as σ+| ↓〉 = | ↑〉
and σ−| ↑〉 = | ↓〉. They satisfy the anticommutation rules at the same site

{σ+, σ−} = 1,

and by construction they commute at different sites. They look like Fermi
operators except that they commute on different sites. True fermionic
operators are obtained through a Jordan–Wigner transformation.15
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Consider a basis vector with all spins down (in the z-direction) and use
the notation |1〉 ≡ |↑〉 and of course |0〉 ≡ |↓〉; then this state will be the
vacuum state destroyed by all the lowering operators σ−,

σ−
n |00 · · · 0〉 = 0, ∀n.

From this vacuum state, all the other states can be built up by applying rais-
ing operators σ+. The situation looks very much the same as with fermions.
But to have really fermions we need antisymmetry, i.e. anticommutation
rules also at different sites. We introduce new operators,

cn = A(n)σ−
n , c+

n = σ+
n A+(n),

where A(n) is a unitary operator commuting with σ±
n ,

[A(n), σ±
n ] = 0.

Then automatically we have

{c+
n , cn} = {σ+

n , σ−
n } = 1

and in particular

σz
n = 2σ+

n σ−
n − 1 = 2c+

n cn − 1. (2)

In order to fulfil the antisymmetry principle (sign change under particle
exchange), the creation and annihilation operators must satisfy31

c+
l |n1, n2, . . . , nl, . . .〉 = (−1)Σl(1− nl)|n1, n2, . . . , nl + 1, . . .〉,
cl|n1, n2, . . . , nl, . . .〉 = (−1)Σlnl|n1, n2, . . . , nl − 1, . . .〉,

where Σl =
∑l−1

i=1 ni is the number of particles on the left of the l site. We
should find now an operator representation of the sign factor (−1)Σl . It is
obvious that the choice

A(l) =
l−1∏
i=1

(−σz
i )

will perfectly do the job.31 This leads finally to the so-called Jordan–Wigner
transformations15

cn =
n−1∏
i=1

(−σz
i )σ−

n =
n−1∏
i=1

exp
(
iπσ+

i σ−
i

)
σ−

n (3)

and the adjoint relation. Inverting these relations, we obtain expressions
of the ladder operators and the original Pauli matrices in terms of the
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fermionic creation and annihilation operators c+ and c. Replacing this into
our Hamiltonian we obtain the quadratic form

H =
L∑

n,m=1

c+
n Anmcm +

1
2
(c+

n Bnmc+
m − cnBnmcm), (4)

where the real matrices A and B are, respectively, symmetric, and anti-
symmetric since the Hamiltonian is hermitian. The quadratic nature of
the Hamiltonian in terms of the Fermi operators insures the integrability
of the model. As in the bosonic case, this form can be diagonalized by a
Bogoliubov transformation.1,32

Let us mention here briefly that more general quantum spin-1
2 chains are

not tractable using this approach. For example, in the Heisenberg model11

H = J
∑

n

�σn�σn+1,

there are terms of the form

σz
nσz

n+1 ∝ c+
n cnc+

n+1cn+1,

leading to interacting fermions. With longer range interactions, such as
σx

nσx
n+p, or magnetic fields in the x or y directions, another problem arises

due to the non-locality of the Jordan–Wigner transformations. For example
a next nearest neighbour interaction σx

nσx
n+2 generates quartic terms like

cµ
nc+

n+1cn+1c
ν
n+2,

where the µ and ν superscripts refer to either creation or annihilation oper-
ators. In the case of a magnetic field, let us say in the x direction, we have
additional terms proportional to the spin operators

σx
n =

(
n−1∏
i=1

(c+
i + ci)(c+

i − ci)

)
(c+

n + cn),

which are clearly even worse. Non-local effects also appear when dealing
with closed boundary conditions.1,25

Nevertheless, the Hamiltonian (1) is not the most general free-fermionic
expression. We can still add for example terms of the form σx

nσy
n+1 −

σy
nσx

n+1, the so-called Dzyaloshinskii–Moriya interaction33,34 or play with
the boundary conditions.35
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2.2. Canonical Diagonalization

We now come to the diagonalization of the Hamiltonian (1). For that pur-
pose, we express the Jordan–Wigner transformation in terms of Clifford
operators36 Γ1

n, Γ2
n,

Γ1
n =

(
n−1∏
i=1

−σz
i

)
σx

n, Γ2
n = −

(
n−1∏
i=1

−σz
i

)
σy

n. (5)

These operators are the 2L-generators of a Clifford algebra since

{Γi
n, Γj

k} = 2δijδnk, ∀i, j = 1, 2; ∀n, k = 1, . . . , L, (6)

and are real operators, that is Γi
n

+ = Γi
n. They can be viewed as non-

properly normalised Majorana fermions. The different terms in the original
Hamiltonian are expressed as

σz
n = iΓ1

nΓ2
n, σx

nσx
n+1 = −iΓ2

nΓ1
n+1, σy

nσy
n+1 = iΓ1

nΓ2
n+1 . (7)

Introducing the two-component spinor

Γn =

(
Γ1

n

Γ2
n

)
,

one can write the Hamiltonian in the form

H =
1
4

L−1∑
n=1

Γ†
n

[
σy + iκσx]Γn+1 +

1
4

L∑
n=1

Γ†
nhσyΓn, (8)

where Γ†
n = (Γ1

n, Γ2
n) and

σy =
(

0 −i

i 0

)
, σx =

(
0 1
1 0

)
,

are the Pauli matrices, not to be confused with the initial spin opera-
tors. Introducing the 2L-component operator Γ† = (Γ†

1, Γ
†
2, . . . ,Γ

†
L), the

Hamiltonian is given by

H =
1
4
Γ†TΓ, (9)
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where T is a 2L× 2L hermitian matrix37,38 given by

T =



D F 0 . . . 0
F† D F 0 . . . 0

0
. . . . . . . . . 0

0 . . . 0 F† D F
0 . . . 0 F† D


, (10)

D = hσy, F =
1
2

(σy + iκσx) . (11)

To diagonalize H, we introduce the unitary transformation matrix U
built up on the eigenvectors of the T matrix,

TVq = εqVq, q = 1, . . . , 2L,

with the orthogonality and completeness relations

2L∑
i=1

Vq(i)Vq′(i) = δqq′ ,

2L∑
q=1

Vq(i)Vq(i′) = δii′ .

Inserting into (9) the expression T = UΛU† where Λpq = εqδpq is the
diagonal matrix, one arrives at

H =
1
4
Γ†UΛU†Γ =

1
4
X†ΛX =

1
4

2L∑
q=1

εqx
+
q xq,

with the diagonal 2L-component operator

X = U†Γ.

We introduce now the following parametrisation, which will become clear
later, of the eigenvectors Vq:

Vq =
1√
2



φq(1)
−iψq(1)

φq(2)
−iψq(2)

...
φq(L)

−iψq(L)


. (12)
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Using this parametrisation, the operators xq and their adjoints are given by

xq =
1√
2

L∑
i=1

[
φ∗

q(i)Γ
1
i + iψ∗

q (i)Γ2
i

]
,

x+
q =

1√
2

L∑
i=1

[
φq(i)Γ1

i − iψq(i)Γ2
i

]
.

Now, if we consider the normalised operators

dq =
1√
2
xq,

we can easily check that together with the adjoints d+
q , they define Dirac

fermions, that is they satisfy the anticommutation rules

{d+
q , dq′} = δq,q′ , {d+

q , d+
q′} = 0, {dq, dq′} = 0. (13)

For example, the first bracket is evaluated as

{d+
q , dq′} =

1
4

∑
i,j

φq(i)φ∗
q′(j){Γ1

i , Γ
1
j}+ ψq(i)ψ∗

q′(j){Γ2
i , Γ

2
j}

−iψq(i)φ∗
q′(j){Γ2

i , Γ
1
j}+ iφq(i)ψ∗

q′(j){Γ1
i , Γ

2
j},

and using the anticommutation rules for the Clifford operators and the
normalisation of the eigenvectors one is led to the above mentioned result.

Finally we have the free fermion Hamiltonian

H =
1
2

2L∑
q=1

εqd
+
q dq. (14)

We now take into account the particular structure of the T matrix.
Due to the absence of the diagonal Pauli matrix σz in the expression of
T, the non-vanishing elements Tij are those with i + j odd, all even terms
are vanishing. This means that by squaring the T matrix we can decouple
the original 2L-eigenproblem into two L-eigenproblems. The easiest way to
see this is to rearrange the matrix T in the form

T =
(

0 C
C† 0

)
, (15)
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where the L× L matrix C is given by

C = −i



h Jy

Jx h Jy O
Jx

. . . . . .

O . . . . . . Jy

Jx h

 , (16)

with Jx = (1 + κ)/2 and Jy = (1− κ)/2. Squaring the T matrix givesg

T2 =
(

CC† 0
0 C†C

)
. (17)

In this new basis the eigenvectors Vq are simply given by

Vq =
1√
2



φq(1)
φq(2)
...
φq(L)

−iψq(1)
...

−iψq(L)


,

and together with T2 we finally obtain the decoupled eigenvalue equations

CC†φq = ε2qφq, (18)

C†Cψq = ε2qψq. (19)

Since the CC† and C†C are real symmetric matrices, their eigenvectors can
be chosen real and they satisfy completeness and orthogonality relations.
This justifies the initial parametrisation of the vectors Vq and one recovers
the original formulation of Lieb, Schultz and Mattis.1

Finally, one can notice another interesting property of the T matrix
which is related to the particle–hole symmetry.37 Due to the off-diagonal
structure of T, we have

−iCψq = εqφq, C†φq = −iεqψq (20)

and we see that these equations are invariant under the simultaneous change
εq → −εq and ψq → −ψq. So, to each eigenvalue εq ≥ 0 associated to the

gThe supersymmetric structure appearing in the T2 matrix has been used in Ref. 39.
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vector Vq corresponds an eigenvalue εq′ = −εq associated to the vector

Vq′ =
1√
2



φq(1)
φq(2)

...
φq(L)
iψq(1)

...
iψq(L)


.

Let us classify the eigenvalues such as

εq+L = −εq, ∀q = 1, . . . , L,

with εq ≥ 0 ∀q = 1, . . . , L. Then the Hamiltonian can be written as

H =
1
2

L∑
q=1

(εqd
+
q dq − εqd

+
q+Ldq+L),

where the operators with q = 1, . . . , L are associated with particles and the
operators with q = L+1, . . . , 2L are associated with holes, that is, negative
energy particles. Thus, by the usual substitution

η+
q = d+

q , ∀q = 1, . . . , L; η+
q = dq+L, ∀q = 1, . . . , L, (21)

we rewrite now the Hamiltonian in the form

H =
1
2

L∑
q=1

(
εqη

+
q ηq − εqηqη

+
q

)
=

L∑
q=1

εq

(
η+

q ηq − 1
2

)
. (22)

2.3. Excitation Spectrum and Eigenvectors

The problem now essentially resides in solving the two linear coupled equa-
tions −iCψq = εqφq and iC†φq = εqψq. We will present here the solutions
of two particular cases, namely the XY -chain without field1,25 and the Ising
quantum chain in a transverse field.26 In the following we assume, without
loss of generality, that the system size L is even number and κ ≥ 0.
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2.3.1. XY -Chain

From iC†φq = εqψq, we have the bulk equations

1− κ

2
φq(2k − 1) +

1 + κ

2
φq(2k + 1) = −εqψq(2k),

1− κ

2
φq(2k) +

1 + κ

2
φq(2k + 2) = −εqψq(2k + 1). (23)

Due to the parity coupling of these equations, we have two types of
solutions:

φI
q(2k) = ψI

q (2k − 1) = 0, ∀k, (24)

and

φII
q (2k − 1) = ψII

q (2k) = 0, ∀k. (25)

In the first case, the bulk equations that remain to be solved are
1− κ

2
φI

q(2k − 1) +
1 + κ

2
φI

q(2k + 1) = −εqψ
I
q (2k),

with the boundary conditions

φI
q(L + 1) = ψI

q (0) = 0 . (26)

Here we absorb the minus sign in Eq. (23) into the redefinition

ψ̃q = −ψq .

Using the ansatz φI
q(2k− 1) = eiq(2k−1) and ψ̃I

q (2k) = eiq2keiθq to solve the
bulk equations (23), we obtain

cos q + iκ sin q = εqe
iθq , (27)

that is

εq =
√

cos2 q + κ2 sin2 q ≥ 0 (28)

and the phase shift

θq = arctan(κ tan q) , (29)

with 0 < θq ≤ 2π to avoid ambiguity. The eigenvectors associated to the
positive excitations satisfying the boundary equations are then

φI
q(2k + 1) = Aq sin (q(2k + 1)− θq) ,

ψ̃I
q (2k) = Aq sin(q2k),

(30)

with

q(L + 1) = nπ + θq, (31)
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or more explicitly

q =
π

L + 1

(
n +

1
π

arctan (κ tan q)
)

. (32)

The normalisation constant Aq is easy to evaluate and is actually dependent
on q. Using θq = q(L + 1) + nπ, one can write φI

q in the form

φI
q(2k + 1) = −Aqδq sin q(L− 2k) ,

where δq = (−1)n is given by the sign of cos q(L + 1). Equation (32) has
L/2− 1 real solutions, that in the lowest order in 1/L are given by

qn � π

L
(n− νn) , (33)

νn =
n

L
− 1

π
arctan

(
κ tan

(nπ

L

))
, n = 1, 2, . . . ,

1
2
L− 1. (34)

There is also a complex root of (32)

q0 =
1
2
π + iv, (35)

where v is the solution of

tanh v = κ tanh[v(L + 1)] . (36)

With the parametrisation x = e−2v and ρ2 = (1− κ)/(1 + κ), one is led to
the equation

x =
ρ2

1− xL(1− ρ2x)

and the first nontrivial approximation leads to

x−1 � ρ−2 − (1− ρ4)ρ−2(L−1). (37)

The excitation associated with this localised mode (see the form of φq0 and
ψq0 with q0 = π/2 + iv) is exponentially close to the ground state, that is

εq0 � (1 + ρ2)ρL. (38)

From this observation, together with some weak assumptions, the complete
phase diagram of the system can be obtained. We will discuss this point
later.
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The solutions of the second type satisfy the same bulk equations but
the difference lies in the boundary conditions φII

q (0) = ψII
q (L+1) = 0. The

eigenvectors are given by

φII
q (2k) = Aq sin(q2k),

ψ̃II
q (2k + 1) = Aq sin(q(2k + 1) + θq) = −Aqδq sin q(L− 2k), (39)

with

q =
π

L + 1

(
n− 1

π
arctan (κ tan q)

)
, (40)

which has L/2 real roots. To the leading order, one gets

qn =
π

L
(n− νn) , (41)

νn =
n

L
+

1
π

arctan
(
κ tan

(nπ

L

))
, n = 1, 2, . . . ,

1
2
L (42)

which completes the solution of the XY -chain.

2.3.2. Ising Chain

The solution of the Ising chain (κ = 1) proceeds along the same lines.26

The bulk equations are

hφq(k) + φq(k + 1) = εqψ̃q(k), (43)

with the boundary conditions

φq(L + 1) = ψq(0) = 0. (44)

With the same ansatz as before, one arrives at

h + eiq = εqe
iθq , (45)

that is,

εq =
√

(h + cos q)2 + sin2 q, (46)

θq = arctan
(

sin q

h + cos q

)
. (47)

Taking into account the boundary conditions, the solutions are readily
expressed as

φq(k) = A sin(qk − θq), ψq(k) = −A sin(qk), (48)
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where q is a solution of the equation

q =
π

L + 1

(
n +

1
π

arctan
(

sin q

h + cos q

))
. (49)

The eigenvectors can then also be written in the form

φq(k) = −A(−1)n sin(q(L + 1− k)), ψq(k) = −A sin(qk). (50)

In the thermodynamic limit, L → ∞, for h ≥ 1, Eq. (49) gives rise to L

real roots. On the other hand, for h < 1, there is also one complex root
q0 = π + iv associated to a localised mode such that v is solution of

tanh(v(L + 1)) = − sinh v

h− cosh v
. (51)

To the leading order, we have v � lnh. The eigenvectors associated to this
localised mode are

φq0(k) = A(−1)k sinh(v(L + 1− k)),

ψq0(k) = −A(−1)k sinh(vk). (52)

Exactly at the critical value h = 1, we have θq = q/2, which gives a simple
quantisation condition:

q =
2nπ

2L + 1
, n = 1, 2, . . . , L. (53)

Changing q into π − q, we have40

φq(k) =
2√

2L + 1
(−1)k+1 cos(q(k − 1/2)),

ψq(k) =
2√

2L + 1
(−1)k sin(qk), (54)

εq = 2
∣∣∣∣sin 1

2
q

∣∣∣∣ , (55)

with q = (2n + 1)π/(2L + 1) and n = 0, 1, . . . , L− 1.

3. Equilibrium Behaviour

3.1. Critical Behaviour

From the knowledge of the eigenvectors φ and ψ, and the corresponding one-
particle excitations, we can in principle calculate all the physical quantities,
such as magnetization, energy density or correlation functions. However,
they are, in general, complicated many-particles expectation values due to
the non-local expression of the spin operators in terms of fermions. We will
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come later to this aspect when considering the dynamics. Nevertheless,
quantities that can be expressed locally in terms of fermions are simple,
such as correlations involving only σz operators or σx

1 .

3.1.1. Surface Magnetization

A very simple expression is obtained for the surface magnetization, that is
the magnetization on the x (or y) direction of the first site. The behaviour
of the first spin41,42 gives general information on the phase diagram of the
chain.27–29 Since the expectation value of the magnetization operator in
the ground state vanishes, we have to find a bias. The usual way will be
to apply a magnetic field in the desired direction, in order to break the
ground state symmetry. Of course this procedure has the disadvantage of
breaking the quadratic structure of the Hamiltonian. Another route is to
extract the magnetization behaviour from that of the correlation function.
In this respect, the x(y) component of the surface magnetization is obtained
from the autocorrelation function G(τ) = 〈σx

1 (0)σx
1 (τ)〉 in imaginary time

τ where σx
1 (τ) = eτHσx

1 e−τH . Introducing the diagonal basis of H, we have

G(τ) = |〈σ|σx
1 |0〉|2e−τ(Eσ−E0) +

∑
i>1

|〈i|σx
1 |0〉|2e−τ(Ei−E0), (56)

where |0〉 is the ground state with energy E0 and |σ〉 = η+
1 |0〉 is the first

excited state with one diagonal fermion of which the energy is Eσ = E0+ε1.
From the previous section we see that we have a vanishing excitation for
h < 1 in the thermodynamic limit L →∞ leading to a degenerate ground
state. This implies that in the limit of large τ , only the first term in the
previous expression of the autocorrelation function contributes,

lim
τ→∞ G(τ) = [mx

s ]2, (57)

where mx
s = 〈σ|σx

1 |0〉. Noticing that σx
1 = Γ1

1 = c+
1 + c1 and making use of

the inverse expression, Γ1
n =

∑
q φq(n)(η+

q + ηq), one obtains

mx
s = 〈σ|σx

1 |0〉 = φ1(1). (58)

Similarly, one can obtain my
s = 〈σ|σy

1 |0〉 = ψ1(1).
Following Peschel,41 it is now possible to obtain a closed formula for the

surface magnetization.42 In the semi-infinite limit L → ∞, for h < 1, the
first gap Eσ −E0 = ε1 vanishes due to spontaneous symmetry breaking. In
this case, Eqs. (20) simplify into

C†φ1 = 0, Cψ1 = 0. (59)
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Noticing that by changing κ into −κ, mx and my are interchanged, in the
following we will consider only the x-component.

To find the eigenvector φ1, we rewrite C†φ1 = 0 in the iterative form(
φ1(n + 1)

φ1(n)

)
= Kn

(
φ1(n)

φ1(n− 1)

)
, (60)

where Kn is a 2 × 2 matrix associated to the site n, for homogeneous
coupling constants it can be written explicitly as

Kn = K = −
(

2h/(1 + κ) (1− κ)/(1 + κ)
−1 0

)
. (61)

By iterations, we obtain for the (n + 1)th component of the eigenvector φ1

the expression

φ1(n + 1) = (−1)nφ1(1) (Kn)11 , (62)

where the indices 11 stand for the 1,1 component of the matrix Kn. The nor-
malisation of the eigenvector,

∑
i φ2

1(i) = 1, leads to the final expression42

mx
s =

(
1 +

∞∑
n=1

|(Kn)11|2
)−1/2

. (63)

First we note that the transition from a paramagnetic to an ordered phase is
characterised by the divergence of the sum entering (63). On the other hand,
since for a one-dimensional quantum system with short-range interactions,
the surface cannot order by itself, the surface transition is the signal of a
transition in the bulk. It means that one can obtain some knowledge of the
bulk by studying surface quantities. To do so, we first diagonalize the K
matrix. The eigenvalues are

λ± =
1

1 + κ
(h±

√
h2 + κ2 − 1) (64)

for h2 + κ2 > 1 and complex conjugates, otherwise

λ± =
1

1 + κ
(h± i

√
1− h2 − κ2) = ρ exp(±iϑ), (65)

with ρ =
√

(1− κ)/(1 + κ) and ϑ = arctan(
√

1− h2 − κ2/h) and they
become degenerate on the line h2 + κ2 = 1. The leading eigenvalue gives
the behaviour of φ2

1(n) ∼ |λ+|2n which, for an ordered phase, implies that
|λ+| < 1. The first mode is then localised near the surface. From this
condition on λ+, we see that it corresponds to h < hc = 1. For h > 1, the
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surface magnetization exactly vanishes and we infer that the bulk is also
unordered. So that for any anisotropy κ, the critical line is at h = 1 and
in fact it belongs to the 2d-Ising43 universality class.h As shown hereafter,
the special line h2 + κ2 = 1, where the two eigenvalues collapse, separates
an ordinary ferromagnetic phase (h2 + κ2 > 1) from an oscillatory one
(h2 + κ2 < 1).27 This line is known as the disorder line of the model. The
line at vanishing anisotropy, κ = 0, is a continuous transition line (with
diverging correlation length) called the anisotropic transition where the
magnetization changes from the x to the y direction.

In the ordered phase, the decay of the eigenvector φ1 gives the correla-
tion length of the system, which is related to the leading eigenvalue by

φ2
1(n) ∼ |λ+|2 ∼ exp(−n/ξ), (66)

so that

ξ =
1

2| ln |λ+|| . (67)

By analysing λ+, it is straightforward to see that the correlation length
exponent defined as ξ ∼ δ−ν , with δ ∝ 1 − h for the Ising transition and
δ ∝ κ for the anisotropic one, is ν = 1. Of course, a specific analysis of
formula (63) leads to the behaviour of the surface magnetization. At fixed
anisotropy κ, close enough to the Ising transition line we have

mx
s ∼ (1− h)1/2, (68)

giving the surface critical exponent βI
s = 1/2. In the oscillatory phase, a

new length scale appears given by ϑ−1. A straightforward calculation gives
for the eigenvector φ1 the expression

φ1(n) = (−1)nρn 1 + κ

h tan ϑ
sin(nϑ)φ1(1), (69)

which leads to

mx
s ∼ κ1/2, (70)

close to the anisotropy line, so βa
s = 1/2 too.

We have seen here how from the study of surface properties42 one can
determine very simply (by the diagonalization of a 2× 2 matrix) the bulk

hTo get an account on the connection between d-dimensional quantum systems and d+1-
dimensional classical systems, one can refer to Kogut’s celebrated review.44 The idea lies
in the fact that, in imaginary (Euclidean) time τ , the evolution operator e−τH , where
H is the Hamiltonian of the d-dimensional quantum system, can be interpreted as the
transfer matrix of a d + 1 classical system.
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phase diagram and also the exact correlation length.27 One may also notice
that expression (63) is suitable for finite size analysis,45 cut off at some size
L. In fact for the Ising chain, to be precise, one can work with symmetry
breaking boundary conditions.48 That is, working on a finite chain, we fix
the spin at one end (which is equivalent to setting hL = 0) and evaluate
the magnetization at the other end. In this case, the surface magnetization
is exactly given by (63) where the sum is truncated at L−1. The fixed spin
at the end of the chain, let us say σx

L = +, leads to an extra Zeeman term
since we have now in the Hamiltonian the term −(JL−1/2)σx

L−1, where the
last coupling JL−1 plays the role of a magnetic field. The vanishing of hL

induces a two-fold degeneracy of the Hamiltonian which is due to the exact
vanishing of one excitation, say ε1. This degeneracy simply reflects the fact
that [σx

L, H] = 0. On a mathematical ground, we can see this from the form
of the T matrix which has a block-diagonal structure with a vanishing 2×2
last block. From the vacuum state associated to the diagonal fermions, |0〉,
and its degenerate state η+

1 |0〉, we can form the two ground states

|±〉 =
1√
2

(|0〉 ± η+
1 |0〉

)
, (71)

associated respectively to σx
L = + and σx

L = −. Since we have a boundary
symmetry breaking field, we can directly calculate the surface magnetiza-
tion from the expectation value of σx

1 in the associated ground state. It
gives 〈+|σx

1 |+〉 = φ1(1), where φ1(1) is exactly obtained for any finite size
from C†φ1 = 0. This finite-size expression has been used extensively to
study the surface properties of several inhomogeneous Ising chains with
quenched disorder,51–54 where a suitable mapping to a surviving random
walk48 problem permits one to obtain exact results.

3.1.2. Bulk Magnetization

As stated at the beginning of this section, quantities involving σx or σy

operators are much more involved. Nevertheless, thanks to Wick’s theorem,
they are computable in terms of Pfaffians27,46 or determinants whose size is
linearly increasing with the site index. For example, if one wants to compute
〈σ|σx

l |0〉, the magnetization at site l, one has to evaluate the expectation
value47

ml = 〈σ|σx
l |0〉 = 〈0|η1A1B1A2B2 · · ·Al−1Bl−1Al|0〉, (72)

where we have defined Ai = Γ1
i and Bi = −iΓ2

i in order to absorb unneces-
sary i factors. These notations were initially introduced by Lieb et al.1 Note
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that B2 = −1. Since Al and Bl are linear combinations of Fermi operators,

Al =
∑

q

φq(l)
(
η+

q + ηq

)
, Bl =

∑
q

ψq(l)
(
η+

q − ηq

)
, (73)

we can apply Wick’s theorem for fermions.1 The theorem states that we
may expand the canonical (equilibrium) expectation value, with respect to
a bilinear fermionic Hamiltonian, of a product of operators obeying anti-
commutation rules, in terms of contraction pairs. For example, if we have
to evaluate the product 〈C1C2C3C4〉, we can expand it as

〈C1C2C3C4〉 = 〈C1C2〉〈C3C4〉 − 〈C1C3〉〈C2C4〉+ 〈C1C4〉〈C2C3〉 .

Due to the fermionic nature of the operators involved, a minus sign appears
at each permutation. In our case, it is easy to see that the basic con-
tractions 〈0|AiAj |0〉 and 〈0|BiBj |0〉 are vanishing for i �= j. The only
contributing terms are those products involving only pairs of the type
〈0|η1A|0〉, 〈0|η1B|0〉 or 〈0|BA|0〉. One may also remark that it is unnec-
essary to evaluate terms of the form 〈0|η1B|0〉 since in this case there is
automatically in the product a vanishing term 〈0|AiAj |0〉 with i �= j. The
simplest non-vanishing product appearing in the Wick expansion is

〈0|η1A1|0〉〈0|B1A2|0〉 · · · 〈0|Bl−1Al|0〉 .

The local magnetization ml is then given by the l × l determinant47,48

ml =

∣∣∣∣∣∣∣∣∣
H1 G11 G12 . . . G1l−1

H2 G21 G22 . . . G2l−1
...

...
...

...
Hl Gl1 Gl2 . . . Gll−1

∣∣∣∣∣∣∣∣∣
, (74)

with

Hj = 〈0|η1Aj |0〉 = φ1(j), (75)

Gjk = 〈0|BkAj |0〉 = −
∑

q

φq(j)ψq(k) . (76)

This expression for the local magnetization enables one to compute, at least
numerically, magnetization profiles49,50 and to extract scaling behaviour.
For example far in the bulk of the Ising chain we have near the transition
the power law behaviour mb ∼ (1 − h)1/8 for h < 1 and zero otherwise.26

To conclude this section, one can also consider more complicated quantities
such as two-point correlation functions1,26 in the same spirit.
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3.2. Time-Dependent Correlation Functions

Time-dependent correlations functions are of primary importance since
experimentally accessible dynamical quantities are, more or less simply,
related to them. For general spin chains, the exact analysis of the long
time behaviour of spin–spin correlations is a particularly difficult task. The
generic time-dependent spin–spin correlation function is

〈σµ
i (t)σν

j 〉,
where i, j are space indices, µ, ν = x, y, z and where 〈 . 〉 ≡
Tr{ . e−βH}/Tr{e−βH} is the canonical quantum expectation at tem-
perature T = 1/β. The time-dependent operator σµ

i (t) = eiHtσµ
i e−iHt is

given by the usual Heisenberg representation. Most of the approximation
schemes developed so far55,56 are not really relevant for such many-body
systems, at least at finite temperature. One is ultimately forced to go
on numerical analyses, basically by exact diagonalization of very short
chains, although recently there has been significant numerical progress
using a time-dependent DMRG (Density Matrix Renormalization Group)
procedure.57

Nontrivial exact solutions for time-dependent correlations do exist for
free fermionic spin chains,28,58,60–63 due to the non-interacting nature of
the excitations. For such chains, not only bulk regimes were investigated
but also boundary effects.64,68–71 On one hand, the z–z correlations are eas-
ily calculable due to their local expression in terms of the Fermi operators.
They are basically fermion density correlation functions. On the other hand,
the x–x correlations are much more involved since in the Fermi represen-
tation one has to evaluate string operators. Nevertheless, as for the static
correlators, one may use Wick’s theorem to reduce them to the evaluation
of a Pfaffian, or determinant, whose size is linearly increasing with i + j.

For the N -sites free boundary isotropic XY -chain in a transverse field,

H =
J

4

N−1∑
j=1

(σx
j σx

j+1 + σx
j σx

j+1)−
h

2

N∑
j=1

σz
j ,

the basic contractions at inverse temperature β are given by:64

〈Aj(t)Al〉 =
2

N + 1

∑
q

sin qj sin ql

(
cos εqt− i sin εqt tanh

βεq

2

)
,

〈Aj(t)Bl〉 =
2

N + 1

∑
q

sin qj sin ql

(
i sin εqt− cos εqt tanh

βεq

2

)
, (77)
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and the symmetry relations

〈Bj(t)Bl〉 = −〈Aj(t)Al〉, 〈Bl(t)Aj〉 = −〈Aj(t)Bl〉, (78)

where the excitation energies are εq = J cos q − h with q = nπ/(N + 1),
n = 1, . . . , N . With the help of these expressions, one is able to evaluate
the desired time-dependent correlations, at least numerically.

The z–z correlator, namely 〈σz
j (t)σz

l 〉, is given in the thermodynamic
limit at infinite temperature T = ∞ by64,65

〈σz
j (t)σz

l 〉 =
[
Jj−l(Jt)− (−1)lJj+l(Jt)

]2
, (79)

where Jn is the Bessel function of the first kind. One has to notice that this
result is field independent. The bulk behaviour is obtained by putting j,

l →∞ and keeping l − j finite. One has

〈σz
j (t)σz

l 〉 = J2
j−l(Jt) Jt�1∼ t−1, (80)

leading to a power law decay in time. For large time, the boundary effects
lead to

〈σz
j (t)σz

l 〉 �
8

πJ3t3

[
sin2

(
Jt− πr

2

)]
l2(l + r)2, (81)

with r = j − l the distance between the two sites. Therefore, the decay in
time changes from t−1 to t−3 near the boundaries.64

In the low-temperature limit (T = 0), we have a closed expression for
h ≥ J which is time- and site-independent64

〈σz
j (t)σz

l 〉 = 1, (82)

revealing an ordered ground state. This can be related to the fact that the
ground state corresponds to a completely filled energy band, since all the
energy excitations are negative. As already stated before, the calculation
of the z–z correlation function is an easy task and we will not go on other
models.

In order to calculate the x–x time-dependent correlation functions for
such free-fermionic chains, one has to evaluate

〈σx
j (t)σx

l 〉 = 〈A1(t)B1(t) · · ·Aj−1(t)Bj−1(t)Aj(t)A1B1 · · ·Al−1Bl−1Al〉.
(83)

In the high temperature limit (T = ∞), the bulk correlation function of
the isotropic XY -chain in a transverse field h is given by the Gaussian
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behaviour58,60,72

〈σx
j (t)σx

l 〉 = δjl cos ht exp(−J2t2/4), (84)

where δjl is the Kronecker symbol. The boundary effects are hard to take
into account due to the fact that the Pfaffian to be evaluated is a Toeplitz
determinant58,59,73 that can be treated only for large order.58 Nevertheless
for a vanishing transverse field, a conjecture was inferred from exact calcu-
lations for the boundary nearest sites i = 1, 2, . . . , 5, claiming an asymptotic
power-like decay,68

〈σx
j (t)σx

l 〉 ∼ δjlt
−3/2−(j−1)(j+1) . (85)

At vanishing temperature and for h ≥ J , the basic contractions can be
evaluated in a closed form too. These lead to62,64,66,67

〈σx
j (t)σx

l 〉 = exp(−iht) exp[i(j − l)π/2] Jj−l(Jt) (86)

for the bulk correlation function. The Bessel function gives rise to a t−1/2

asymptotic behaviour. So moving from T = ∞ to T = 0 there is a dramatic
change in the time decay behaviour.64 Finally, one is also able to take into
account the free boundary effects. In this case, for large enough time, the
behaviour changes from t−1/2 to t−3/2.64

At finite temperature the asymptotic decay of the time-dependent
correlators is exponential,74

〈σx
i (t)σx

i+n〉 ∝ t2(ν
2
++ν2

−) exp f(n, t), (87)

where f(n, t) is a negative monotonically decreasing function with increas-
ing T . The pre-exponents ν± are known functions74 of the field h, the
temperature and the ratio n/t. When T →∞, the function f(n, t) diverges
logarithmically indicating the change of the decay shape from exponential
to Gaussian.69

To end this section, one may mention that the decay laws for the
x–x time-dependent correlation functions of the anisotropic XY -chain are
basically the same as for the isotropic case, namely power law at zero
temperature and Gaussian at infinite temperature.59

4. Non-Equilibrium Behaviour

4.1. Heisenberg Equations of Motion

Non-equilibrium properties of quantum systems have attracted a lot of
interest throughout the decades.75 Precursor studies on free-fermionic spin
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chains were performed by Niemeijer25 and Tjion76 at the end of the sixties.
Soon after, Barouch, McCoy and Dresden77,78 solved exactly the Liouville
equation for the XY -chain and computed the time-dependent transverse
magnetization for several non-equilibrium situations. They have shown the
occurrence of an algebraic relaxation instead of exponential as predicted by
Terwiel and Mazur79 using a weak coupling limit. More recently, a special
focus was pointed on non-equilibrium quantum steady states, which are
driven by some currents.80–82 These studies are motivated by the fact that
quantum systems have a natural dynamics, given by the quantum Liouville
equation83

∂ρ(t)
∂t

= −i[HT , ρ(t)] ≡ L(ρ(t)),

where ρ is the density operator, HT the Hamiltonian and where L is
the quantum Liouville super-operator acting on the vector space of lin-
ear operators. The expectation value of an operator Q at time t is given
by

〈Q〉(t) = Tr{ρ(t)Q},
where we have assumed that the density operator is normalised to one.
The traditional way to study the non-equilibrium properties of a quantum
system is to couple it with a bath that can itself be described quantum
mechanically, for example an assembly of harmonic oscillators.84 The total
Hamiltonian is then split into three different pieces,

HT = Hs + HI + Hb

where Hs is the system Hamiltonian, Hb the Hamiltonian of the bath and
HI stands for the interaction between the bath and system dynamical vari-
ables. Now, the average quantities of the system are obtained with the help
of the reduced density operator, that is, the density operator traced over
the bath dynamical degrees of freedom,

ρs(t) = Trb{ρ(t)} .

The expectation value of a dynamical variable Q of the system is given by

〈Q〉(t) = Trs{Qρs(t)} .

For a complete review of this approach one can refer to Ref. 85.
Another, simpler, route to out-of-equilibrium problems, is to investigate

the relaxation of a non-equilibrium initial state, in which a closed system
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has been prepared at time t = 0. For a pure initial state, |Ψ〉, the initial
density operator is just the projector

ρ = |Ψ〉〈Ψ| .
The time evolution of the state |Ψ〉 is thus simply given by the Schrödinger
equation and is formally given by

|Ψ(t)〉 = exp(−iHt)|Ψ〉,
where H is the Hamiltonian of the closed system.

In the framework of free fermionic models, the easiest way to handle the
problem is to solve the Heisenberg equations of motion,58,59

d

dt
X = i[H,X]. (88)

Since all the spin variables of the quantum chains can be expressed in
terms of the Clifford generators {Γ}, the first step is to solve the equation
of motion for these operators. In order to avoid unnecessary minus signs,
let us redefine the generators in the form of Ref. 58:

P2n = Xn =

(
n−1∏

i=−∞
σz

i

)
σx

n (= (−1)n−1Γ1
n),

P2n+1 = Yn =

(
n−1∏

i=−∞
σz

i

)
σy

n (= (−1)nΓ2
n), (89)

where the chain sites run from i = −N to i = N with the thermodynamic
limit N →∞ implicitly taken. With the anisotropic Hamiltonian

H = −1
2

∑
i

(
Jxσx

i σx
i+1 + Jyσy

i σy
i+1 + hσz

i

)
,

the equations of motion are

d

dt
Xn = JxYn−1 + JyYn+1 − hYn,

d

dt
Yn = −JxXn+1 − JyXn−1 + hXn. (90)

The solutions are linear combinations of the initial time operators {Pn}:
Xn =

∑
m

Xn−mfm(t) + Yn−mhm(t),

Yn =
∑
m

−Xn−mh−m(t) + Yn−mfm(t), (91)
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with

fm(t) =
1
2π

∫ π

−π

dq exp(−imq) cos(εqt), (92)

hm(t) =
1
2π

∫ π

−π

dq exp(−imq)
sin(εqt)

εq

(
Jxeiq − h + Jye−iq

)
, (93)

where the excitation energies are

εq = [((Jx + Jy) cos q − h)2 + (Jx − Jy)2 sin2 q]1/2. (94)

In the special cases of the critical Ising chain, corresponding to Jx =
h = 1 and Jy = 0, and the isotropic XX-chain with Jx = Jy = 1/2,
one obtains closed analytical expressions for the basic time-dependent
operators.59 These closed forms permit one to analyse exactly the long time
behaviour of transverse magnetization profiles, end-to-end correlations,86,88

two-time transverse correlation functions and so on. In order to illustrate
the procedure we concentrate on the critical Ising chain following Ref. 58.
The isotropic chain can be treated on the same footings. At Jx = h = 1
and Jy = 0, the equations of motion simplify into

d

dt
Pn = Pn−1 − Pn+1, (95)

where we have used the operator notation P in order to have more compact
expressions. By iteration, one obtains for the lth order term(

d

dt

)l

Pn =
l∑

k=0

(−1)l

(
k

l

)
Pn−l+2k, (96)

where the
(

k
l

)
are the binomial coefficients. One can now sum up the Taylor

series
∞∑

l=0

zl

l!

(
d

dt

)l

Pn =
∞∑

k=−∞
Pn−kJk(2z) , (97)

where Jn is the Bessel function of integer order n. Finally one has

Pn(t) =
∞∑

k=−∞
PkJn−k(2t) , (98)

which gives the time dependence of the basic operators. Putting Ft(j) =
Jj(2t), the time evolution of the operators Pn is expressed as a discrete
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convolution product,

Pn(t) =
∑

k

Ft(n− k)Pk = (Ft � P )(n) , (99)

where the kernel for the critical Ising chain is simply the integer Bessel
function Jk(2t). This formula is exact for an infinite chain. In the case
of a finite size system, one has to take care for site indices close to the
boundaries. We will come back later on this point. Alternatively, one can
express in closed form the functions f and h introduced previously. One
has for the critical Ising chain

fm(t) =
1
2π

∫ π

−π

dq e−imq cos
(
2t sin

q

2

)
= J2m(2t),

hm(t) =
1
2π

∫ π

−π

dq e−i(m−1/2)q sin
(
2t sin

q

2

)
= J2m−1(2t), (100)

leading together with (91) to the time behaviour (98).
Having solved explicitly the equations of motion for the Clifford opera-

tors, we can now express the time dependence of physical quantities in terms
of the initial-time Pn operators. For example, the transverse magnetization
at site n is given by

σz
n(t) = iP2n+1(t)P2n(t) = i

∑
kk′

Ft(2n + 1− k)Ft(2n− k′)PkPk′ , (101)

which can be rewritten

σz
n(t) =

∑
p

[
F 2

t (2(n− p))− Ft(2(n− p) + 1)Ft(2(n− p)− 1)
]
σz

p

+i
∑
kk′

∗
Ft(2n + 1− k)Ft(2n− k′)PkPk′ , (102)

where
∑∗ restricts the summation over all k and k′ except k′ = k± 1. The

case k = k′, with P 2
k = 1, gives zero since∑

k

Ft(2n + 1− k)Ft(2n− k) =
∑

k

Jk(2t)Jk+1(2t) = J1(0) = 0 .

Equation (102) will be our starting point for the study of the transverse
profile time evolution with a specific initial state.

In the same way, the operator σx
n at time t is given by

σx
n(t) = (−i)n

2n∏
j=0

∑
kj

Pkj Jj−kj (2t), (103)

where we have labelled the first site of the chain by l = 0 and taken a bulk
site n, that is infinitely far away from the boundaries. In the string

∏
kj

Pkj
,
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only those terms with all kj different will give a non-vanishing contribution,
since if at least two identical labels appear, we have a factor∑

k

Jj−k(2t)Ji−k(2t) = δij

vanishing for i �= j. Finally one arrives at

σx
n(t) = (−i)n

∑
k0<k1<···<k2n

Pk0Pk1 · · ·Pk2n det(aij), (104)

aij = Ji−kj (2t) 0 ≤ i, j ≤ 2n. (105)

The developments given so far are of course valid for infinite homoge-
neous chains. In the case of inhomogeneous chains, as for example in the
presence of disorder,88 the time-dependent coefficients of the linear develop-
ment of the operators Pn(t) are no longer given in terms of Bessel functions.
Moreover, for finite homogeneous chains, there are also terms proportional
not only to Jn−k(2t) but also to Jn+k(2t), where the last terms play a sig-
nificant role for the near-boundary behaviour. In order to take into account
these facts, we present now quickly the general expressions87 valid for finite
chains of the type (1). By introducing the Clifford Γi

n operators we arrived
at H = (1/4)Γ†TΓ with the 2L-component Clifford operator given by
Γ† = (Γ†

1, Γ
†
2, . . . ,Γ

†
L) and Γ†

n = (Γ1
n, Γ2

n). The diagonalization of the Hamil-
tonian can then be performed by the introduction of the diagonal Clifford
generators γ†

q = (γ1
q , γ2

q ) related to the lattice one by Γ1
n =

∑
q φq(n)γ1

q

and Γ2
n =

∑
q ψq(n)γ2

q with φ and ψ defined previously as the eigenvector
components of the matrix T given in (10). It leads to

H = i
∑

q

εq

2
γ1

qγ2
q . (106)

The time dependence of the diagonal operators is then simply given by
γq(t) = U†

q (t)γqUq(t) with

Uq(t) = exp
(

εqt

2
γ1

qγ2
q

)
= cos

εqt

2
+ γ1

qγ2
q sin

εqt

2
. (107)

Utilising the fact that {γi
q, γ

j
q′} = 2δijδqq′ , we obtain

γi
q(t) =

2∑
j=1

〈γj
q |γi

q(t)〉γj
q , (108)

where we have defined the pseudo-scalar product as

〈C|D〉 =
1
2
{C†, D}, (109)
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with {· , ·} the anticommutator. The time-dependent lattice Clifford gener-
ators, Γi

n(t), can then be re-expressed in terms of the initial time operators
Γ with the help of the inverse transforms γ1

q =
∑

k φq(k)Γ1
k and γ2

q =∑
k ψq(k)Γ2

k. Finally, one obtains

Γj
n(t) =

∑
k,i

〈Γi
k|Γj

n(t)〉Γi
k, (110)

with components

〈Γ1
k|Γ1

n(t)〉 =
∑

q

φq(k)φq(n) cos εqt,

〈Γ1
k|Γ2

n(t)〉 = 〈Γ2
n|Γ1

k(−t)〉 = −
∑

q

φq(k)ψq(n) sin εqt,

〈Γ2
k|Γ2

n(t)〉 =
∑

q

ψq(k)ψq(n) cos εqt. (111)

These general expressions are exact for all finite size free boundaries free
fermionic quantum chains.

Formally, since 〈Γi
k|Γj

l 〉 = δijδkl, the set {Γi
k} forms an orthonormal

basis of a 2L-dimensional linear vector space E with inner product defined
by 〈·|·〉 ≡ 1

2{·†, ·}. Hence, every vector X ∈ E has a unique expansion
X =

∑
i,k〈Γi

k|X〉Γi
k. The string expression X1X2 · · ·Xn, with Xj ∈ E , is a

direct product vector of the space E1⊗E2⊗· · ·⊗En which decomposition is

X1X2 · · ·Xn =
∑

i1,k1,...,in,kn

〈Γi1
k1
|X1〉 · · · 〈Γin

kn
|Xn〉Γi1

k1
· · ·Γin

kn
. (112)

With the help of this time-development and the specific solutions φ and ψ,
we are able to analyse any non-homogeneous finite chain. One has to solve
first the eigenvalue equation TVq = εqVq and re-inject the φ and ψ into the
basic components given in (111) and then use the general expression (112).

4.2. Time-Dependent Behaviour

4.2.1. Transverse Magnetization

In this section we consider initial pure states of the form

|Ψ〉 = | · · ·σ(k)σ(k + 1) · · · 〉,
where σ(k) is the value of the z-component spin at site k. Such initial
states are physically relevant since they are quite easily accessible by the
application of a strong modulated magnetic field in the desired direc-
tion. On the theoretical side, these states permit one to obtain exact
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solutions.89,90 The question we ask is how the magnetization will relax
as time evolves86,90–92,94 and how topological defects, such as droplets or
kinks will spread out?80,81,87,94 In order to give an answer, we compute the
transverse magnetization profile

〈Ψ|σz
l (t)|Ψ〉 =

∑
k1,i1,k2,i2

〈Γi1
k1
|Γ2

l (t)〉〈Γi2
k2
|Γ1

l (t)〉〈Ψ| − iΓi1
k1

Γi2
k2
|Ψ〉 . (113)

Since in the z-state |Ψ〉 = · · · ⊗ |σ(k)〉 ⊗ |σ(k + 1)〉 ⊗ · · · , the only non-
vanishing contributions come from terms −iΓ2

kΓ1
k = σz

k; the expectation
value of the transverse magnetization at time t in such a state is given by

〈Ψ|σz
l (t)|Ψ〉 =

∑
k

[〈Γ2
k|Γ2

l (t)〉〈Γ1
k|Γ1

l (t)〉 − 〈Γ1
k|Γ2

l (t)〉〈Γ2
k|Γ1

l (t)〉
]
σ(k) .

(114)
Clearly, for a translation invariant Hamiltonian this equation can be
rewritten as a discrete convolution product,87

m(l, t) =
∑

k

Gt(l − k)σ(k) =
(
Gt � σ

)
(l) , (115)

with m(l, t) = 〈Ψ|σz
l (t)|Ψ〉. As seen from (102) for the critical infinite Ising

chain the kernel Gt is given in terms of Bessel functions,

Gt(l) = F 2
t (2l)− Ft(2l + 1)Ft(2l − 1), (116)

with Ft(n) = Jn(2t) as already defined. Due to the different asymptotic
properties of the Bessel functions one has to distinguish between the cases
n/t = v > 1 and v < 1. For v > 1, corresponding in (115) to a distance
n = l − k between sites l and k larger than t, we are in the acausal region
since the elementary excitations, travelling with velocity equal to one by
appropriate normalisation of the Hamiltonian (1), have no time to propa-
gate from the initial position l up to site k. This is exactly what is seen from
the asymptotic behaviour of the Bessel function Jn(t) which is vanishing
exponentially as exp(−λ(v)n) with λ(v) > 0 for n > t. So the behaviour of
the local magnetization will be completely governed by the local environ-
nement, since we have a compact support kernel, insuring the existence of
the convolution product. Inside the causal region, v < 1, with the help of
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the asymptotic95 for ν � 1

Jν

(
ν

cos β

)
=
√

2
πν tan β

cos δ, (117)

where δ ≡ ν(tan β − β)− π/4, one obtains in the continuum limit

Gt(vt) =
1
t
g(v), (118)

g(v) =

{
(1/π)

(
1− v2

)1/2 |v| < 1

0 |v| > 1
. (119)

In the continuum limit, the local magnetization m(n, t) = mt(v) is then
given by the convolution product

mt(v) =
(
g � σt

)
(v), (120)

with the initial state function σt(v) = σ(tv).
The same analysis for the XX-chain87 leads for the Green function

g(v) to

g(v) =

{
(1/π)(1− v2)−1/2 |v| < 1

0 |v| > 1
, (121)

that is an inverse square-root behaviour. From these expressions one is able
to evaluate the long time behaviour of the relaxation process from any
initial z-state. With a homogeneous initial state, m(0) = 1, one obtains
for the XX-chain m(t) = m(0) = 1 as it should be, since the dynamics is
conservative. On the contrary, in the Ising case, one has from (115) together
with (119) m(t) = 1

2 , that is, in the long time regime half of the initial
magnetization remains in the z-direction. A more careful analysisi leads
to86,94

m(t) =
1
2

+
1
4t

J1(4t), (122)

so that the final constant is in fact reached with a power law behaviour
t−3/2. One remarkable property of the relaxation of the magnetization of
the Ising chain is that the remaining half magnetization has a conservative
dynamics. For example, if we start with a droplet of L down spins inside an

iThe continuum analysis performed here is valid up to order t−1.
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environment of up spins, in the long time limit t � L, the magnetization
profile is given by

mt(v) = g(v) �

(
1− 2L

t
δ(v)

)
=

1
2
− 2L

πt

√
1− v2 . (123)

The excess magnetization mc = m− 1/2 is a scaling function and spreads
out into the bulk of the up-spins without loosing any weight. In fact, one
can write down a continuity equation ∂tm

c(n, t) + j(n, t)− j(n− 1, t) = 0
where the current density is given in the continuum limit by87

j(x, t) =
x

t
mc(x, t) . (124)

For a general initial z-state the Fourier transform of Eq. (115) is

m̃t(q) = σ̃t(q)g̃(q), (125)

where the kernel in Fourier space is

g̃(q) = J0(2πq) (126)

for the XX-chain, and

g̃(q) =
J1(2πq)

2πq
(127)

for the Ising one. By inverse Fourier transformation one obtains the desired
magnetization profile.

One may notice that the relaxation of spatially inhomogeneous initial
states has been treated for several variants of the XY quantum chains, mod-
ulated, dimerised and so on.93 A slowing down of the relaxation may occur
for fermionic models that have a gaped excitation spectrum at some special
points of the modulation wave vector.91–93 Disordered quantum chains have
been investigated numerically in Ref. 88. For the transverse magnetization,
they show similar behaviour to the homogeneous chain, that is an algebraic
decay in time. During the time evolution, the spatial correlations are build-
ing up and at long time they reach a size-dependent constant depending on
the distance from criticality.88 This behaviour is related to the distribution
of rare samples that are strongly correlated due to large domains of strong
couplings.

4.2.2. Boundary Effects

For an open chain, one has to take care of boundary effects that could
for a near-boundary spin modify the relaxation behaviour compared to
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the bulk one. We will illustrate this with the behaviour of the transverse
magnetization in the case of the XX-chain. Consider as an initial state a
droplet of L down spins (in the z direction) at the boundary of a semi-
infinite chain, the rest pointing in the opposite direction. The transverse
magnetization at site l and at time t can be written

m(l, t) = 1− 2
L∑

k=1

Ft(l, k), (128)

with the Green function Ft(l, k), using the symmetry properties of the basic
contractions, given by

Ft(l, k) = |〈Γ1
k|Γ1

l (t)〉|2 + |〈Γ1
k|Γ2

l (t)〉|2

= [Jl−k(t)− (−1)kJl+k(t)]2, (129)

which is exactly the form given in (79) for the z–z correlator 〈σz
l (t)σz

k〉 at
infinite temperature. The reason for this coincidence lies in the fact that
the expectations of the string operators

∏
i P2i for the correlator at infinite

temperature appear in the very same form in the z-state expectations of the
transverse magnetization. Thus, this is also true for the Ising chain. From
this coincidence, we see the long time behaviour of the Green function is
Ft ∼ t−3 near the boundary. In fact, from the asymptotic analysis of (79)
we can calculate explicitly the long time behaviour of the magnetization.
The droplet magnetization, Mz(t) = (1/2)

∑L
k=1 σz

k(t) spreads in the bulk,
for t � L, as

Mz(t) =
L

2
− 1

9π

(
L2

t

)3

, (130)

which may be compared to94

Mz(t) =
L

2
− 1

π

L2

t
, (131)

for a bulk droplet.

4.2.3. Two-Time Functions

Two-time functions 〈Q(t1)Q(t2)〉 are of primary importance in character-
ising non-equilibrium dynamics. In particular, they show the phenomenon
of aging, that is, the dependence of the correlation functions on both times
t1 and t2 > t1, where t1 is usually called the waiting time and specifies the
age of the system. This is in contrast to the equilibrium situation where the
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dependence is only on the time difference t2 − t1. Usually, at large waiting
times, two distinct regimes develop: (i) at short time differences the corre-
lations are time translation invariant whereas (ii) at long time differences,
the relaxation is very slow and depends on the waiting time too. Aging was
first considered in ultra-slow glassy dynamics96 but it has been also investi-
gated in simpler systems, classical97 as well as quantum.86,94,98,99 The first
attempt in this direction on a homogeneous short range quantum spin chain
was made in Ref. 94.

The two-time non-equilibrium correlation function we consider is
defined by

Cij(t1, t2) = 〈Ψ|σz
i (t1)σz

j (t2)|Ψ〉 , (132)

with a z-initial state |Ψ〉 as already defined and t2 > t1. In terms of the
time-independent basic operators, the two-spins product σz

i (t1)σz
j (t2) takes

the form

σz
i (t1)σz

j (t2) = −
∑

i1k1···i4k4

Ci1,i2,i3,i4
k1,k2,k3,k4

(t1, t2)Γi1
k1

Γi2
k2

Γi3
k3

Γi4
k4

, (133)

where the coefficients of that development are given by applying for-
mula (112) with σz

i (t1)σz
j (t2) = −Γ2

i (t1)Γ
1
i (t1)Γ

2
j (t2)Γ

1
j (t2). Using Wick’s

theorem, the expectation in the |Ψ〉 state is given by

Cij(t1, t2) =
6∑

k=0

T ij
k (t1, t2) + 〈Ψ|σz

i (t1)|Ψ〉〈Ψ|σz
j (t2)|Ψ〉 , (134)

with a time-translation invariant element

T ij
0 (t1, t2) = 〈AiAj〉t2−t1 〈BiBj〉t2−t1 − 〈BiAj〉t2−t1 〈AiBj〉t2−t1 (135)

and non-invariant terms

T ij
1 (t1, t2) = −〈AiAj〉t2−t1 [BB]t1,t2

i,j , (136)

T ij
2 (t1, t2) = 〈AiBj〉t2−t1 [BA]t1,t2

i,j , (137)

T ij
3 (t1, t2) = 〈BiBj〉t2−t1 [AA]t1,t2

i,j , (138)

T ij
4 (t1, t2) = −〈BiAj〉t2−t1 [AB]t1,t2

i,j , (139)

T ij
5 (t1, t2) = −[AA]t1,t2

i,j [BB]t1,t2
i,j , (140)

T ij
6 (t1, t2) = [AB]t1,t2

i,j [BA]t1,t2
i,j , (141)

with

[CD]t1,t2
i,j =

∑
k

σk(〈BkCi〉t1〈AkDj〉t2 − 〈AkCi〉t1〈BkDj〉t2). (142)
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Here we have used the short notation of Ref. 86 that is to recall, Ai = Γ1
i ,

Bi = −iΓ2
i and for the basic time contractions

〈XY 〉t ≡ 〈X|Y (t)〉 =
1
2
{X†, Y (t)}

that can be read from Eq. (111). The elements T ij
k (t1, t2) satisfy the set of

symmetry relations

T ij
0 (t1, t2) = T ji

0 (t2, t1), T ij
1 (t1, t2) = −T ji

1 (t2, t1),
T ij

2 (t1, t2) = −T ji
4 (t2, t1), T ij

3 (t1, t2) = −T ji
3 (t2, t1),

T ij
5 (t1, t2) = T ji

5 (t2, t1), T ij
6 (t1, t2) = T ji

6 (t2, t1).
(143)

From the previous equations, together with the symmetry relations, one
obtains for the connected symmetrised spin–spin correlation,

C̃ij(t1, t2) =
1
2
〈Ψ|{σz

i (t1), σz
j (t2)}|Ψ〉 − 〈Ψ|σz

i (t1)|Ψ〉〈Ψ|σz
j (t2)|Ψ〉, (144)

the simpler expression

C̃ij(t1, t2) = T ij
0 (t1, t2)− [AA]t1,t2

i,j [BB]t1,t2
i,j + [AB]t1,t2

i,j [BA]t1,t2
i,j , (145)

which is valid for all free fermionic spin chains, prepared in an initial z-state.
One may notice that for an initial x-state,86 the formula for the correlation
function is the same, except that one has to replace the initial definition of
the [CD].86

4.2.4. Critical Ising Chain

We concentrate now on the critical Ising chain, since at this point the
contractions are simpler and one is able to give exact closed analytical
expressions.86

In particular, the two-time autocorrelation function, that is, i = j, takes
a very simple form for a completely ordered z-initial state. Together with
〈AiAj〉t = (−1)i+jJ2(i−j)(2t) and 〈AiBj〉t = i(−1)i+j+1J2(i−j)+1(2t) for
the infinite chain, one obtains

C̃(t1, t2) = J2
0 (2(t2 − t1))− 1

4
[f(t2 + t1)− g(t2 − t1)]2, (146)

with f(x) = J2(2x) + J0(2x) and g(x) = J2(2x) − J0(2x). The two-time
autocorrelation can be rewritten as

C̃(t1, t2) = J2
0 (2(t2 − t1))−

(
J1(2(t2 + t1))

2(t2 + t1)
+ J ′

1(2(t2 − t1))
)2

. (147)

The dependence of the correlation function on both t1 and t2 reflects the
non-equilibrium behaviour of the system. However, in the long-time regime
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t1 � 1 with small difference times τ = t2 − t1 � t1 one recovers time
translation invariance, that is, the two-time function depends only on the
difference τ and decays algebraically as τ−2. This power law decay subsists
with the same exponent for any value of the transverse field h.86

By Kubo’s formula,75 the linear response function Rzz
ij (t1, t2) at site j

to an infinitesimal transverse field at site i is given by the commutator
i〈Ψ|[σz

i (t1), σz
j (t2)]|Ψ〉 and, along the same lines as before, it is expressed

at the critical field as

Rzz
ij (t1, t2) = Q1

ij(t1, t2) + Q2
ij(t1, t2), (148)

with

Q1
ij(t1, t2) = J2r−1(2τ)J2r+1(2(t1 + t2))

2r + 1
t1 + t2

−J2r+1(2τ)J2r−1(2(t1 + t2))
2r − 1
t1 + t2

(149)

and a time-translation invariant element

Q2
ij(t1, t2) = Q2

ij(τ) = −2
τ

J2r−1(2τ)J2r+1(2τ), (150)

with r = j − i the distance between the two sites i and j. Translation
invariance in time is restored at small difference times, 1 � τ = t2−t1 � t1,
since the dominant term is then Q2

ij(τ) and it leads to a τ−2 behaviour.

4.2.5. XX-Chain

For the XX-chain, the dynamics is conservative, that is the total magne-
tization in the z direction is conserved during time evolution. Therefore,
in order to consider a relaxation process one cannot use the same proce-
dure as in the Ising case. Instead of an infinite chain fully magnetized in
the up-direction, we take as the initial state of the infinite chain a droplet
of L-spins pointing upward in the z-direction, from site labels i = 0 to
i = L − 1, the rest of the spins pointing in the opposite direction.94 This
can be assimilated to a system of size L interacting through its boundaries
with a bath, where it can dissipate magnetization. The final stationary
state reached by the system is the completely magnetized state, with all
the system spins down, which is not the equilibrium state.

The two-time connected autocorrelation function of the droplet is
defined by

C̃(t1, t2) = 〈Ψ|Mz(t1)Mz(t2)|Ψ〉 − 〈Ψ|Mz(t1)|Ψ〉〈Ψ|Mz(t2)|Ψ〉, (151)

with Mz(t) = 1
2

∑L−1
i=0 σz

i (t) the total transverse magnetization of the
droplet subsystem. The 1

2 factor has been introduced in order to follow
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Ref. 94. The Heisenberg equations are easily solved in this case and one
obtains for the lattice fermions

ck(t) = e−iht
∑

r

ik−rJk−r(t)cr. (152)

Introducing these solutions inside (151), using Wick’s theorem and the
initial droplet state, one obtains

C̃(t1, t2) =
L−1∑
k,l=0

Jk−l(t2 − t1)
L−1∑
r=0

Jk−r(t2)Jl−r(t1)

−
L−1∑

k,l,r,s=0

Jk−r(t2)Jk−s(t2)Jl−r(t1)Jl−s(t1) . (153)

The long-time behaviour of that expression is obtained with the help of the
asymptotic expansion of the Bessel function Jn(t) ∼√

2/πt cos(t−nπ/2−
π/4). For t1, t2 � L, one obtains the asymptotic form

C̃(t1, t2) =
L3

2
√

π3t1t2(t2 − t1)
− L4

2π2t1t2
. (154)

In the finite magnetization density regime,94 that is for times smaller than
L2, the second term dominates and one has finally

C̃(t1, t2) = − L4

2π2t1t2
= t−2

1 f

(
t2
t1

)
, L� t1, t2 � L2, (155)

with f(x) ∼ x−1. One may notice that this scaling form is specific of aging
at a critical point where critical coarsening takes place.100–102 This means
that aging occurs in the ordered isotropic XX-chain with deterministic
quantum dynamics.94 In fact, to conclude positively about the occurrence
of aging in such system, Schütz and Trimper94 have restricted their defi-
nition of aging to the phenomenon of increasing relaxation times, i.e. the
longer one waits, the slower the relaxation becomes. For that purpose they
considered the ratio

R(t1, t2) = C̃(t1, t2)/C̃(t1, t1) = t1/t2 , (156)

that is a kind of normalized autocorrelation function with respect to the
waiting time t1, which clearly shows that aging occurs in this homogeneous
deterministic quantum system.



December 18, 2003 17:29 Master File for Review Volume chap02

Relaxation in Quantum Spin Chains: Free Fermionic Models 103

5. Discussion and Summary

We have presented in this review the general “almost” canonical approach
to free fermionic quantum spin chains. Almost canonical in the sense that,
several variants of notations and approaches appear all along the enormous
literature devoted to this topic, and one is sometimes confused. However,
we tried to give a systematic analysis and emphasise the basic technical
tools, such as the Wick expansion, pair contractions and operator time
development.

We have presented very few results on the well known static properties
of these spin chains but merely insisted on the way to calculate them, in this
sense it is a pedagogical attempt. Moreover, we have shown explicitly how
one can reconstruct the zero temperature quantum phase diagram from the
study of the boundary magnetization. Since it is very easy to compute the
first site magnetization,41,42 one has paid a very low price for the knowledge
of the bulk behaviour, compared to standard approaches.27 Of course, the
present analysis was a posteriori and, as everyone knows, it is an easy task
and sometimes pathetic to recover old results by new approaches. However,
one can imagine that the present approach can be used to tackle really new
systems, so to say to infer bulk behaviour from surface properties.

Results on equilibrium time-dependent correlation functions are quickly
reviewed and I apologise for important works that have not been cited here
for various reasons, the main being fortuitous omission or lack of knowledge.
One should not worry too much about it, since the science is, or should be,
a public good. Phrased differently, intellectual property is still a property.
To summarise on the spin–spin time dependent correlations, the calculation
of the transverse functions is an easy task, since they have a local expres-
sion in terms of the non-interacting fermions. They are basically fermion
density correlation functions and show up power law decay in time. The
x spin component correlations are much more difficult to evaluate, since in
this case the Jordan–Wigner transformation leads to string Fermi opera-
tors. Nevertheless, using Wick’s theorem their asymptotic behaviour can be
extracted. At vanishing temperature, they decay with a power law whereas
at infinite temperature they have a Gaussian shape. In the intermediate
temperature regime, the decay is exponential with a power law prefactor.

Finally, in the main part of this paper we dealt with some of the non-
equilibrium properties of these systems. We focused our attention, after
solving the Heisenberg equations of motions for the Fermi operators, on
the relaxation of the transverse magnetization in the critical Ising chain
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and the isotropic XY -chain. For some particular initial states, magnetized
in a given direction, we derived analytically a general expression that can be
used to calculate at late times the transverse magnetization profile. In fact,
the long time relaxation of the magnetization is expressed as a convolution
product of the initial state with a response kernel obtained analytically for
both the XX- and Ising chains. It is seen in particular that the Ising chain
exhibits some similarities with the conserved dynamics XX-chain. That is,
after a transient regime, the relaxation process in the Ising case is con-
servative too. Two-time functions are also discussed in the light of aging
phenomena. It is shown how, starting with some non-equilibrium initial
state, the correlations depend explicitly on both the waiting time, charac-
terising the age of the system, and the later measurement time. Although
aging was first considered in complex systems such as structural glasses or
spin glasses, it is in fact also present in simple homogeneous systems with
a completely deterministic dynamics. This final result is in fact very recent
and it has been demonstrated in classical97 and quantum systems.94
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64. H. B. Cruz and L. L. Gonçalves, J. Phys. C14, 2785 (1981).
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82. V. Eisler, Z. Rácz and F. van Wijland, cond-mat/0301473 (v1).
83. K. Blum, Density matrix theory and applications (Plenum Press, New York,

1981).
84. A. O. Caldeira and A. J. Leggett, Ann. Phys. N.Y. 149, 374 (1983).
85. U. Weiss, Quantum dissipative systems, 2nd edn., Series in Modern

Condensed Matter Physics, Vol 10 (World Scientific, Singapore, 1999).
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This chapter is devoted to a discussion of quantum phase transitions in a
regularly alternating spin- 1

2 Ising chain in a transverse field. After recall-
ing some generally known topics of the classical (temperature-driven)
phase transition theory and some basic concepts of the quantum phase
transition theory I pass to the statistical mechanics calculations for a
one-dimensional spin- 1

2 Ising model in a transverse field, which is the
simplest possible system exhibiting the continuous quantum phase tran-
sition. The essential tool for these calculations is the Jordan–Wigner
fermionization. The latter technique being completed by the continued
fraction approach enables one to obtain analytically the thermodynamic
quantities for a “slightly complicated” model in which the intersite
exchange interactions and on-site fields vary regularly along a chain.
Rigorous analytical results for the ground-state and thermodynamic
quantities, as well as exact numerical data for the spin correlations
computed for long chains demonstrate how the regularly alternating
bonds/fields affect the quantum phase transition. I discuss in detail the
case of period 2, swiftly sketch the case of period 3 and finally summarize
emphasizing the effects of periodically modulated Hamiltonian parame-
ters on quantum phase transitions in the transverse Ising chain and in
some related models.

1. Classical and quantum phase transitions

In this chapter I consider the effects of regular alternation of the
Hamiltonian parameters on the quantum phase transition inherent in a
one-dimensional spin-1

2 Ising model in a transverse field. Before starting

109
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to discuss this issue let me recall some common wisdoms from statistical
physics. One of the aims of statistical physics is to describe different phases
which may occur in many-particle systems and the transitions between
different phases, i.e. the phase transitions. We often face phase transi-
tions in everyday life. Melting of ice, boiling of water or vanishing of the
magnetic properties of iron after heating are well known phenomena for
everyone. Normally we associate the changes in properties of a substance
as the temperature varies. However, such changes may occur at a fixed finite
temperature while some other parameter (such as pressure) varies.

P. Ehrenfest proposed a classification of phase transitions. In the
Ehrenfest classification of phase transitions we say that the phase tran-
sition is of the order one if the free energy is continuous across the phase
transition whereas its first derivative with respect to temperature and other
variables (for example, pressure) are discontinuous. Similarly, we say that
the phase transition is of the order two (three) if the free energy and its first
derivative (first two derivatives) are continuous across the phase transition
whereas the second (third) derivatives are discontinuous.

A few years later L. Landau proposed to consider discontinuous or
continuous phase transitions. In the Landau sense the discontinuous (con-
tinuous) phase transition is characterized by a discontinuous (continuous)
change in the order parameter and, therefore, it is usually viewed as of
the first- (second- or higher-) order. In the first-order phase transitions
the two phases coexist at the phase transition temperature. Thus, if ice
is melting one observes two phases, i.e., liquid and solid, which coexist at
the temperature of phase transition. This is an example of discontinuous
phase transition. In the second-order (and higher-order) phase transitions
the two phases do not coexist. An example is the Curie point of a ferro-
magnet above which the magnetic moment of a material vanishes. Below
the Curie temperature Tc we can observe only the ferromagnetic phase
which continuously disappears at Tc. Above Tc we can observe only the
paramagnetic phase. Some phase transitions are not in accord with the
naively applied classification rules. Thus, the Bose-Einstein condensation
in an ideal Bose gas is accompanied by a kink in the temperature depen-
dence of specific heat at the Bose-Einstein condensation temperature but
is viewed as a first-order phase transition.1 In what follows our focus will
be on the continuous phase transitions which were studied very intensively
in the last century, especially in the last four decades.

Statistical mechanics provides some microscopic models of the continu-
ous phase transitions. One of such models was invented by E. Ising2 about
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80 years ago. It became especially well known after L. Onsager3 had found
an exact solution of the model in two dimensions. Let me introduce the
Ising model and fix the notation. The model consists of magnetic moments
or spins which may have two values − 1

2 and 1
2 and which interact with the

nearest neighbours. The Hamiltonian of the model on a square lattice of
NxNy = N sites can be written in the form

H = −
Nx∑

ix=1

Ny∑
iy=1

(
Jhsz

ix,iy
sz

ix+1,iy
+ Jvsz

ix,iy
sz

ix,iy+1

)
, (1)

where sz
ix,iy

is the spin variable attached to the site ix, iy, and Jh and Jv

are the exchange interactions in horizontal and vertical directions, respec-
tively. If the exchange interaction in (1) is positive, the same value of spin
variables at neighbouring sites is favourable, i.e. the exchange interaction
is ferromagnetic. The spin variable sz may be presented by a half of the
Pauli matrix (

1 0
0 −1

)
and the canonical partition function which determines the thermodynamics
of the model reads

Z =
∑

{sz
ix,iy

=± 1
2 }

exp(−βH) = Tr exp (−βH) , (2)

where β = 1/(kT ) is the inverse temperature. We are also interested in the
spin correlation functions 〈sz

ix,iy
sz

jx,jy
〉, where the canonical average means

〈(· · · )〉 =
1
Z

Tr(exp(−βH)(· · · )).
The spin correlation functions in the limit of infinitely large intersite
distances yield the magnetization per site

mz =
1

NxNy

Nx∑
ix=1

Ny∑
iy=1

〈sz
ix,iy

〉, (3)

which plays the role of the order parameter. Due to the seminal study
by L. Onsager we understand in great detail the properties of the two-
dimensional Ising model.

At zero temperature T = 0 all spins have the same value, say, 1
2 ,

and mz = 1
2 . As the temperature becomes nonzero some of spin variables

due to temperature fluctuations have the value − 1
2 , and thus mz becomes
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smaller than 1
2 . Quantitatively the temperature fluctuations of the magnetic

moment can be characterized by〈 Nx∑
ix=1

Ny∑
iy=1

(
sz

ix,iy
−mz

)2〉
.

At the critical temperature Tc the temperature fluctuations completely
destroy the order: the average numbers of spins having the values 1

2 and − 1
2

are the same and mz = 0. Above Tc the average numbers of spins having
the values 1

2 and − 1
2 remain the same and mz = 0. Analytical calculations

in two dimensions predict the logarithmic singularity of the specific heat in
the vicinity of Tc

c ∼ ln |T − Tc| , (4)

and the vanishing of the order parameter mz while Tc − T → +0 as

mz ∼ (Tc − T )1/8
. (5)

The correlation length ξ which characterizes the long-distance behaviour of
spin correlations,

〈sz
i s

z
j 〉 ∼ exp

(
−|i− j|

ξ

)
, |i− j| → ∞, (6)

diverges in the vicinity of Tc as

ξ ∼ |T − Tc|−1
. (7)

In one dimension Tc = 0. At any infinitesimally small temperature the
temperature fluctuations destroy the long-range order which exists only at
zero temperature. The exact solution4 for the two-point spin correlation
functions reads

〈sz
js

z
j+n〉 =

1
4

(
tanh

βJ

4

)n

=
1
4

exp
(
−n

ξ

)
,

1
ξ

= ln coth
βJ

4
,

(8)

and hence the correlation length ξ diverges while T → Tc = 0 as

ξ ∼ exp
J

2kT
. (9)

We do not know the exact solution of the Ising model in three dimensions
although qualitatively the briefly sketched picture for a two-dimensional
case remains valid.
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Numerous experimental studies of different substances in the vicinity
of the continuous phase transition points show that the critical behaviour
is characterized by a set of exponents which may be identical for differ-
ent substances. This remarkable result of universality urged the researchers
to proceed elaborating scaling concepts, establishing scaling relations and
developing renormalization ideas and many systematic renormalization-
group schemes in order to calculate critical exponents. These issues con-
stitute a basic course in the theory of classical (i.e. temperature-driven)
continuous phase transitions.5,6

In what follows I shall not speak about temperature-driven continu-
ous phase transitions. I wish to focus on the quantum continuous phase
transitions. Let me start from a brief discussion of the experiment per-
formed by D. Bitko, T. F. Rosenbaum and G. Aeppli7 which demonstrates
how a phase transition may be driven by entirely quantum rather than
temperature fluctuations. D. Bitko et al. carried out their measurements
for a model magnet lithium holmium fluoride LiHoF4 in the external field
Ht, which turns out to be the experimental realization of the Ising mag-
net in a transverse magnetic field. At low temperatures (below 2 K), the
magnetic properties arise owing to the magnetic dipolar interaction of the
spins of neighbouring holmium ions Ho3+. These spins prefer to be directed
either up or down with respect to a certain crystalline axis and present the
three-dimensional ferromagnetic Ising model. D. Bitko et al. investigated
the behaviour of LiHoF4 as a function of temperature T and an external
magnetic field Ht applied normally to the Ising axis. For this purpose they
measured the real and the imaginary parts of the magnetic susceptibility
along the Ising axis at different temperatures establishing Tc or Ht

c. Their
findings are summarized in Fig. 1.

Let us discuss the experimentally measured phase diagram (Fig. 1) of
the system which is described by the Hamiltonian of the Ising magnet in a
transverse magnetic field

H =
∑
i,j

Jijs
z
i s

z
j − Ω

∑
i

sx
i , (10)

where sα, α = x, y, z are halves of the Pauli matrices

σx =
(

0 1
1 0

)
, σy =

(
0 −i

i 0

)
, σz =

(
1 0
0 −1

)
, (11)

the Jij are the Ising exchange couplings and Ω is a transverse field which
mimics Ht. Consider the behaviour of the system as the temperature
increases at Ht = 0 (the horizontal axis in Fig. 1). At T = 0, all spins
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Fig. 1. The temperature–transverse field phase diagram of LiHoF4. The temperature
T (the horizontal axis) is measured in K, the (transverse) magnetic field Ht (the vertical
axis) is measured in kOe. Experimental data for the ferromagnetic transition (filled cir-
cles) that separates the ferromagnet (lower region) from the paramagnet (upper region)
are obtained via magnetic susceptibility measurements.

are pointed, say, up (i.e., fully polarized ferromagnetic state). As the tem-
perature becomes nonzero, the temperature fluctuations cause some spins
of the ground-state configuration to flip, i.e. some spins become pointed
down. As the temperature increases, the number of flipped spins increases
and, at Tc = 1.53 K, the numbers of up and down spins become equal. The
numbers of spin up and spin down are the same for all temperatures above
Tc. This is a scenario of the conventional temperature-driven continuous
phase transition from the ferromagnetic to the paramagnetic phase with
the Curie temperature Tc = 1.53 K.

Consider further what happens while we are moving along the verti-
cal axis in Fig. 1, i.e. while we increase the transverse field Ht at zero
temperature T = 0. We immediately observe that the existing order at
zero temperature may be destroyed in a completely different manner even
at T = 0. Applying the transverse field Ht we allow tunneling between
spin-down and spin-up states. And if Ht > Ht

c, the ground state becomes
paramagnetic even at T = 0. Hence, the quantum fluctuations destroy
the order. In other words, the phase transition between ferromagnetic
and paramagnetic phases described by the order parameter 1

N

∑
i〈sz

i 〉 is
driven entirely by quantum fluctuations. For both T and Ht nonzero,
D. Bitko et al. found experimentally a line of continuous phase transitions
which separates the ferromagnetic phase (lower region in Fig. 1) from the
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paramagnetic phase (upper region in Fig. 1). For example, at T = 0.100 K
they found Ht

c = 49.3 kOe. Thus, the classical phase transition at Ht = 0
and the quantum phase transition at T = 0 are connected by a line of con-
tinuous phase transitions. To develop a correct theoretical description of
the equally important quantum and temperature fluctuations in this region
has been a focus of many recent studies.

For further discussions on this issue as well as for other examples of
quantum phase transitions see the review article for a general science
audience8 and the book9 of S. Sachdev.

2. Spin-1
2 Ising Chain in a Transverse Field as the Simplest

Model for the Quantum Phase Transition Theory

In early sixties of the last century E. Lieb, T. Schultz and D. Mattis10 (see
also the paper by S. Katsura11) suggested a new exactly solvable model, the
so-called, spin- 1

2 XY chain. In a particular case it transforms into the one-
dimensional spin-1

2 Ising model in a transverse field; this case was examined
in detail several years later by P. Pfeuty.12 The long-known results for the
Ising chain in a transverse field may be viewed in the context of the quan-
tum phase transition theory. The transverse Ising chain is apparently the
simplest model exhibiting the continuous quantum phase transition which
can be studied in much detail since many statistical mechanics quantities
for that model are amenable for rigorous calculations.

I begin to discuss these results introducing the model. It consists of
N → ∞ spins 1

2 (which are represented by halves of the Pauli matrices)
which are arranged in a row. Only the neighbouring spins interact via the
Ising exchange interaction. Moreover, the spins interact with an external
transverse field. The Hamiltonian of the model may be written as

H =
N∑

n=1

Ωsz
n +

N∑
n=1

Jsx
nsx

n+1. (12)

We may impose periodic (cyclic) boundary conditions assuming sα
N+1 = sα

1
or open (free) boundary conditions assuming the last term in the second
sum in (12) to be zero. The Ising chain without transverse field, Ω = 0,
exhibits the long-range order at zero temperature T = 0 with the order
parameter 〈sx〉 = 1

N

∑
i〈sx

i 〉 which equals, say, 1
2 [we assume the exchange

interaction in (12) to be ferromagnetic, J < 0]. The long-range order is
immediately destroyed, i.e. 〈sx〉 = 0, for any nonzero temperature T > 0.
However, the Ising magnetization 〈sx〉 can be destroyed at T = 0 by
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quantum fluctuations, when we switch on in (12) the transverse field Ω �= 0.
Small values of Ω reduce the transverse magnetizations 〈sx〉 and after Ω
exceeds the critical value Ωc = |J |/2 the Ising magnetization becomes zero.
That is the scenario which was discussed above in connection with the low-
temperature properties of LiHoF4. The advantage of the introduced model
(12) is a possibility to follow in great detail the quantum phase transition
tuned by Ω.

Just after introducing the spin-1
2 XY -chains it was recognized that

there was an intimate connection between the transverse Ising chain and
the square-lattice Ising model (see, for example, a rederivation of the
Onsager solution using the Jordan–Wigner fermionization13). The relation-
ship between these models was demonstrated explicitly by M. Suzuki.14,15

Consider the square-lattice Ising model (1) with the strength of horizontal
interactions Jh > 0 and with the strength of vertical interactions Jv > 0 and
the transverse Ising chain (12) with the exchange interaction J < 0 and with
the transverse field Ω. The thermodynamic properties of the square-lattice
Ising model are equivalent to the ground-state properties of the transverse
Ising chain under the relations14–16

exp (−Jv/2kT )
Jh/2kT

=
Ω
|J | , Jh → 0, Jv →∞. (13)

Moreover, the temperature-driven continuous phase transition in the
square-lattice Ising model corresponds to the transverse field-driven con-
tinuous phase transition at T = 0 in the transverse Ising chain. The
critical temperature Tc corresponds to the critical transverse field Ωc. The
functions such as the Helmholtz free energy, entropy, and specific heat of
temperature T correspond to the functions such as the ground-state energy,
transverse magnetization, and static transverse susceptibility of the trans-
verse field Ω. Finally, the correlation length ξ corresponds to the inverse
energy gap ∆, ξ ∼ ∆−1. The behaviour of some ground-state quantities
found by P. Pfeuty12 is reported in Table 1 and Fig. 2.

Table 1. Towards the correspondence between thermody-
namic properties of the square-lattice Ising model and the
ground-state properties of the transverse Ising chain.

Square-lattice Ising model Transverse Ising chain

mz ∼ (Tc − T )1/8 〈sx〉 ∼ (Ωc − Ω)1/8

c ∼ ln |T − Tc| χz ∼ ln |Ω − Ωc|
ξ ∼ |T − Tc|−1 ∆ ∼ |Ω − Ωc|
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Fig. 2. The ground-state dependences of the transverse magnetization mz (a), the
static transverse susceptibility χz (b), and the longitudinal magnetization mx (c) on
the transverse field Ω for the transverse Ising chain (12) (J = −2).

Now I wish to explain briefly how the statistical mechanics calculations
for the transverse Ising chain can be carried out without making any approx-
imation. In terms of the spin raising and lowering operators s±

n = sx
n ± isy

n

the Hamiltonian of the transverse Ising chain becomes

H =
∑

n

Ωn

(
s+

n s−
n −

1
2

)
+
∑

n

1
2
In

(
s+

n s+
n+1 + s+

n s−
n+1 + s−

n s+
n+1 + s−

n s−
n+1

)
. (14)

Bearing in mind the case of a regularly alternating chain we consider a
model more general than (12) assuming that the Hamiltonian parameters
are site-dependent, Ω → Ωn, J → Jn = 2In. Although (14) is a bilinear
form in terms of s± operators, further calculations appear to be complicated
because of the commutation relations which are of the Fermi type at the
same site, {

s−
n , s+

n

}
= 1,

{
s−

n , s−
n

}
=
{
s+

n , s+
n

}
= 0 (15)

and of the Bose type at different sites,[
s−

n , s+
m

]
=
[
s−

n , s−
m

]
=
[
s+

n , s+
m

]
= 0, n �= m. (16)

We may use the Jordan–Wigner transformationj to introduce the Fermi
operators according to the formulae,

cn = (−2sz
1) (−2sz

2) · · ·
(−2sz

n−1
)
s−

n , (17)

c+
n = (−2sz

1) (−2sz
2) · · ·

(−2sz
n−1

)
s+

n . (18)

jThe Jordan–Wigner transformation of the spin operators to spinless fermions is also
described in Chapter 2 [see Eq. (3) of that Chapter].
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Really, the introduced operators always satisfy the Fermi commutation
relations {

cn, c+
m

}
= δnm, {cn, cm} =

{
c+
n , c+

m

}
= 0. (19)

Moreover, the Hamiltonian (14) in terms of the Fermi operators (17) and
(18) remains a bilinear form, namely,

H =
∑

n

Ωn

(
c+
n cn − 1

2

)
+
∑

n

1
2
In

(
c+
n c+

n+1 + c+
n cn+1 − cnc+

n+1 − cncn+1
)

= −1
2

∑
n

Ωn +
∑
n,m

[
c+
n Anmcm +

1
2
(
c+
n Bnmc+

m − cnBnmcm

)]
, (20)

where

Anm = Ωnδnm +
1
2
Inδm,n+1 +

1
2
In−1δm,n−1 = Amn, (21)

Bnm =
1
2
Inδm,n+1 − 1

2
In−1δm,n−1 = −Bmn. (22)

For periodic boundary conditions imposed on (14), the transformed
Hamiltonian (20) should also contain the so-called boundary term which is
omitted since we send N to infinity.

We perform the linear canonical transformation with real coefficients to
diagonalize a bilinear form (20) in Fermi operators

ηk =
∑

n

(
gkncn + hknc+

n

)
, η+

k =
∑

n

(
gknc+

n + hkncn

)
. (23)

The resulting Hamiltonian becomes

H =
N∑

k=1

Λk

(
η+

k ηk − 1
2

)
,{

ηk′ , η+
k′′
}

= δk′k′′ , {ηk′ , ηk′′} =
{
η+

k′ , η
+
k′′
}

= 0, (24)

if the coefficients gkn, hkn or, more precisely, their linear combinations,

Φkn = gkn + hkn, Ψkn = gkn − hkn, (25)

satisfy the set of equations

Λ2
kΦkn =

∑
j

Φkj ((A−B) (A + B))jn ,

Λ2
kΨkn =

∑
j

Ψkj ((A + B) (A−B))jn .
(26)
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Eqs. (26) explicitly read

Ωn−1In−1Φk,n−1 +
(
I2
n−1 + Ω2

n − Λ2
k

)
Φkn + ΩnInΦk,n+1 = 0,

ΩnIn−1Ψk,n−1 +
(
I2
n + Ω2

n − Λ2
k

)
Ψkn + Ωn+1InΨk,n+1 = 0,

(27)

with periodic or open boundary conditions implied. Equations (27) and (25)
determine the coefficients gkn and hkn in (23) and the elementary excitation
energies Λk in (24).

For the uniform transverse Ising chain, Ωn = Ω, In = I, the bilinear
form (20) in Fermi operators becomes diagonal after performing:

(i) the Fourier transformation

cj =
1√
N

∑
κ

exp (−iκj) cκ, c+
j =

1√
N

∑
κ

exp (iκj) c+
κ (28)

with κ = (2π/N)n and n = −1
2N,− 1

2N + 1, . . . , 1
2N − 1 if N is even or

n = − 1
2 (N − 1),− 1

2 (N − 1) + 1, . . . , 1
2 (N − 1) if N is odd, and

(ii) the Bogolyubov transformation

ηκ = xκcκ + yκc+
−κ, η+

−κ = y∗
−κcκ + x∗

−κc+
−κ (29)

with

xκ =
iI sin κ√

2Λκ (Λκ − εκ)
, yκ =

√
Λκ − εκ

2Λκ
, (30)

Λκ =
√

ε2κ + I2 sin2 κ, εκ = Ω + I cos κ. (31)

Knowing the energies of the noninteracting fermions Λk in (24) we
immediately obtain the Helmholtz free energy per site (and hence all
thermodynamic quantities),

f = − 1
Nβ

ln Tr exp (−βH)

= − 1
Nβ

ln
N∏

k=1

[
exp

(
βΛk

2

)
+ exp

(
−βΛk

2

)]

= − 1
Nβ

N∑
k=1

ln
(

2 cosh
βΛk

2

)
= − 1

2πβ

∫ π

−π

dκ ln
(

2 cosh
βΛκ

2

)
(32)

[the last line in (32) refers to the uniform case (31)]. Note, that we
can obtain all thermodynamic quantities knowing the distributions of the



December 18, 2003 17:30 Master File for Review Volume Chap03

120 Order, Disorder, and Criticality

energies of elementary excitations,

ρ(E) =
1
N

N∑
k=1

δ (E − Λk) ,

∫ ∞

−∞
dE ρ(E) = 1, (33)

or the distribution of the squared energies of elementary excitations

R(E2) =
1
N

N∑
k=1

δ
(
E2 − Λ2

k

)
,

∫ ∞

0
dE2R(E2) = 1. (34)

Really, the density of states ρ(E) (33) or the density of states R(E2) (34)
immediately yields

f = − 1
β

∫ ∞

−∞
dE ρ(E) ln

(
2 cosh

βE

2

)
= − 2

β

∫ ∞

0
dE ER(E2) ln

(
2 cosh

βE

2

)
. (35)

The calculation of the spin correlation functions in the fermionic picture
looks as follows. First we write down the relations between the spin and
Fermi operators. We have

sz
n = c+

n cn − 1
2

= −1
2
(c+

n + cn)(c+
n − cn) = −1

2
ϕ+

n ϕ−
n , (36)

where we have introduced the operators ϕ±
n = c+

n ± cn
k. Further,

sx
n =

1
2
ϕ+

1 ϕ−
1 . . . ϕ+

n−1ϕ
−
n−1ϕ

+
n , (37)

sy
n =

1
2i

ϕ+
1 ϕ−

1 . . . ϕ+
n−1ϕ

−
n−1ϕ

−
n . (38)

Note that the relations between the operators sx
n, sy

n and the Fermi oper-
ators are nonlocal since the r.h.s. in Eqs. (37) and (38) involve the Fermi
operators attached to all previous sites. That is in contrast to the similar
relation (36) for the operator sz

n, the r.h.s. of which contains only the Fermi
operators attached to the same site n.

kThe operators ϕ± are related to the Clifford operators Γ1, Γ2 [Chapter 2, Eq. (5)] as
follows: ϕ+

n = Γ1
n, ϕ−

n = −iΓ2
n.
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Now we can rewrite the spin correlation functions in fermionic language.
For example,

〈sz
nsz

n+m〉 =
1
4
〈ϕ+

n ϕ−
n ϕ+

n+mϕ−
n+m〉, (39)

〈sx
nsx

n+m〉 =
1
4
〈ϕ−

n ϕ+
n+1ϕ

−
n+1 . . . ϕ+

n+m−1ϕ
−
n+m−1ϕ

+
n+m〉. (40)

To get the latter result we use the relations{
ϕ+

n , ϕ+
m

}
= −{ϕ−

n , ϕ−
m

}
= 2δnm,

{
ϕ+

n , ϕ−
m

}
= 0. (41)

The operators ϕ±
n are linear combinations of operators ηk, η+

k involved
in (24),

ϕ+
n =

N∑
p=1

Φpn

(
η+

p + ηp

)
, ϕ−

n =
N∑

p=1

Ψpn

(
η+

p − ηp

)
, (42)

or for the uniform chain

ϕ+
n =

1√
N

∑
κ

exp (iκn) (xκ + yκ)
(
η+

κ + η−κ

)
,

ϕ−
n =

1√
N

∑
κ

exp (iκn) (xκ − yκ)
(
η+

κ − η−κ

)
. (43)

Therefore, we calculate (39), (40) using the Wick–Bloch–de Dominicis
theorem,l namely,

4〈sz
nsz

n+m〉 = 〈ϕ+
n ϕ−

n ϕ+
n+mϕ−

n+m〉
= 〈ϕ+

n ϕ−
n 〉〈ϕ+

n+mϕ−
n+m〉 − 〈ϕ+

n ϕ+
n+m〉〈ϕ−

n ϕ−
n+m〉

+〈ϕ+
n ϕ−

n+m〉〈ϕ−
n ϕ+

n+m〉. (44)

The r.h.s. of Eq. (44) may be compactly written as the Pfaffian of the 4×4
antisymmetric matrix

4〈sz
nsz

n+m〉

= Pf


0 〈ϕ+

n ϕ−
n 〉 〈ϕ+

n ϕ+
n+m〉 〈ϕ+

n ϕ−
n+m〉

−〈ϕ+
n ϕ−

n 〉 0 〈ϕ−
n ϕ+

n+m〉 〈ϕ−
n ϕ−

n+m〉
−〈ϕ+

n ϕ+
n+m〉 −〈ϕ−

n ϕ+
n+m〉 0 〈ϕ+

n+mϕ−
n+m〉

−〈ϕ+
n ϕ−

n+m〉 −〈ϕ−
n ϕ−

n+m〉 −〈ϕ+
n+mϕ−

n+m〉 0

 .

(45)

lSee also Section 3.1.2 in Chapter 2.
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Similarly,

4〈sx
nsx

n+m〉

= Pf




0 〈ϕ−
n ϕ+

n+1〉 〈ϕ−
n ϕ−

n+1〉 . . . 〈ϕ−
n ϕ+

n+m〉
−〈ϕ−

n ϕ+
n+1〉 0 〈ϕ+

n+1ϕ−
n+1〉 . . . 〈ϕ+

n+1ϕ+
n+m〉

−〈ϕ−
n ϕ−

n+1〉 −〈ϕ+
n+1ϕ−

n+1〉 0 . . . 〈ϕ−
n+1ϕ+

n+m〉
...

...
... · · ·

...
−〈ϕ−

n ϕ+
n+m〉 −〈ϕ+

n+1ϕ+
n+m〉 −〈ϕ−

n+1ϕ+
n+m〉 . . . 0




.

(46)

The elementary contractions involved into (45) and (46) read

〈ϕ+
n ϕ+

m〉 =
N∑

k=1

ΦknΦkm = δnm,

〈ϕ+
n ϕ−

m〉 =
N∑

k=1

ΦknΨkm tanh
1
2
βΛp,

〈ϕ−
n ϕ+

m〉 = −
N∑

k=1

ΨknΦkm tanh
1
2
βΛp,

〈ϕ−
n ϕ−

m〉 = −
N∑

k=1

ΨknΨkm = −δnm. (47)

In the uniform case, instead of (47) we have

〈ϕ+
n ϕ+

m〉 = −〈ϕ−
n ϕ−

m〉 = δnm,

〈ϕ+
n ϕ−

m〉 =
1
N

∑
κ

exp(iκ(n−m))
Ω + I exp(−iκ)

Λκ
tanh

βΛκ

2
,

〈ϕ−
n ϕ+

m〉 = − 1
N

∑
κ

exp(−iκ(n−m))
Ω + I exp(−iκ)

Λκ
tanh

βΛκ

2
. (48)

It is worth recalling some properties of the Pfaffians which are used in
calculating them. In the first numerical studies the authors used the relation

(PfA)2 = detA (49)

and computed numerically the determinants which gave the values of
Pfaffians. On the other hand, the Pfaffian may be computed directly,17,18
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noting that

Pf
(
UT AU

)
= detU PfA (50)

and that

Pf



0 R12 0 0 . . . 0
−R12 0 0 0 . . . 0

0 0 0 R34 . . . 0
0 0 −R34 0 . . . 0
...

...
...

... . . .
...

0 0 0 0 . . . 0


= R12R34 · · · . (51)

Let me finally show how the results for the transverse Ising chain
obtained by P. Pfeuty12 arise in the described approach. Recalling Eq. (24)
[or Eq. (32)] it is not hard to see that the ground-state energy per site can
be written as

e0 =
1
2π

∫ π

−π

dκ

(
−Λκ

2

)

= − 1
4π

∫ π

−π

dκ
√

Ω2 + 2ΩI cos κ + I2

= − I

4π

∫ π

−π

dκ
√

λ2 + 2λ cos κ + 1

= −I (1 + λ)
π

∫ π/2

0
dφ

√√√√1−
(

2
√

λ

1 + λ

)2

sin2 φ

= −I (1 + λ)
π

E

(
π

2
,

2
√

λ

1 + λ

)
, (52)

where λ = Ω/I and

E
(π

2
, a
)

=
∫ π/2

0
dφ

√
1− a2 sin2 φ

is the complete elliptic integral of the second kind.19 In the vicinity of a = 1

E
(π

2
, a
)
∼ 1 +

1− a2

4
ln

16
1− a2 (53)

(see Refs. 20 and 4) and therefore in the vicinity of λc = 1 the ground-state
energy (52) contains the nonanalytic contribution

e0 ∼ (λ− λc)
2 ln |λ− λc| . (54)
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As a result the ground-state transverse magnetization contains the nonan-
alytic contribution

mz ∼ (λ− λc) ln |λ− λc| (55)

and the ground-state static transverse susceptibility exhibits a logarithmic
singularity

χz ∼ ln |λ− λc| . (56)

At λc = 1 the energy spectrum is gapless, i.e. there is a zero-energy ele-
mentary excitation. In the vicinity of λc = 1 the energy gap ∆ is given by
the smallest value of Λκ =

√
Ω2 + 2ΩI cos κ + I2 and hence

∆ ∼ |λ− λc| . (57)

To end up the discussion of the ground-state properties of the transverse
Ising chain, let me emphasize that the quantum phase transition appears
since the spin variables are the q-numbers rather than the c-numbers. To
demonstrate this explicitly we may consider the spin-vector (instead of spin-
matrix) transverse Ising chain. The model consists of N →∞ 3-component
vectors

s = (sx, sy, sz) = (s sin θ cos φ, s sin θ sin φ, s cos θ),

which are governed by the Hamiltonian

H =
∑

n

Ωs cos θn +
∑

n

2Is2 sin θn sin θn+1 cos φn cos φn+1. (58)

Here θ and φ are the spherical coordinates of the spin and s is the value of
the spin which plays only a quantitative role and further we have set s = 1

2 .
To obtain the ground-state energy we should place all spins in the xz plane
putting φn = 0 (I < 0). Moreover, the angles θn must minimize the sum of
contributions due to the interaction with the field and due to the intersite
interaction. Thus, the ground-state energy ansatz reads

E0(θ) =
1
2
NΩ cos θ − 1

2
N |I| sin2 θ, (59)

where θ is determined to minimize E0(θ) (59). Obviously

cos θ =


1 if Ω < −2|I|,

− Ω
2|I| if − 2|I| ≤ Ω < 2|I|,
−1 if 2|I| ≤ Ω.

(60)
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As a result, we find that the ground-state energy per site is given by

e0 =



1
2
Ω if Ω < −2|I|,

−|I|
2

(
1 +

Ω2

4I2

)
if − 2|I| ≤ Ω < 2|I|,

−1
2
Ω if 2|I| ≤ Ω.

(61)

Moreover, the x- and z-magnetizations which can be obtained after inserting
(60) into the formulas mx = s sin θ and mz = s cos θ, respectively, behave as

mx =


0 if Ω < −2|I|,

1
2

√
1− Ω2

4I2 if − 2|I| ≤ Ω < 2|I|,
0 if 2|I| ≤ Ω,

(62)

and

mz =



1
2

if Ω < −2|I|,

− Ω
4|I| if − 2|I| ≤ Ω < 2|I|,

−1
2

if 2|I| ≤ Ω,

(63)

respectively. Evidently, there is no singularity in the ground-state depen-
dence of the static transverse susceptibility χz = ∂mz/∂Ω on the transverse
field Ω. As the transverse field increases from zero to 2|I|, the on-site mag-
netic moments smoothly change their direction from the x- to the z-axis.
The quantum phase transition appears only due to the quantum fluctua-
tions, which arise when the spin components do not commute and no phase
transition occurs when the spin components are classical variables (cf. Fig. 2
and Fig. 3).

0.2

0.4

1.0 2.0 Ω 1.0 2.0 Ω1.0 2.0 Ω

–mz

0.2

0.4

mx

0.3

0.6

–χz
ca b

Fig. 3. The same as in Fig. 2 for the classical transverse Ising chain (58) (s = 1
2 ,

I = −1).
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3. Spin-1
2 Ising Chain in a Transverse Field with Regularly

Alternating Hamiltonian Parameters: Continued
Fraction Approach

We are turning to a discussion of the effects of regularly alternating
exchange interactions and fields on the quantum phase transition inher-
ent in the transverse Ising chain. Note that there has been a great deal
of work done examining the effects of different modifications of the skele-
ton model on the quantum phase transition. Thus, J. M. Luck21 analysed
the critical behaviour of the chain with an aperiodic sequence of inter-
actions, D. S. Fisher22 performed an extensive real-space renormalization
group study of random chains, F. Iglói et al.23 reported a renormalization-
group study of aperiodic chains. However, a simpler case of regularly
alternating transverse Ising chain still contains a good deal of unexplored
physics. It appears possible to obtain analytically exact results for thermo-
dynamic quantities of such models using the Jordan–Wigner fermionization
and the continued fraction approach.24,25 Moreover, for certain sets of the
Hamiltonian parameters the exact results may be obtained for the spin cor-
relation functions.26 In all other cases, spin correlations may be explored
numerically at a high precision level considering sufficiently long chains
up to a few thousand sites.26,27 It is appropriate to mention here the old
studies28,29 referring to the chains of period 2 which were extended fur-
ther to the one-dimensional anisotropic XY model on superlattices.30,31

The quantum critical points in the anisotropic XY chains in a transverse
field with periodically varying intersite interactions (having periods 2 and
3) have been determined recently32 using the transfer matrix method.

I begin with explaining how the thermodynamic quantities can be
derived using continued fractions. For this purpose let me recall that the
energies of the Jordan–Wigner fermions which determine the thermody-
namic properties of a spin chain are involved into Eqs. (27). Consider, for
example, the first set of equations in (27) which can be rewritten in the
matrix form as follows:

(
H− Λ2

k1
)


Φk1

Φk2

Φk3
...

ΦkN

 = 0, (64)
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where

H =




...
...

...
...

...
...

...

. . . Ωn−2In−2 I2
n−2 + Ω2

n−1 Ωn−1In−1 0 0 . . .

. . . 0 Ωn−1In−1 I2
n−1 + Ω2

n ΩnIn 0 . . .

. . . 0 0 ΩnIn I2
n + Ω2

n+1 Ωn+1In+1 . . .

...
...

...
...

...
...

...




(65)

and 1 denotes the unit matrix. Thus, all Λ2
k are the eigenvalues of the

N ×N matrix (65) entering (64). To find their distribution R(E2) (34) we
may use the Green function approach. Consider a matrix G composed of
the elements Gnm = Gnm(E2) which is introduced by the equation(

E21−H
)
G = 1. (66)

Having composed a matrix U+ of the eigenvectors of the matrix H (65), i.e.

UHU+ =


Λ2

1 0 . . . 0
0 Λ2

2 . . . 0
...

...
...

...
0 0 . . . Λ2

N

 , (67)

one finds
E2 − Λ2

1 0 . . . 0
0 E2 − Λ2

2 . . . 0
...

...
...

...
0 0 . . . E2 − Λ2

N

UGU+ = 1. (68)

As a result

TrG =
N∑

k=1

(
UGU+)

kk
=

N∑
k=1

1
E2 − Λ2

k

. (69)

Making the substitution

E2 → E2 ± iε, ε→ +0 (70)

and using the symbolic identity

1
E2 − Λ2

k ± iε
= P 1

E2 − Λ2
k

∓ iπδ
(
E2 − Λ2

k

)
, ε→ +0 (71)
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one arrives at the relation

∓ 1
Nπ

N∑
n=1

�Gnn(E2 ± iε) =
1
N

N∑
n=1

δ(E2 − Λ2
n) = R(E2). (72)

Thus, our task is to find the diagonal Green functions Gnn defined by Eqs.
(66) and (65).

Considering the equation for Gnn,(
E2 − Ω2

n − I2
n−1

)
Gnn − Ωn−1In−1Gn−1,n − ΩnInGn+1,n = 1, (73)

and then the equations(
E2 − Ω2

n−1 − I2
n−2

)
Gn−1,n − Ωn−2In−2Gn−2,n − Ωn−1In−1Gnn = 0,(

E2 − Ω2
n−2 − I2

n−3
)
Gn−2,n − Ωn−3In−3Gn−3,n − Ωn−2In−2Gn−1,n = 0,

(74)

etc. to determine Gn−1,n/Gnn, Gn−2,n/Gn−1,n etc., and the equations(
E2 − Ω2

n+1 − I2
n

)
Gn+1,n − ΩnInGnn − Ωn+1In+1Gn+2,n = 0,(

E2 − Ω2
n+2 − I2

n+1
)
Gn+2,n − Ωn+1In+1Gn+1,n − Ωn+2In+2Gn+3,n = 0,

(75)

etc. to determine Gn+1,n/Gnn, Gn+2,n/Gn+1,n etc., we easily find the fol-
lowing continued fraction representation for the diagonal Green functions:

Gnn =
1

E2 − Ω2
n − I2

n−1 −∆−
n −∆+

n
,

∆−
n =

Ω2
n−1I

2
n−1

E2 − Ω2
n−1 − I2

n−2 −
Ω2

n−2I2
n−2

E2−Ω2
n−2−I2

n−3−...

,

∆+
n =

Ω2
nI2

n

E2 − Ω2
n+1 − I2

n −
Ω2

n+1I2
n+1

E2−Ω2
n+2−I2

n+1−...

. (76)

A crucial simplification occurs if a sequence of the Hamiltonian param-
eters is periodic,

Ω1I1Ω2I2 · · ·ΩpIpΩ1I1Ω2I2 · · ·ΩpIp · · · .
Then the continued fractions in (76) become periodic and can be evaluated
exactly by solving a square equation. Consider, for example, the case p = 1,
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i.e. the uniform chain. Then ∆−
n = ∆+

n = ∆ (not to be confused with the
energy gap ∆) and ∆ satisfies the following equation

∆ =
Ω2I2

E2 − Ω2 − I2 −∆
. (77)

The solution of Eq. (77),

∆ =
1
2
(E2 − Ω2 − I2 ±

√
(E2 − Ω2 − I2)2 − 4Ω2I2), (78)

yields

Gnn = ∓ 1√
(E2 − Ω2 − I2)2 − 4Ω2I2

(79)

and hence in accordance with (72)

R(E2) =


1

π
√

4Ω2I2−(E2−Ω2−I2)2
if (Ω− I)2 < E2 < (Ω + I)2 ,

0 otherwise.
(80)

We may easily repeat the calculations for p = 2 or p = 3. The desired
density of states in these cases is given by

R(E2) =


|Zp−1(E2)|

pπ
√

A2p(E2)
if A2p(E2) > 0,

0 otherwise,
(81)

where Zp−1(E2) and A2p(E2) = −∏2p
j=1

(
E2 − aj

)
are polynomials of the

order p − 1 and 2p, respectively, and aj ≥ 0 are the roots of A2p(E2).
Explicitly,

Z1(E2) = 2E2 − Ω2
1 − Ω2

2 − I2
1 − I2

2 ,

A4(E2) = 4Ω2
1Ω

2
2I

2
1I2

2

− (E4 − (Ω2
1 + Ω2

2 + I2
1 + I2

2
)
E2 + Ω2

1Ω
2
2 + I2

1I2
2
)2

= −(E2 − a1)(E2 − a2)(E2 − a3)(E2 − a4),

{aj} =
{1

2

[
Ω2

1 + Ω2
2 + I2

1 + I2
2

±
√

(Ω2
1 + Ω2

2 + I2
1 + I2

2 )2 − 4(Ω1Ω2 ± I1I2)2
]}

; (82)
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Z2(E2) = 3E4 − 2
(
Ω2

1 + Ω2
2 + Ω2

3 + I2
1 + I2

2 + I2
3
)
E2

+Ω2
1Ω

2
2 + Ω2

1I
2
2 + I2

1I2
2 + Ω2

2Ω
2
3 + Ω2

2I
2
3 + I2

2I2
3

+Ω2
3Ω

2
1 + Ω2

3I
2
1 + I2

3I2
1 ,

A6(E2) = 4Ω2
1Ω

2
2Ω

2
3I

2
1I2

2I2
3

− [E6 − (Ω2
1 + Ω2

2 + Ω2
3 + I2

1 + I2
2 + I2

3
)
E4

+
(
Ω2

1Ω
2
2 + Ω2

1I
2
2 + I2

1I2
2 + Ω2

2Ω
2
3 + Ω2

2I
2
3 + I2

2I2
3

+Ω2
3Ω

2
1 + Ω2

3I
2
1 + I2

3I2
1
)
E2 − Ω2

1Ω
2
2Ω

2
3 − I2

1I2
2I2

3
]2

= −(E2 − a1)(E2 − a2)(E2 − a3)(E2 − a4)(E2 − a5)(E2 − a6),

(83)

where a1, . . . , a6 are the solutions of two cubic equations which follow from
the equation A6(E2) = 0.

Knowing the density of states R(E2) (81) we immediately obtain all
quantities of interest. Thus, the gap in the energy spectrum of the spin
model is given by the square root of the smallest root of the polynomial
A2p(E2). Further, the ground-state energy per site is given by

e0 = −
∫ ∞

0
dE E2R(E2). (84)

Recalling Eq. (35) for the Helmholtz free energy per site we find that the
specific heat per site is given by

c

k
= 2

∫ ∞

0
dE ER(E2)

( 1
2βE

cosh 1
2βE

)2

. (85)

We assume that Ωn = Ω + ∆Ωn and define the transverse magnetization
per site and the static transverse susceptibility per site as follows:

mz = ∂f/∂Ω

= − 2
β

∫ ∞

0
dE E

∂R(E2)
∂Ω

ln
(

2 cosh
βE

2

)
, (86)

χz = ∂mz/∂Ω

= − 2
β

∫ ∞

0
dE E

∂2R(E2)
∂Ω2 ln

(
2 cosh

βE

2

)
. (87)

Unfortunately, the elaborate approach yields only the density of states
(34) and thus is restricted to the thermodynamic quantities. To obtain
the spin correlation functions 〈sα

j sα
j+n〉, α = x, z of the regularly alter-

nating transverse Ising chain (45), (46) and (47) we use a numerical
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approach.17,18,26,27 The on-site magnetizations can be calculated from the
spin correlation functions using the relation

mα
j1m

α
j2 = lim

r→∞〈s
α
j1s

α
j2+rp〉, (88)

where 1 � j1 � N is one of the p consecutive numbers taken sufficiently
far from the ends of the chain and j2 − j1 = 0, 1, . . . , p − 1. Assuming
that

〈sα
j sα

j+rp〉 − 〈sα
j 〉〈sα

j+rp〉 ∼ exp (−rp/ξα) (89)

for large r (1 � j, j + rp � N) we can determine the correlation length ξα.

4. Effects of Regularly Alternating Bonds/Fields
on the Quantum Phase Transition

Now we shall use the analytical results for the ground-state and ther-
modynamic quantities and the numerical data for the spin correlation
functions to discuss the effects of regularly alternating Hamiltonian param-
eters on the quantum phase transition inherent in the transverse Ising
chain.

We start with the energy gap ∆. The quantum phase transition point
is determined by the condition ∆ = 0. The density of states R(E2) permits
us to find the energy gap ∆ since, as has already been mentioned, the
smallest root of the polynomialA2p(E2) [see (81)] is the smallest elementary
excitation energy squared. Therefore, the energy spectrum becomes gapless
when

A2p(0) = 0. (90)

In the case of period 2 the condition (90), A4(0) = 0, yields

Ω1Ω2 = ±I1I2. (91)

In the case of period 3 the condition (90), A6(0) = 0, yields

Ω1Ω2Ω3 = ±I1I2I3. (92)

It should be emphasized here that we have rederived the long-known
condition of the zero-energy elementary excitations obtained by P. Pfeuty.33

P. Pfeuty showed that a nonuniform transverse Ising chain becomes
gapless if

Ω1Ω2Ω3 · · ·ΩN = ±I1I2I3 · · · IN . (93)
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[In fact, Eq. (6) of the P. Pfeuty’s paper33 does not contain two signs; minus
immediately follows from symmetry arguments (after performing simple
rotations of spin axes) and is important for what follows.]

Analysing the conditions for quantum phase transition points (91),
(92) we immediately observe that a number of quantum phase transi-
tion points for a given period of nonuniformity is strongly conditioned
by specific values of the Hamiltonian parameters. Consider, for example,
the case p = 2 and assume Ω1,2 = Ω ± ∆Ω, ∆Ω > 0. Then, for a small
strength of transverse-field nonuniformity ∆Ω < (|I1I2|)1/2 the system
exhibits two quantum phase transition points Ωc = ±(∆Ω2 + |I1I2|)1/2.
Moreover, the ferromagnetic phase occurs for |Ω| < (∆Ω2 + |I1I2|)1/2

whereas the paramagnetic phase occurs for (∆Ω2 + |I1I2|)1/2 < |Ω|.
If a strength of transverse-field nonuniformity is large enough, ∆Ω >

(|I1I2|)1/2, the system exhibits four quantum phase transition points
Ωc = ±(∆Ω2 ± |I1I2|)1/2. Moreover, the ferromagnetic phase occurs for
(∆Ω2 − |I1I2|)1/2 < |Ω| < (∆Ω2 + |I1I2|)1/2 whereas the paramagnetic
phase occurs for low fields, |Ω| < (∆Ω2 − |I1I2|)1/2, and for strong fields,
(∆Ω2 + |I1I2|)1/2 < |Ω|. In the case ∆Ω = (|I1I2|)1/2 we get three quantum
phase transition points, Ωc = ±√2|I1I2|, 0. The fields ±√2|I1I2| corre-
spond to the transition between ferromagnetic and paramagnetic phases.
At Ω = 0 only a weak singularity occurs. We shall motivate the state-
ments about the phases which occur as Ω varies considering the dependence
of the ground-state Ising magnetization on Ω (see below). The important
message which follows from this simple analysis is that the number of quan-
tum phase transitions in the regularly alternating transverse Ising chain
of a certain period strongly depends on a specific set of the Hamiltonian
parameters.

Let us note that in our treatment we assume Ωn = Ω+∆Ωn, fix ∆Ωn and
In, and consider the changes in the ground-state properties as Ω varies, thus,
breaking a symmetry between the transverse fields and the exchange inter-
actions. Alternatively, we may assume In = I + ∆In, fix Ωn and ∆In, and
assume I to be a free parameter. In this case the quantum phase transition
is tuned by varying I. Naturally, in general, the quantum phase transi-
tion conditions (91), (92) may be tuned by some parameter(s) effecting the
on-site fields and the intersite interactions.

Let us consider a critical behaviour of the system in question. To get
the behaviour of the ground-state properties in the vicinity of the critical
fields we start with expanding the smallest root of the polynomial A2p(E2)
with respect to deviation of the field from its critical value ε = Ω − Ωc.
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For p = 2 with Ω1,2 = Ω±∆Ω and Ωc = ±(∆Ω2 ± |I1I2|)1/2 we have

a1 = Ω2 + ∆Ω2 +
1
2
(I2

1 + I2
2 )

−
√

[Ω2 + ∆Ω2 +
1
2
(I2

1 + I2
2 )]2 − (Ω2 − Ω2

c)2

≈ (Ω2 − Ω2
c)

2

2[Ω2 + ∆Ω2 + 1
2 (I2

1 + I2
2 )]

. (94)

As a result, the energy gap ∆ =
√

a1 decays linearly

∆ ∼ |ε| (95)

if Ωc �= 0 and as

∆ ∼ ε2 (96)

if Ωc = 0. The latter case occurs when ∆Ω = (|I1I2|)1/2.
Now we can evaluate the ground-state energy (84) in the vicinity of

the critical point. The nonanalytic contribution in the r.h.s. of Eq. (84) is
coming from the energy interval between

√
a1 (which is proportional either

to |ε| or to ε2) and
√

a2 (a1 < a2 < a3 < · · · ); all the other intervals of
energies yield only analytical contributions to the ground-state energy e0

with respect to ε. Therefore, we have

e0 = − 1
2π

√
a2∫

√
a1

dE
E2f(E2)√
E2 − a1

+ analytical with respect to ε2 terms

∼ ε2 ln |ε|+ analytical with respect to ε2 terms. (97)

[Here f(E2), f(0) �= 0 is some function the explicit expression of which is
not important for deriving the asymptotic behaviour.] Eq. (97) is valid for
Ωc �= 0 when

√
a1 ∼ |ε|. As a result

mz ∼ ε ln |ε|+ analytical terms, (98)

χz ∼ ln |ε|+ analytical terms. (99)

Thus, the critical behaviour remains unchanged in comparison with that of
the uniform chain; (cf. Eqs. (54)–(57)). This can be also nicely seen in Fig. 4
where some results referring to the chains of period 2 with I1 = I2 = 1 and
∆Ω = 0.5 and ∆Ω = 1.5 are collected.
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Fig. 4. Towards the ground-state properties of the transverse Ising chain of period 2,
I1 = I2 = 1, Ω1,2 = Ω ± ∆Ω, ∆Ω = 0.5 (Ωc = ±√

1.25) (a–c), ∆Ω = 1.5 (Ωc =
±√

1.25, ±√
3.25) (d–f). The dependences of the energy gap [dotted curves in (a) and (d)],

transverse magnetization mz [solid curves in (a) and (d)], static transverse susceptibility
χz [dashed curves in (a) and (d)], longitudinal sublattice magnetizations |mx

j | [solid
curves with up and down triangles in (b) and (e) which are obtained from the data for
N = 600], and correlation length ξx [triangles and squares in (c) and (f) correspond to
the data for N = 300 and N = 600, respectively] on the transverse field Ω.
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Let us turn now to the case Ωc = 0 which occurs for the chain of
period 2 with ∆Ω = (|I1I2|)1/2. In this case the smallest root a1 tends to
zero proportionally to ε4 as Ω approaches Ωc and as a result

e0 ∼ ε4 ln |ε|+ analytical terms (100)

and, therefore,

mz ∼ ε3 ln |ε|+ analytical terms, (101)

χz ∼ ε2 ln |ε|+ analytical terms. (102)

Thus, the transverse susceptibility χz is finite at the critical point Ωc = 0
and only its second derivative with respect to the field ∂2χz/∂Ω2 exhibits
a logarithmic singularity. This weak singularity may be called the fourth-
order quantum phase transition in the Ehrenfest sense.

I proceed with exact analytical results for a regularly alternating trans-
verse Ising chain showing how the ground-state wave function |GS〉 can
be obtained exactly for special sets of the Hamiltonian parameters. Let us
consider the chain of period 2 with Ω1,2 = Ω±∆Ω. It is obvious that

|GS〉 = · · · |↑〉j |↑〉j+1 · · · (103)

as Ω → −∞ and

|GS〉 = · · · |↓〉j |↓〉j+1 · · · (104)

as Ω →∞. We can also expect that at Ω = 0

|GS〉 = · · · |↓〉j |↑〉j+1 · · · (105)

if ∆Ω � |I1|, |I2| and

|GS〉 = · · · 1√
2

(|↓〉j ± |↑〉j) 1√
2

(|↓〉j+1 ± |↑〉j+1) · · · (106)

if ∆Ω = 0. Less evident is the ground-state wave function |GS〉 for Ω =
∓∆Ω when Ω1 = 0, Ω2 = −2∆Ω or Ω1 = 2∆Ω, Ω2 = 0. To obtain the
ground-state wave functions for these values of the transverse field let us
note that after performing the unitary transformations

U = · · · exp
(
iπsx

nsy
n+1

)
exp

(
iπsx

n+1s
y
n+2

) · · · , (107)

Rz = · · · exp
(

i
1
2
πsz

n

)
exp

(
i
1
2
πsz

n+1

)
· · · , (108)

the Hamiltonian of the transverse Ising chains with the fields Ω1Ω2 · · · and
the interactions I1I2 · · · transforms (with the accuracy to the boundary



December 18, 2003 17:30 Master File for Review Volume Chap03

136 Order, Disorder, and Criticality

terms) into the Hamiltonian of the transverse Ising chains with the fields
I1I2 · · · and the interactions Ω1Ω2 · · · ,

RzUHU+Rz+ =
∑

j

Ijs
z
j +

∑
j

2Ωj+1s
x
j sx

j+1. (109)

For Ω = ∓∆Ω the Hamiltonian RzUHU+Rz+ represents a system of
noninteracting clusters which consist of two sites. We can easily find the
ground-state of a two-site cluster with the Hamiltonian (Ω = −∆Ω)

H12 = I1s
z
1 + I2s

z
2 − 4∆Ωsx

1sx
2 . (110)

It reads (I1I2 > 0)

|GS〉12 = c1|↓〉1|↓〉2 + c2|↑〉1|↑〉2,

c1 =
1√
2

I +
√

I2 + ∆Ω2√
I2 + I

√
I2 + ∆Ω2 + ∆Ω2

,

c2 =
1√
2

∆Ω√
I2 + I

√
I2 + ∆Ω2 + ∆Ω2

,

I =
1
2
(I1 + I2). (111)

As a result, the desired ground-state wave function reads

|GS〉 = U+Rz+ · · · (c1|↓〉n+1|↓〉n+2 + c2|↑〉n+1|↑〉n+2)

× (c1|↓〉n+3|↓〉n+4 + c2|↑〉n+3|↑〉n+4) · · · . (112)

For Ω = ∆Ω, the ground state is again given by (112) and (111) with the
change n → n− 1, ∆Ω → −∆Ω.

Knowing the ground-state wave function we can easily calculate differ-
ent spin correlation functions. For example, for Ω = −∆Ω according to
Eq. (112) we get

〈sx
n+1s

x
n+2〉 = 〈sx

n+1s
x
n+4〉 = · · · = 〈sx

n+2s
x
n+3〉

= 〈sx
n+2s

x
n+5〉 = · · · = 1

4
(c2

2 − c2
1),

〈sx
n+1s

x
n+3〉 = 〈sx

n+1s
x
n+5〉 = · · · = 1

4
(c2

2 − c2
1)

2,

〈sx
n+2s

x
n+4〉 = 〈sx

n+2s
x
n+6〉 = · · · = 1

4
; (113)

〈sz
n+1s

z
n+2〉 = 〈sz

n+1s
z
n+4〉 = · · · = 〈sz

n+2s
z
n+3〉

= 〈sz
n+2s

z
n+5〉 = · · · = 〈sz

n+2s
z
n+4〉 = 〈sz

n+2s
z
n+6〉 = · · · = 0,

〈sz
n+1s

z
n+3〉 = 〈sz

n+1s
z
n+5〉 = · · · = (c1c2)

2
. (114)
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For Ω = ∆Ω, the correlation functions follow from (113), (114) after the
change n → n− 1.

Now we discuss the exact numerical results for finite chains (up to a
few thousand sites) some of which are presented in Figs. 4 and 5. The
ground-state Ising (longitudinal) sublattice magnetizations |mx

j | indicate
different phases and phase transitions between them. Their dependence on
the transverse field Ω are shown in Figs. 4 and 5 for ∆Ω < (|I1I2|)1/2

[Fig. 4b and Fig. 5a (open symbols)] and ∆Ω > (|I1I2|)1/2 [Fig. 4e and
Fig. 5a (filled symbols)]. In accordance with the analytical results for ∆, mz

|m
j

x
|

a

0.1

0.3

–0.2  0.0  0.2

ξx

Ω

b

50

100

Fig. 5. Towards the ground-state properties of the transverse Ising chain of period 2,
I1 = I2 = 1, Ω1,2 = Ω ± ∆Ω, ∆Ω = 0.99 (open symbols), ∆Ω = 1.01 (filled symbols).
The longitudinal sublattice magnetization |mx

j | (a) and the correlation length ξx (b)
against the transverse field Ω for chains having 300, 600 and 900 sites (triangles, squares
and circles).
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and χz the numerical data show the existence of either two phases (quan-
tum Ising (ferromagnetic) phase for |Ω| < (∆Ω2+|I1I2|)1/2 and strong-field
quantum paramagnetic phase otherwise) or three phases (low-field quantum
paramagnetic phase for |Ω| < (∆Ω2 − |I1I2|)1/2, quantum Ising (ferromag-
netic) phase for (∆Ω2−|I1I2|)1/2 < |Ω| < (∆Ω2+|I1I2|)1/2 and strong-field
quantum paramagnetic phase otherwise). The longitudinal on-site magneti-
zations mx

j are nonzero in quantum Ising phases and become strictly zero in
quantum paramagnetic phases. The transverse magnetization mz in quan-
tum paramagnetic phases is almost constant, being in the vicinity of zero
in the low-field phase and of saturation value in the strong-field phase,
thus producing plateau-like steps in the dependence mz versus Ω (see the
solid curve in Fig. 4d). The correlation length ξx [Figs. 4c, 4f, 5b (filled
symbols)] illustrates that the transition between different phases is accom-
panied by the divergency of ξx. Comparing the data for N = 600 and
N = 900 reported in Fig. 5b one observes a strong size-dependence of the
correlation length value ξx about the critical fields (filled squares and cir-
cles in Fig. 5b) and a weak size-dependence of ξx for other values of Ω (for
example, open squares and circles in Fig. 5b). It is interesting to note that
short chains (N = 20) are already sufficient to reproduce a correct order-
parameter behaviour in the quantum Ising phase away from the quantum
critical point, but not in the quantum paramagnetic phases.26 The chain
length of up to N = 900 sites is clearly sufficient to see a sharp transition in
the order parameter (Figs. 4b, 4e) and even to extract reliable results for ξx

from the long-distance behaviour of 〈sx
j sx

j+n〉 as can be seen from the data
presented in Figs. 4c, 4f and in Fig. 5b. We also note that the numerical
data for |mx

j | and ξx at Ω = ∓∆Ω coincide with the exact expression (113).
In particular, the values of the longitudinal sublattice magnetizations for
these fields are 1

2 and 1
2 |c2

2 − c2
1|.

Finally, the low-temperature dependence of the specific heat c at dif-
ferent Ω (≥ 0) obtained from the exact analytical expression (85) confirms
the existence of either two phase transitions (Fig. 6a) or four phase transi-
tions (Fig. 6b) depending on the relationship between ∆Ω and

√|I1I2|. At
the quantum phase transition points the spin chain becomes gapless and c

depends linearly on T . Really, at the quantum phase transition point as T

tends to zero

c

k
= 2

kT∫
0

dE E
C√
E2

(
E

2kT

)2

+ 2

∞∫
kT

dE ER(E2)

(
E

2kT

cosh E
2kT

)2

.

(115)
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Fig. 6. The low-temperature dependence of the specific heat for the transverse Ising
chain of period 2, I1 = I2 = 1, Ω1,2 = Ω ± ∆Ω, ∆Ω = 0.5 (a), ∆Ω = 1.5 (b).

(Here C is some constant the value of which is not important for deriving
the asymptotic behaviour.) The second term in (115) disappears in the limit
T → 0 (E > kT ) and as a result

c ∼ T. (116)

The ridges seen in Figs. 6a, 6b correspond to the maxima in the depen-
dence c versus Ω as T varies. They single out the boundaries of quantum
critical regions.9 These boundaries correspond to a relation ∆ ∼ kT that
can be checked by comparison with the data for ∆ versus Ω reported in
Figs. 4a, 4d. As can be seen from Fig. 6 the c(T ) behaviour for Ω slightly
above or below Ωc changes crossing the boundaries of quantum critical
regions. Furthermore, we notice that for ∆Ω = 1.5 (Fig. 6b) an addi-
tional low-temperature peak appears in the temperature dependence of the
specific heat.

To end up, let us turn to a chain of period 3 for which the analytical and
the numerical calculations presented above can be repeated. The quantum
phase transition points follow from the condition (92). Depending on the
parameters, either two, four, or six quantum phase transitions are possible.
This behaviour is illustrated in Fig. 7 for a chain of period 3 with I1 = I2 =
I3 = 1, Ωn = Ω + ∆Ωn, ∆Ω1 + ∆Ω2 + ∆Ω3 = 0. Moreover, such chains
may exhibit weak singularities. For example, for the set of parameters at
the boundary between dark and grey regions there are three critical fields;
at one of them a weak singularity occurs.
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–2

0

2

–2 0 2 ∆Ω1

∆Ω2

Fig. 7. Towards the number of quantum phase transitions present in the transverse
Ising chain of period 3, I1 = I2 = I3 = 1, Ω1,2,3 = Ω+∆Ω1,2,3, ∆Ω1 +∆Ω2 +∆Ω3 = 0.
The dark, grey, or light regions correspond to parameters for which the system exhibits
two, four, or six quantum phase transitions, respectively. At the boundaries between
different regions weak singularities occur.

To summarize, I have shown how the exact results for the thermody-
namics of a regularly alternating spin-1

2 Ising chain in a transverse field can
be derived using the Jordan–Wigner transformation and continued frac-
tions. Furthermore, for special parameter values the exact ground-state
wave function and spin correlation functions can be obtained as well. For
parameters for which the correlation functions are not accessible for rigor-
ous analytical analysis they can be obtained from exact numerical results
for finite but large systems. From these numerical data we can extract
the order parameter and the correlation length in high precision. We have
found, that the quantum phase transition occurring in the uniform trans-
verse Ising chain is not suppressed by deviation from uniformity in the form
of a regular alternation of bonds and fields. On the contrary, field alterna-
tion may lead to the appearance of additional quantum phase transitions
tuned by the field. The number of phase transitions for a given period of
alternation strongly depends on the precise values of the parameters of the
model. We have examined the critical behaviour of the energy gap ∆, the
ground-state energy e0, the transverse magnetization mz, and the static
transverse susceptibility χz and have found the same critical indices for
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both a nonuniform and a uniform chain. For some sets of the Hamiltonian
parameters, the ground-state quantities may exhibit a weak singularity.

5. Related models

In the remainder of this chapter I shall discuss other simple models which,
apart from the transverse Ising chain, exhibit a quantum phase transition.
Namely, I consider the spin- 1

2 isotropic XY (i.e. XX) chain in a transverse
field and the spin-1

2 XY Z chain in an external magnetic field directed
along the z axis focusing on the effects of regularly alternating Hamiltonian
parameters on the dependence of the ground-state quantities on the external
field.

The uniform transverse XX chain described by the Hamiltonian

H =
N∑

n=1

Ωsz
n +

N∑
n=1

2I
(
sx

nsx
n+1 + sy

nsy
n+1

)
(117)

by employing the Jordan–Wigner transformation (17) and (18) can be
mapped onto the system of noninteracting spinless fermions with the
Hamiltonian

H =
N∑

κ=1

Λκ

(
c+
κ cκ − 1

2

)
, (118)

where the elementary excitation energies Λκ are given by

Λκ = Ω + 2I cos κ. (119)

Alternatively, we may find the density of states ρ(E) (33) which is given by

ρ(E) =

{ 1
π
√

4I2−(E−Ω)2
if 4I2 − (E − Ω)2 > 0,

0 otherwise.
(120)

As a result, the thermodynamic properties of the spin chain (117) can be
easily analysed.

In contrast to the transverse Ising chain (and to any chain with
anisotropic XY interaction in a transverse field)

∑N
n=1 sz

n commutes with
the Hamiltonian describing the isotropic XY interspin interaction and,
therefore, a change in the transverse field Ω has a different effect on the
ground-state quantities of the spin chain (117). As can be seen from (118),
(119) the transverse field plays a role of the chemical potential controlling
a filling of the fermion band. The transverse XX chain remains gapless
until |Ω| ≤ 2|I|. If |Ω| exceeds 2|I|, the energy gap ∆ opens linearly. This
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produces singularities in the ground-state quantities. For example, a square-
root singularity in the zero-temperature dependence of the static transverse
susceptibility χz on the transverse field Ω.

After introducing a regular alternation, i.e. after making a substitution
in (117) Ω→ Ωn, I → In with a periodic sequence of parameters

Ω1I1Ω2I2 · · ·ΩpIpΩ1I1Ω2I2 · · ·ΩpIp · · · ,
we can easily obtain with the help of continued fractions the density of
states ρ(E) of the Jordan–Wigner fermions which represent the regularly
alternating transverse XX chain, and hence analyse the effects of regularly
alternating Hamiltonian parameters on the thermodynamic properties of
the considered spin system34 (for another approach see Refs. 35 and 36).
The main consequence of the introduced periodic nonuniformity is a split-
ting of the initial fermion band into several subbands the number of which
does not exceed the period of the chain p [for special (symmetric) values
of the Hamiltonian parameters one may observe a smaller number of sub-
bands than p]. The transverse field Ω (Ωn = Ω + ∆Ωn) controls a filling
of the fermion subbands. Again the energy gap ∆ disappears/appears lin-
early with varying Ω and the critical behaviour remains the same as for the
uniform chain. Note, that the ground-state dependence of the transverse
magnetization

mz = −1
2

∞∫
−∞

dE ρ(E) tanh
E

2kT
(121)

on Ω is composed of sharply increasing parts separated by horizontal
parts (plateaus) in accordance with a famous conjecture of M. Oshikawa,
M. Yamanaka and I. Affleck (see Ref. 37).

A more general situation is the case of regularly alternating XY Z chain
in a magnetic field. Let us consider the Hamiltonian

H =
∑

n

Ωsz
n +

∑
n

(
Ix
nsx

nsx
n+1 + Iy

nsy
nsy

n+1 + Izsz
nsz

n+1
)
,

Ix
n = 1 + γ + (−1)n

δ, Iy
n = 1− γ + (−1)n

δ, (122)

which captures the interplay between an exchange interaction anisotropy
(γ, Iz), exchange interaction modulation or, more precisely, exchange
interaction dimerization (δ), and the uniform magnetic field (Ω). Such a
model has been studied recently in some detail38 using the bosonization
approach39–41 and the Lanczos diagonalization technique. Let us first dis-
cuss the free fermion case Iz = 0. After the Jordan–Wigner transformation
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(17), (18) the Hamiltonian can be readily diagonalized (see Refs. 28, 29, 38
and 42). The critical field values at which the spin system (122) becomes
gapless are given by

Ωc = ±
√

δ2 − γ2. (123)

At the critical field the (transverse) magnetization behaves as

mz −mz
c ∼ (Ω− Ωc) (ln |Ω− Ωc| − 1) (124)

and the static (transverse) susceptibility χz exhibits a logarithmic singu-
larity [cf. Eqs. (98) and (99)]. The bosonization approach results38 show
that the same picture is valid for an arbitrary Iz �= 0 provided δ and γ are
suitably renormalized. The results of the bosonization approach elaborated
for small γ and δ may be compared with numerical findings within non-
perturbative regimes.38 From this analysis (0 ≤ Iz ≤ 1) it was found that
the critical line for Ω = 0 is given by

δ ∼ γ, (125)

in accord with (123). For the behaviour of the magnetization curves near
the critical fields Ωc (Iz = 1) a fair regime (124) was obtained. These results
suggest that some basic features of the fully interacting system (122) are
captured by the free fermion picture.

Acknowledgments

I would like to thank Johannes Richter, Taras Krokhmalskii and Oles’ Zabu-
rannyi in collaboration with whom the study of the regularly alternating
transverse Ising chains was performed. I also would like to thank the DFG
for the support of my work over the past five years in a number of ways.
Finally, I thank Dr. Janush Sanotsky (physician) owing to whom I was able
to give a talk at the Ising Lectures, 2002.

References

1. K. Huang, Statistical Mechanics (John Wiley & Sons, Inc., New York –
London, 1963).

2. E. Ising, Z. Phys. 31, 253 (1925).
3. L. Onsager, Phys. Rev. 65, 117 (1944).
4. R. J. Baxter F. R. S., Exactly Solved Models in Statistical Mechanics (Aca-

demic Press, London, New York, Paris, San Diego, San Francisco, São Paulo,
Sydney, Tokyo, Toronto, 1982).

5. S.-k. Ma, Modern Theory of Critical Phenomena (W. A. Benjamin, Inc.,
Reading, 1976).



December 18, 2003 17:30 Master File for Review Volume Chap03

144 Order, Disorder, and Criticality

6. J. Cardy, Scaling and Renormalization in Statistical Physics (Cambridge
University Press, Cambridge, 1996).

7. D. Bitko, T. F. Rosenbaum and G. Aeppli, Phys. Rev. Lett. 77, 940 (1996).
8. S. Sachdev, Physics World 12, 33 (1999).
9. S. Sachdev, Quantum Phase Transitions (Cambridge University Press,

Cambridge, 1999).
10. E. Lieb, T. Schultz and D. Mattis, Ann. Phys. (N.Y.) 16, 407 (1961).
11. S. Katsura, Phys. Rev. 127, 1508 (1962);

S. Katsura, Phys. Rev. 129, 2835 (1963).
12. P. Pfeuty, Ann. Phys. (N.Y.) 57, 79 (1970).
13. T. D. Schultz, D. C. Mattis and E. H. Lieb, Rev. Mod. Phys. 36, 856 (1964).
14. M. Suzuki, Prog. Teor. Phys. 46, 1337 (1971).
15. M. Suzuki, Prog. Teor. Phys. 56, 1454 (1976).
16. B. K. Chakrabarti, A. Dutta and P. Sen, Quantum Ising Phases and

Transitions in Transverse Ising Models (Springer-Verlag, Berlin Heidelberg,
1996).

17. O. Derzhko and T. Krokhmalskii, Phys. Rev. B56, 11659 (1997).
18. O. Derzhko and T. Krokhmalskii, phys. stat. sol. (b) 208, 221 (1998).
19. M. Abramowitz and I. A. Stegun, Eds., Handbook of Mathematical Func-

tions with Formulas, Graphs and Mathematical Tables (National Bureau of
Standards, 1964).

20. I. S. Gradshtein and I. M. Ryzhyk, Tablitsy integralov, sum, ryadov i
proizvedenii (Fizmatgiz, Moscow, 1962).

21. J. M. Luck, J. Stat. Phys. 72, 417 (1993).
22. D. S. Fisher, Phys. Rev. B51, 6411 (1995).
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CHAPTER 4
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The influence of uncorrelated, quenched disorder on the phase transition
of two-dimensional Potts models will be reviewed. After an introduc-
tion where the conditions of relevance of quenched randomness on phase
transitions are exemplified by experimental measurements, the results of
perturbative and numerical investigations in the case of the Potts model
will be presented. The Potts model is of particular interest, since it can
have in the pure case a second-order or a first-order transition, depending
on the number of states per spin. In 2D, transfer matrix calculations and
Monte Carlo simulations have been used in order to check the validity of
conformal invariance methods in disordered systems. These techniques
were then used to investigate the universality class of the disordered
Potts model, in both regimes of the pure model phase transitions. A test
of replica symmetry becomes possible through a study of multiscaling
properties and also a detailed analysis of the probability distribution of
the correlation functions becomes possible.

1. Introduction

Quenched disorder has been the subject of an intensive activity in statis-
tical physics during the past decades. The qualitative influence of disorder
coupled to the energy-density at second order phase transitions is well
understood since Harris proposed a celebrated relevance criterion.1 At first
order transitions, randomness obviously softens the transitions, and, under
some circumstances may even induce second order transitions according
to a picture first proposed by Imry and Wortis2 and then stated on more

147
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rigorous grounds by Aizenman and Wehr,3,4 implying in particular that an
infinitesimal disorder induces continuous transitions in 2D. Reviews can be
found in the books of S.K. Ma, J.L. Cardy or Vik. Dotsenko.5–7

In spin models, the influence of quenched disorder strongly depends on
the nature of randomness, i.e. to which quantity the perturbation is coupled
in the Hamiltonian. Consider for example a very general model with spins
si on a lattice and define the Hamiltonian

−βH =
∑
(ij)

Kijsisj +
∑

i

Hisi +
∑

i

D(sini)2 + · · · ,

where Kij , Hi, or ni are independent random quenched variables drawn
from some probability distributions P [Kij ], P [Hi], or P [ni], and which
respectively describe random-bond or dilute problems,8 random fields,9–13

and random anisotropy models.14,15 As usual, the sum over (ij) is sup-
posed to be restricted to nearest neighbours. Usually, we decide to
work with uncorrelated quenched random variables, for example Kij ≡∫

KP[K] dK = K0, and KijKkl = ∆δikδjl and we will here only concen-
trate on the first category, namely random-bond systems where disorder is
coupled to the energy density. Special cases of probability distributions of
interest are for example listed below (all written here in the bond version
of the problem):

(i) dilution problems, where non magnetic impurities are randomly dis-
tributed on the bonds or sites of the lattice, e.g. in the bond case

P[Kij ] =
∏
(ij)

[pδ(Kij −K) + (1− p)δ(Kij)], (1)

(ii) binary distributions, where we can imagine for example a disordered
alloy of two magnetic species

P[Kij ] =
∏
(ij)

[pδ(Kij −K) + (1− p)δ(Kij −Kr)], (2)

(iii) Gaussian distributions which are of particular interest to perform
Gaussian integration in analytic approaches

P[Kij ] =
∏
(ij)

1√
2πσ2

exp
(−(Kij −K)2/2σ2) , (3)

(iv) Continuous self-dual distributions (to be discussed later)

P[yij ] =
∏
(ij)

(cosh yij/λ)−1, eyij =
1√
q
(eKij − 1). (4)
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Fig. 1. Phase diagram of the dilution (left) and binary problems (right).

In each case, there is a control parameter (p, r, σ or λ) which deter-
mines the strength of the disorder. The phase diagram is sketched in Fig. 1
for dilution and binary distribution. We expect a transition line between
ordered and disordered phases along which the transition is continuous in
2D. For dilute problems, there exists a percolation threshold where the
transition temperature vanishes and below which long range order cannot
exist. In the bimodal case, the percolation fixed point at finite q is reached
in the limit r → ∞. On the transition line, there should be some particu-
lar strength of disorder corresponding to the location of the random fixed
point, where corrections to scaling should be small.

The q-state Potts model16 is the natural candidate for the investigations
of influence of disorder, since the pure model exhibits two different regimes
(see Fig. 2): a second order phase transition when q ≤ 4 and a first order
one for q > 4 in two dimensions (2D). In 3D, ordering is easier and the
transition becomes weakly first order even at q = 3.

The 2-dimensional q-state Potts model is defined by the Hamiltonian

−βH =
∑
(i,j)

Kijδσi,σj , (5)

where the sum is restricted to nearest neighbours (here on a square lattice),
the degrees of freedom {σi} can take q values and the exchange cou-
plings Kij = Jij/kBT are quenched independent random variables chosen
according to some distribution {Kij} to be specified later.

Many results were obtained for quenched randomness in this model in
the last ten years, including:

(i) Perturbative expansions for 2 ≤ q ≤ 4.17–27 This work was initiated in
a series of papers by A.W.W. Ludwig and J.L. Cardy.17–19 A systematic
study of energy-energy and spin-spin correlators in random bond Ising and
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Fig. 2. Phase diagram of the 2D pure Potts model as a function of the number of states
per spin. The transition is of second order when q ≤ 4 and becomes of first order above.
Insets show Monte Carlo snapshots of typical spin configurations.

Potts models, including tests of replica symmetry, was then performed by a
group around Vl.S. Dotsenko,20–26 with M. Picco, P. Pujol, Vik. Dotsenko,
J.L. Jacobsen, and M.-A. Lewis.

(ii) Monte Carlo simulations in both regimes 2 ≤ q ≤ 4 and q > 4.28–35 In
the second order regime, simulations were first performed by S. Wiseman
and E. Domany in the case of the Ashkin–Teller model36 (which exhibits
a critical line and for a given set of couplings belongs to the 4-state Potts
model universality class) and in the 3-state Potts model by J.K. Kim.37

In the case q = 8, the first Monte Carlo simulations were reported by
S. Chen, A.M. Ferrenberg and D.P. Landau in Refs. 38 and 39, but then in
both regimes, more accurate results were obtained by different groups, like
M. Picco,28 T. Olson and P. Young,34 or the present authors.29,30

(iii) Transfer matrices in both regimes.40–48 This technique was used to
study random Potts models very early by U. Glaus, then more refined com-
putations were reported, for example by J.L. Cardy and J.L. Jacobsen41,43

or in Ref. 46.

(iv) High-temperature series expansions, initially used in the random Ising
model49,50 to show the logarithmic corrections, then extended to q = 3 in
3D,51 were also shortly applied to the two-dimensional case.52

(v) Short-time dynamic scaling.53–57
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We also notice that dynamical properties (in order to discriminate
between conventional or activated dynamics) linked to non self-averaging
have been recently studied also58 and that the interesting limit q →∞ was
carefully investigated in Refs. 45 and 59. Reviews on selective parts of the
subject were reported in Ph.D dissertations in Refs. 60–63.

Although closely related, the random-bond Ising model will not be dis-
cussed here, since it has already been the subject of many reviews, e.g. in
Refs. 64–66. We will only remind here that in the pure 2D Ising model, the
exponent α of the specific heat vanishes and further investigation is needed,
since the Harris criterion becomes inconclusive. It is now generally believed
that uncorrelated quenched randomness is a marginally irrelevant pertur-
bation which does not modify the universal critical behaviour, but produces
logarithmic corrections. For example the singular part of the specific heat
exhibits the following behaviour,

Cs(t) ∼ ln(1/|t|) θ � |t| � 1,

Cs(t) ∼ ln ln(1/|t|) |t| � θ,

θ ∼ e−π/g2
,

where t is a reduced distance to the critical point and g is the ampli-
tude of disorder, linked to the impurity concentration. The behaviour of
the main physical quantities in the neighbourhood of the random fixed
point is given in Table 2. It was confirmed unambiguously by Monte Carlo
simulations67–70 as shown in the same table. We also note that conformal
mappings associated to Monte Carlo simulations were initially used in the
random-bond Ising problem by A. Talapov and Vl.S. Dotsenko.71

The numerical studies of disordered models showed many difficulties,
like the lack of self averaging72–75 or varying effective exponents due to
crossover phenomena. Averaging physical quantities over the samples with

Table 2. Critical behaviour of the random-bond Ising model.

Random-bond Ising model

Analytical results Numerical results

Correlation function 〈σ0σR〉 ∼ R−1/4(ln R)1/8 η = 0.2493 ± 0.0014

Correlation length ξ(t) ∼ |t|−1[ln(1/|t|)]1/2

Magnetisation m(t) ∼ |t|1/8[ln(1/|t|)]1/16 β/ν = 0.1245 ± 0.0009

Susceptibility χ(t) ∼ |t|−7/4[ln(1/|t|)]7/8 γ/ν = 1.7507 ± 0.0014
Specific heat C(t) ∼ ln ln(1/|t|)
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a poor statistics may thus lead to erroneous determinations of the critical
exponents. Almost all the studies mentioned here were reported in the case
of the random bond system with self-dual probability distributions of the
coupling strengths in order to preserve the exact knowledge of the transition
line, which is an important simplification when one wants to use finite-size-
scaling techniques or conformal mappings which hold at criticality only.

In real experiments on the other hand, disorder is inherent to the
working-out process and may result e.g. from the presence of impurities or
vacancies. For the description of such a disordered system, dilution is thus
more realistic than for example a random distribution of non-vanishing cou-
plings (the so-called random-bond problem). Since universality is expected
to hold, the detailed structure of the Hamiltonian should not play any deter-
mining role in universal quantities like critical exponents, but crossover
phenomena may alter the determination of the universality class. Experi-
mentally, the role of disorder in 2D systems has been investigated in several
systems. Illustrating the influence of random defects in the case of the 2D
Ising model universality class, samples made of thin magnetic amorphous
layers of (Tb0.27Dy0.73)0.32Fe0.68 of 10 Å width, separated by non magnetic
spacers of 100 Å Nb in order to decouple the magnetic layers were produced
using sputtering techniques. A structural analysis (high resolution transmis-
sion electron microscopy and X-ray analysis) was performed to characterise
the defects inherent to such amorphous structures, and in spite of these ran-
dom defects separated on average by a distance of a few nm, the samples
were shown to exhibit Ising-like singularities with critical exponents76

β = 0.126(20), γ = 1.75(3), δ = 15.1(10).

This is compatible with the fact that disorder does not change the uni-
versality class of the 2D Ising model, apart from logarithmic corrections
which are probably impossible to observe experimentally, since their role
becomes prominent only in the close neighbourhood of the critical point. A
beautiful experimental confirmation of the Harris criterion – which pre-
dicts a modification of the critical behaviour in random systems when
the exponent α of the specific heat is positive for the pure system – was
reported in a low energy electron diffraction (LEED) investigation of a 2D
order disorder transition77 belonging to the 4-state Potts model universal-
ity class. Order–disorder transitions of adsorbed atomic layers are known
to belong to different two-dimensional universality classes depending on
the type of superstructures in the ordered phase of the ad-layer.78,79 The
substrate plays a major role in ad-atom ordering, as well as the coverage
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(defined as the number of ad-atoms per surface atom) which determines the
possible superstructures of the over-layer. For example, sulfur chemisorbed
on Ru(001) exhibits four-state or three-state Potts critical singularities for
the p(2 × 2) and the (

√
3 × √3)R30◦ respectively80 (at coverages 1

4 and
1
2 ). The case of the (2× 2)-2H/Ni(111) order–disorder transition of hydro-
gen adsorbed on the (111) surface of Ni thus belongs to the 2D four-state
Potts model universality class, since the ground state, stable at low tem-
peratures, has a four-fold degenaracy due to the four possible coverings of
the ad-atoms at the (111) surface (see Fig. 3).

The expected exponents are thus close to theoretical values of β = 1
12 �

0.083, γ = 7
6 � 1.167 and ν = 2

3 � 0.667 for example.
Low energy electron diffraction (LEED) enables one to measure these

exponents through the diffracted intensity I(q) or structure factor. This is
the two-dimensional Fourier transform of the pair correlation function of
ad-atom density. Long range correlations produce an isotropic Lorentzian
centered at the superstructure spot position q0 with a peak intensity given
by the susceptibility and a width determined by the inverse correlation
length, while long range order gives a background signal proportional to
the order parameter squared:

I(q) = 〈m2〉δ(q− q0) +
χ

1 + ξ2(q− q0)2
.

The following exponents were thus measured77,81,82

β = 0.11± 0.01, γ = 1.2± 0.1, ν = 0.68± 0.05

Fig. 3. (2×2)-2H/Ni(111) order–disorder transition of hydrogen. The ground state has
a four-fold degenaracy due to the four possible covering of the (111) surface of Ni by H
ad-atoms.
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in correct agreement with 4-state Potts values (the small deviation, espe-
cially for the exponent β, is attributed to the logarithmic corrections to
scaling of the pure 4-state Potts model83). The same experiments were
then reproduced in the presence of intentionally added oxygen impurities,
at a temperature which is above the ordering temperature of pure oxygen
adsorbed on the same substrate. The mobility of these oxygen atoms is
furthermore considered to be low enough at the hydrogen order–disorder
transition critical temperature that they essentially represent quenched
impurities randomly distributed in the hydrogen layer (see Fig. 4). The
exponents become

β = 0.135± 0.010, γ = 1.68± 0.15, ν = 1.03± 0.08,

which definitely supports the modification of the universality class in the
presence of quenched disorder, in agreement with Harris’ criterion (α = 2/3
for the 4-state Potts model).

The aim of this chapter is to provide a review of both perturbative
and numerical studies of the disordered Potts model for several values
of the number of states per spin (in order to cover the two different
regimes of the phase transitions in the pure system). In Section 2, the
perturbative approach is discussed and the essential results are sum-
marised in the 2D case with 2 ≤ q ≤ 4. The details of the numerical
techniques used in two dimensions are presented in Sections 3 and 4,
while the comparison between numerical and analytical results is made
in Section 5.

Fig. 4. (2×2)-2H/Ni(111) order–disorder transition of hydrogen with oxygen impurities
randomly chemisorbed on the surface, and occupying some of the lattice sites.
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2. Perturbative Approach in 2D

2.1. Replicas and Relevance Criterion

For a specific disorder realization [Kij ], the Hamiltonian H[Kij , σi] is
written as

−βH[Kij , σi] =
∑
(ij)

(K0 + δKij)δσi,σj
. (6)

The corresponding partition function and free energy are given by

Z[Kij ] =
∫
D[σi] e−βH[Kij ,σi], F [Kij ] = −kBT lnZ[Kij ].

To get the quantities of interest, for example the average free energy, we
have to perform an average over the distribution P[Kij ],m

F = F [Kij ] = −kBT

∫
D[Kij ]P[Kij ] lnZ[Kij ]. (7)

Averaging the logarithm of the partition function is possible through the
identity

lnZ = lim
n→∞

1
n

(Zn − 1),

which requires, before averaging, to produce n copies or replicas (with labels
α) of the system with the same disorder configuration,

(Z[Kij ])n =
∫ (

n∏
α=1

D[σ(α)
i ]

)
exp

(
−β

∑
α

H[Kij , σ
(α)
i ]

)
,

and then to perform integrations over P[Kij ],

e−X = e−X̄+ 1
2 (X2−X̄2)+···,

mIn the case of an annealed disorder the impurities are thermalized (this would only be
possible if the relaxation time of randomness is small compared to the time scale of the
experiment) and their probability distribution P[Kij ] depends strongly on the spins (and
vice-versa); since it is the equilibrium distribution P[Kij ] =

∫ D[σi]Z−1e−βH[Kij ,σi],
where Z no longer depends on the disorder realization, but is obtained through Z =∫ D[Kij ]D[σi]e−βH[Kij ,σi]. In the annealed case, if the impurity concentration is kept
constant, there is a ‘Fisher’s renormalization’ of the exponents if the specific heat of the
pure system is diverging.84
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leading to

(Z[Kij ])n =
∫ (

n∏
α=1

D[σ(α)
i ]

)
exp

−∑
α

(K0 + δK)
∑
(ij)

δ
σ

(α)
i ,σ

(α)
j


× exp

∑
α	=β

(δK2 − δK
2
)
∑
(ij)

δ
σ

(α)
i ,σ

(α)
j

δ
σ

(β)
i ,σ

(β)
j

+ · · ·
. (8)

In the leading term, δKij has Renormalization Group (RG) eigenvalue yt =
d − xε (xε is the energy density scaling dimension) and corresponds to a
simple shift of the transition temperature (which is obviously a relevant
effect). In the next term, the second moment of the distribution, δK2−δK

2
,

has RG eigenvalue yH = d−2xε,n and all the following terms are irrelevant.o

Using the hyperscaling relation, the Harris scaling dimension of disorder is
rewritten

yH = α/ν. (9)

It implies that at second-order transitions, disorder is a relevant perturba-
tion which modifies the critical behaviour when the specific heat exponent
α of the pure system is positive, while it is irrelevant (and universal prop-
erties are thus unaffected by randomness) when α is negative. In the
borderline case α = 0, randomness is marginal to leading order. This
is the case for example of the 2D Ising model discussed in the intro-
duction, where quenched disorder is eventually marginally irrelevant and
produces only logarithmic corrections to the unchanged leading critical
behaviour.

The case of first-order transitions was considered later, by Imry and
Wortis, by Aizenman and Wehr, then by Hui and Berker.2–4 It can be
intuitively understood from the above results simply by noticing that the
existence of a latent heat at first-order transition corresponds to a dis-
continuity of the energy density and can be described by a vanishing
energy density scaling dimension, so that disorder is always relevant in
this sense.

nIn this review, we use the notation yH for the Harris eigenvalue which has nothing to
do with the magnetic field RG eigenvalue yh = d − xσ .
oThe leading (unperturbed) term is written in the continuum limit as −βHc =
m0

∫ ∑
α εα(r)d2r where m0 stands for K0 + δK while the perturbation is written

g0
∫ ∑

α�=β εα(r)εβ(r)d2r with g0 corresponding to δK2 − δK
2
.
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2.2. Perturbation Techniques

2.2.1. Average Correlation Functions

Many results were obtained in the 2D random Potts model using RG per-
turbations, mainly around Ludwig and Vl. Dotsenko. In Eq. (8), it appears
that Zn couples the replicas via energy–energy interactions∑

α	=β

(δK2 − δK
2
)
∑
r

εα(r)εβ(r)

which have to be treated as a perturbation around the pure fixed point.
Here, εα(r) is a short notation for δ

σ
(α)
i , σ

(α)
j

, and r stands for the lattice
vectors. The second cumulant of the coupling distribution will be denoted
by g0 in the following. Two different schemes have been considered in the
literature,25,60

(i) replica symmetric scenario, where all the replicas are coupled through
the same interaction strength,∑

α	=β

g0

∑
r

εα(r)εβ(r), (10)

(ii) replica symmetry breaking scenario, where the couplings between
replicas are replica-dependent,∑

α	=β

gαβ

∑
r

εα(r)εβ(r). (11)

The program is thus to consider the 2D Potts model with weak bond
randomness, to compute the scaling dimensions x′

σ(n) of the order parame-
ter and x′

ε(n) of the energy-density perturbativelyp around the Ising model
conformal field theory, and then take the replica limit n → 0. Expansions
are performed around the pure model fixed point (weak disorder) in terms
of the disorder strength δK2

ij−δKij
2
, and the exponents are given in powers

of yH = α/ν.
Different expansion parameters can be found in the literature, and it

is worth collecting the main notation. The Potts models can be identified
to minimal conformal models85 which are parametrised by an integer m

determining the central charge and critical behaviour of the model. The

pThe primes denote the scaling dimensions at the random fixed point.
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correspondence is given by

m =
π

cos−1(
√

q/2)
− 1

and the central charge and the exponents follow from

c = 1− 6
m(m + 1)

, xε =
m + 3
2m

, xσ =
(m + 3)(m− 1)

8m(m + 1)
.

We note that m = 3 for the Ising model, m = 5 for the 3-state Potts model
and m →∞ for the 4-state Potts model. The scaling dimension of disorder
becomes

yH = (m− 3)/m,

which is proportional to q− 2 to linear order (q being the number of states
per spin of the Potts model):

yH =
4
3π

(q − 2)− 4
9π2 (q − 2)2 + O[(q − 2)3]. (12)

Using a Coulomb gas representation, a natural expansion parameter ε is
defined through

α2
+ =

m + 1
m

=
4
3

+ ε,

and it is linked to yH by ε = − 1
3yH .

(i) The replica symmetric case is based on the assumption that replica
symmetry is not broken initially, and is then preserved by the renormaliza-
tion group. The renormalization of the coupling constant g0 is determined
by perturbative calculation using the operator algebra. For any scaling
operator φ, the perturbed two-point correlation function 〈φ(0)φ(R)〉g cor-
responds, in the limit n → 0, to the average correlator 〈φ(0)φ(R)〉. We can
write

〈φ(0)φ(R)〉g =
Tr φ(0)φ(R) e

−β(Hc+Hg)

Tr e−β(Hc+Hg)

where the perturbation term

−βHg = g0

∫ ∑
α	=β

εα(r)εβ(r)d2r

acts on the ‘critical’ Hamiltonian

−βHc = m0

∫ ∑
α

εα(r)d2r + h0

∫ ∑
α

σα(r)d2r,

the last term being included in order to compute the renormalization of the
spin operator.
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When expanded in terms of unperturbed correlators, it yields the
expansion86,87

〈φ(0)φ(R)〉g = 〈φ(0)φ(R)〉0 − β〈Hgφ(0)φ(R)〉0
+

1
2
β2〈H2

gφ(0)φ(R)〉0 + · · · .

The renormalization of the coupling constant follows from the
expansion20–23

g0

∫ ∑
α	=β

εα(r)εβ(r)d2r

+
1
2
g2
0

∫ ∑
α	=β

εα(r)εβ(r)d2r

∫ ∑
γ 	=δ

εγ(r′)εδ(r′)d2r′ + · · ·

= g

∫ ∑
α	=β

εα(r)εβ(r)d2r, (13)

leading to g = g0(1 + A1g0 + A2g
2
0 + · · · ). The successive terms are

obtained from operator product expansions. In the first-order term, the
dominant contribution to A1 follows from contraction of neighbouring
pairs, ε(r)ε(r′) ∼ |r − r′|−2xε , in the same replica (β = γ �= α, δ and
α �= δ). Such an expression has to be understood inside unperturbed
correlators. Including combinatorial factors [there are 2(n − 2) such fac-
tors], integration over space up to an infrared cutoff, b > |r − r′|, leads to
1
2g2

0A1
∫ ∑

α	=δ εα(r)εδ(r)d2r, where A1 is dominated by

A1 = 2(n− 2)
∫

|r−r′|<b

|r− r′|−2xεd2r′ = 4π(n− 2)
b2−2xε

2− 2xε
.

Since yH = 2 − 2xε, one recovers the Harris criterion. Up to the first
order, we get the following expression for g in terms of the bare coupling
constant g0:

g = g0

[
1 + 2π(n− 2)

1
yH

byH g0 + O(g2
0)
]

.

Following Dotsenko and co-workers,20–22 the coupling constants are multi-
plied by a factor byH in order to get dimensionless coupling constants g(b).
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The β-function up to the second order in the n → 0 limit is finally
given by

β(g) =
dg(b)
d ln b

= yHg(b)− 8πg2(b) + 32π2g3(b) + O(g4(b)). (14)

It leads to a nontrivial IR (infrared stable) fixed point (which determines
the long distance physics) gc = (1/8π)yH +(1/16π)y2

H +O(y3
H). Renormal-

ization of the energy and of the order parameter density operators follows
from the same analysis, e.g.

m0

∫ ∑
α

εα(r)d2r

1 + g0

∫ ∑
β 	=γ

εβ(r′)εγ(r′)d2r′

+
1
2
g2
0

∫ ∑
β 	=γ

εβ(r′)εγ(r′)d2r′
∫ ∑

δ 	=η

εδ(r′′)εη(r′′) d2r′′ + · · ·


= m

∫ ∑
α

εα(r) d2r, (15)

and provides the expansions (details of the calculation of the integrals, using
a Coulomb gas representation, can be found e.g. in Ref. 20)

m = m0(1 + B1g0 + B2g
2
0 + · · · ) = Zεm0,

h = h0(1 + C1g0 + C2g
2
0 + · · · ) = Zσh0,

leading when n → 0 to

γε(g) =
d lnZε

d ln b
= −4πg(b) + 8π2g2(b),

γσ(g) =
d lnZσ

d ln b
= −π2yHg2(b)

(
1 + 2

Γ2(− 2
3 )Γ2( 1

6 )
Γ2(− 1

3 )Γ2(− 1
6 )

)
+ 8π2g3(b). (16)

For the correlators themselves, the renormalization equations can be written

〈φ(0)φ(sR)〉 =
Z2

φ(g(bs))
Z2

φ(g(b))
s−2xφ〈φ(0)φ(R)〉,

where s is the scaling factor. Using now

γφ(g) =
d lnZφ

d ln b
,

or lnZφ =
∫

γφ(g) d ln b, the ratio Z2
φ(g(bs))/Z2

φ(g(b)) can be rewritten

Z2
φ(bs)

Z2
φ(b)

= exp

(
2
∫ bs

b

γφ(g) d ln b

)
,
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which is dominated at long distances by g � gc, such that
∫ bs

b
γφ(g) d ln b �

γφ(gc) ln s. The homogeneity equation thus becomes

〈φ(0)φ(sR)〉 = s−2(xφ−γφ(gc))〈φ(0)φ(R)〉,
and choosing a rescaling factor s = R−1, the two-point correlator decays as

〈φ(0)φ(R)〉 � R−2(xφ−γφ(gc)). (17)

The corresponding scaling dimension is modified according to

x′
φ = xφ − γφ(gc). (18)

Collecting the results of Dotsenko and co-workers, we give the new thermal
and magnetic scaling dimensions (primed quantities) in terms of the original
ones (unprimed):20–23

x′
ε = xε − γε(gc)

= xε +
1
2
yH +

1
8
y2

H + O(y3
H), (19)

x′
σ = xσ − γσ(gc)

= xσ +
1
32

Γ2(− 2
3 )Γ2( 1

6 )
Γ2(− 1

3 )Γ2(− 1
6 )

y3
H + O(y4

H). (20)

(ii) The other assumption of a broken replica symmetry leads to a different
fixed point structure. The coupling between replicas, gαβ , is now dependent
on the pair indices, and it is generalised to a continuous variable x instead
of pair indices, gαβ → g(α − β) = g(x). It is found that there is only one
marginally attractive solution for the coupling g(x) which then enables one
to compute γε(g) and γσ(g), leading to a modified thermal exponent

x′′
ε = xε +

1
2
yH + O(y3

H), (21)

while to y3
H order, the magnetic scaling index remains the same as in the

replica symmetric scenario.22

2.2.2. Multiscaling and Higher Order Moments of the Correlators

In order to measure some other differences between the replica symmetric
and the replica symmetry breaking cases, the moments of the correlators
can also be helpful. For any scaling field φ(r), multiscaling arises when
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the scaling dimensions associated to the moments of the correlators do not
follow a simple linear law:

〈φ(0)φ(R)〉p ∼ R−2pxφp , xφp �= xφ. (22)

In the magnetic sector, a difference between the two cases occurs to y2
H

order for the second moment:25

RS x′
σ2 = xσ − 1

16
yH +

1
32

(
4 ln 2− 11

12

)
y2

H + O(y3
H), (23)

RSB x′′
σ2 = xσ − 1

16
yH +

1
32

(
4 ln 2− 5

12

)
y2

H + O(y3
H). (24)

For higher order moments, the computation was only performed in the
replica symmetric case,19,26,27 leading to

x′
εp = 1− 2

9π2 (3p− 4)(q − 2)2 + O[(q − 2)3], (25)

x′
σp = 1− 1

16
(p− 1)y2

H

− 1
32

(p− 1)
[
11
12
− 4 ln 2 +

1
24

(33− 29
√

3π/3)(p− 2)
]

y3
H + O(y4

H).

(26)

2.2.3. Are these Effects Measurable?

The question is now to try to detect numerically the effects discussed above.
These are perturbative expansions around q = 2, so that a natural choice of
system to measure the scaling dimensions in the presence of quenched dis-
order is the 3-state Potts model. At q = 3 we have xε = 4

5 and yH = 2
5 from

which the perturbed scaling dimensions in the energy and magnetic sectors
can be obtained. The values are given in Table 3. The numerical data clearly

Table 3. Comparison between pure 3-state Potts model critical exponents
and the expected values obtained from perturbation expansions. The notation
xσ2 corresponds to the second moment of the spin–spin correlation function,
while xσ0 and xε0 are associated to the typical correlations.

Scheme Scaling dimensions

xσ xε xσ2 xσ0 xε0

Pure system 0.13333 0.800 0.13333 0.13333 0.800
RS 0.13465 1.000 0.11761 0.18303 1.090
RSB 0.13465 1.020 0.12011 – –
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show that the expected variations are quite small and accurate numerical
techniques are needed to discriminate between RS and RSB schemes.

3. Numerical Techniques in 2D

3.1. Monte Carlo Simulations

3.1.1. Cluster Algorithms

For the simulation of spin systems, standard Metropolis algorithms based
on local updates of single spins suffer from the well known critical slowing
down. As the second-order phase transition is approached, the correlation
length becomes larger and the system contains larger and larger clusters
in which all the spins are in the same state. Statistically independent
configurations can be obtained by local iteration rules only after a long
dynamical evolution which needs a huge number of MC steps. This makes
this type of algorithm inefficient close to a critical point.

Since the transition of the disordered Potts model is always expected to
be on average a second-order one, the resort to cluster update algorithms
is more convenient.88,89 The main recipe of cluster algorithms is the iden-
tification of clusters of sites using a bond percolation process connected
to the spin configuration. The spins of the clusters are then independently
flipped. A cluster algorithm is particularly efficient if the percolation thres-
hold coincides with the transition point of the spin model, which guarantees
that clusters of all sizes will be updated in a single MC sweep.

In the case of the Potts model, the percolation process involved is
obtained through the mapping onto the random graph model. These algo-
rithms are based on the Fortuin–Kasteleyn representation90 where bond
variables are introduced. In the Swendsen–Wang algorithm,91 a cluster
update sweep consists of three steps: depending on the nearest neighbour
exchange interactions, assign values to the bond variables, then identify
clusters of spins connected by active bonds, and eventually assign a ran-
dom value to all the spins in a given cluster. The Wolff algorithm92 is a
simpler variant in which only a single cluster is flipped at a time. A spin is
randomly chosen, then the cluster connected with this spin is constructed
and all the spins in the cluster are updated. Both algorithms considerably
improve the efficiency close to the critical point and their performances are
comparable in two dimensions, so in principle one can equally choose either
one of them. Nevertheless, when one uses particular boundary conditions,
with fixed spins along some surface for example, the Wolff algorithm is less
efficient, since close to criticality the unique cluster will often reach the
boundary and no update is made in this case.
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3.1.2. Definition of the Physical Quantities

For each disorder strength, many samples (Nrdm) from the same probability
distribution are studied at a given temperature. Each sample, initialised
from the low-temperature phase, is thermalized during Nth Monte Carlo
sweeps and the physical quantities are then measured during NMC sweeps.
Different quantities, averaged over the MC sweeps denoted by 〈· · · 〉, are
stored for each sample. Many physical quantities can be measured:

(i) The order parameter density follows from the standard definition for the
Potts model:

M = 〈σ〉, σ =
qρmax − 1

q − 1
,

where ρmax is the fraction of spins in the majority orientation

ρmax = Maxα(ρα), ρα =
1
L2

∑
j

δσj ,α.

Thermal average is understood in the notation M . To obtain the local order
parameter 〈σ(i)〉 at site i, it is counted 1 when the spin at site i is in the
majority state and 0 otherwise.

(ii) The susceptibility is given by the fluctuation–dissipation theorem

kBTχ = 〈σ2〉 − 〈σ〉2.

(iii) Energy density:

E = 〈ε〉, ε =
1

2L2

∑
(i,j)

Kijδσi,σj
.

(iv) Specific heat:

C/kB = 〈ε2〉 − 〈ε〉2.

(v) Energy Binder cumulant:

UE = 1− 〈ε4〉/3〈ε2〉2.

(vi) Correlation functions: the connected spin–spin correlation function
Gσ(i, j) = 〈σ(i)σ(j)〉 − 〈σ2〉 at criticality is obtained by the estimator of
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the paramagnetic phase,

q〈δσi,σj
〉 − 1

q − 1
,

given by the probability that spins at sites i and j belong to the same finite
cluster.

All these quantities are then averaged over the disorder realisations

〈· · · 〉 =
∫
〈· · · 〉P[〈K〉]D〈K〉.

3.2. Transfer Matrix Technique

The disordered Potts model can be studied using the transfer matrix
method introduced by Blöte and Nightingale,93 which takes advantage
of the Fortuin–Kasteleyn representation90 in terms of graphs of the par-
tition function of the Potts model in order to reduce the dimension of
the Hilbert space.q In the Fortuin–Kasteleyn representation, the partition
function (with no magnetic field) is

Z = Tr
∏
(i,j)

(1 + δσi,σj
uij),

where uij = eKij − 1, is expanded as a sum over all the possible graphs G
(with s sites and l(G) loops) leading to the random cluster model:

Z = qs
∑
G

ql(G)
∏

(i,j)/bij=1

(
uij

q

)
,

the bij ∈ {0; 1} being the bond variables. Blöte and Nightingale suggested
to introduce a set of connectivity states which contain the information
about which sites on a given row belong to the same cluster when they
are interconnected through a part of the lattice previously built. A unique
connectivity label ηi = η is attributed to all the sites i of such a cluster.
In the connectivity space, |Z(m)〉 is a vector whose components are given
by the partial partition function Z(m, {ηi}m) of a strip of length m whose
connectivity on the last row is given by {ηi}m. The connectivity transfer
matrix is then defined according to |Z(m + 1)〉 = Tm|Z(m)〉 and the par-
tition function of a strip of length m becomes |Z(m)〉 =

∏m−1
k=1 Tk|Z(1)〉,

where |Z(1)〉 is the statistics of uncorrelated spins (Fig. 5).

qA refined algorithm based on a loop representation of the partition function was
proposed in Ref. 94.
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j+uj

Tj

Fig. 5. Transfer matrix along the disordered strip.

The following physical quantities are measured:

(i) The quenched free energy density is given (up to a kBT factor) by
the Lyapunov exponent of the product of an infinite number of transfer
matrices Tk

95

fL = −L−1Λ0(L), (27)

Λ0(L) = lim
m→∞

1
m

ln

∣∣∣∣∣
∣∣∣∣∣
(

m∏
k=1

Tk

)
|v0〉

∣∣∣∣∣
∣∣∣∣∣ , (28)

where |v0〉 is a unit initial vector.
For a pure system, the central charge c is defined as the universal coef-

ficient in the lowest-order correction to scaling of the free energy density
fL of a strip of width L:

fL = f∞ − πc

6L2 + O

(
1
L4

)
, (29)

where the regular contribution is f∞ = limL→+∞ fL. For a disordered sys-
tem, c is defined in the same way from the finite-size behaviour of the
quenched average free energy density fL, and numerically, since the strip
widths available are small, we can only expect to measure effective central
charges which depend on the disorder strength, ceff(g), and which would
converge towards the true value c in the thermodynamic limit.45,94

fL = f∞ − πceff

6L2 + a4L
−4. (30)

(ii) The spin–spin correlation functions in the time-direction (u) of the strip
are calculated using an extension of the Hilbert space that allows one to
keep track of the connectivity with a given spin. For a specific disorder
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realisation, the spin–spin correlation function along the strip,

Gσ(u) =
q〈δσj ,σj+u〉 − 1

q − 1
, (31)

is given by the probability that the spins along some row, at columns j and
j + u, are in the same state, and is expressed, in the absence of long-range
order, in terms of a product of non-commuting transfer matrices:

〈δσj ,σj+u
〉 ∼ 〈Λ0 | gj

j+u−1∏
k=j

T′
k

dj+u |Λ0〉, (32)

where |Λ0〉 is the ground state eigenvector and T′
k is the transfer matrix in

the extended Hilbert space. The operators gj and dj+u realise the mapping
between the two connectivity spaces. The correlations are computed on
strips of varying widths and then averaged over many disorder realisations.

4. Analysis of Numerical Data in 2D

4.1. Location of the Random Fixed Point

The transition line between ordered and disordered phases in the phase
diagram starts at some point corresponding to the pure system and ends
at another point where the critical properties are governed by the perco-
lation universality class. Somewhere in between, the random fixed point
governs the critical behaviour of quenched randomness. Although this ran-
dom fixed point is attractive, its precise location is an important preliminary
step. Indeed, if the assumption of the existence of a unique stable random
fixed point holds, one expects that the critical behaviour is asymptotically
the same as when the system is moved along the transition line. However,
in finite systems, one generically has to deal with strong crossover effects
due to the competition between the disordered fixed point and the pure
and percolation fixed points, or due to corrections to scaling linked to the
appearance of irrelevant scaling variables. These latter effects are generally
important in random systems and the corresponding corrections to scaling
can be substantially reduced when one measures the critical exponents in
the regime of the random fixed point, expected to be reached in the vicinity
of the maximum of the effective central charge.

Let us consider the finite-size behaviour of an observable Q measured
at a deviation t = K − Kc(g) from the critical point on some system of
characteristic size L, in the presence of disorder whose strength is mea-
sured by an amplitude g (ratio r between strong and weak interactions,
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probability p of non-vanishing bond, . . . ). The variables t and L−1 play the
role of relevant scaling fields (with positive RG eigenvalues yt = 1/ν and
yL = 1 respectively), while close to the fixed point, disorder is supposed to
be related to some irrelevant scaling variable with eigenvalue yg = −ω < 0.
At the fixed point there is no need for the irrelevant scaling field to vanish,
so that one can write g∗ for the corresponding disorder strength at the fixed
point, and the observable Q obeys the following homogeneity assumption
in the scaling region:

Q(t, L−1, g) = L−xQf(L1/νt, L−ω(g − g∗)).

An expansion of the last variable (keeping the leading term only) along the
critical line (i.e. varying g in Kc(g)) gives

Q(0, L−1, g) = ΓQL−xQ(1 + Γ(2)
Q (g − g∗)L−ω + · · · ),

where the Γ’s are non-universal critical amplitudes. It is thus possible to
fix g = g∗ in order to minimise the corrections to scaling (see Fig. 6).

From a finite-size scaling analysis (see Section 4.3), the optimal disor-
der strength g∗ is reached when a given quantity seems to be well fitted
by a simple power law (i.e. no bending in the log–log plot). In the strip

10 100 1000
L
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0.7

0.5

0.3

M

r = 2
r = 10
r = 100
r = 1000

10 100 1000
L

0.8

0.9

1

1.1

M
. L

β/
ν

Fig. 6. Finite-size scaling behaviour of the magnetisation (q = 8, binary disorder)
for different disorder amplitudes r (binary distribution). The corrections to scaling are
smaller close to r = 10 (taken from Picco28).
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geometry, this value of g∗ is found to coincide with the location of the max-
imum of the central charge along the critical line,43,44 as a consequence of
Zamolodchikov’s c-theorem96 (see Fig. 7).

In the literature, different types of disorder distributions have been
considered. In the most studied case, when self-duality holds, the exact
transition curve is known and the optimal disorder strength g∗ has to be
found while moving one parameter only, which simplifies the task. If one
defines the variables yij by eyij = 1√

q (eKij − 1), the duality relation can be
written16

ey∗
ij =

eK∗
ij − 1√

q
=

√
q

eKij − 1
= e−yij ,

and self-duality is satisfied when the probability of each coupling equals the
probability of its dual coupling,

P(yij) dyij = P(y∗
ij) dy∗

ij , (33)

that is if the distribution P(yij) is even. In the case of the bimodal
distribution, the self-duality point

[exp(Kc(r))− 1][exp(rKc(r))− 1] = q , (34)

corresponds to the critical point of the model if only one phase transition
takes place in the system, as shown rigorously in Ref. 97.
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Fig. 7. Dependence of the effective central charge ceff on the exchange coupling K and
the bond probability p (diluted problem) for the 4-state Potts model. The maximum
gives the location of the transition line and the absolute maximum corresponds to the
optimal disorder strength.
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Fig. 8. Phase diagram obtained from the condition of a maximum of the central charge
for the dilute Potts model (q = 3, 4, and 8). The optimal disorder strength (here p∗)
is denoted by a larger circle and the full lines correspond to the single-bond effective
medium approximation.98–100

In the case of dilution, self-duality does not work and the transition line
has to be found numerically. The condition of a maximum of the central
charge is again used as illustrated in Figs. 7 and 8. The result is in fair
agreement with the effective medium approximation.98–100

4.2. Temperature Dependence

According to their definition, the critical exponents can be obtained from
a temperature-dependence study. Using for example the case of the order
parameter in the low temperature phase, one can write

M(t) = B−|t|β(1 + · · · ), t = Kc −K < 0.

The dots indicate the correction terms the importance of which depends on
the size of the system and on the distance from the transition temperature.
Technically, one uses the definition of an effective temperature-dependent
exponent, as illustrated in Figs. 9 and 10,

βeff(t) =
d lnM(t)

d ln t
, β = lim

t→0
βeff(t).

The precise value of the disorder strength g of course also influences the
value of βeff(t) (playing a role in the corrections to scaling as mentioned
above) but asymptotically the limit t → 0 should be independent of the
(non-zero) g, since there is only one fixed point governing the disordered
system.
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Fig. 9. Temperature dependence of the bulk and boundary magnetisation (q = 8,
r = 10, binary disorder).
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Fig. 10. Temperature dependence of the exponents associated to the bulk and boundary
magnetisation (q = 8, r = 10, binary disorder).

4.3. Finite-Size Scaling

One of the simplest methods to extract critical exponents (once the critical
temperature is known) is probably standard Finite-Size Scaling. On a finite
system, the physical quantities cannot exhibit any singularity. They can be
written as a singular term corrected by some scaling function which depends
on the characteristic sizes of the problem, the correlation length ξ and the
size of the system L. In the case of the order parameter density for example
we get ML(T ) = |K − Kc|βf(L/ξ). The function f(x) of course depends
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Fig. 11. Finite-size scaling analysis of magnetisation, susceptibility and effective
transition temperature shift for the critical self-dual binary disordered 8-state Potts
model.

on the geometry, but at the critical point Kc, the following behaviour is
obtained:

ML(Kc) ∼
L→∞

L−β/ν . (35)

Here, the ratio β/ν is precisely the magnetic scaling dimension xσ. An
example is shown in Fig. 11 for the 8-state Potts model. From the slopes of
the curves, the values γ/ν = 1.686(17), β/ν = 0.152(4) and ν = 1.005(30)
can be obtained.63 The results here are interesting as reference values that
we shall compare with more sophisticated techniques later.

4.4. Short-Time Dynamics Scaling

It is commonly believed that universality can be found only in the equilib-
rium stage of the long-time regime in numerical simulations. For a magnetic
system far from criticality, e.g. in the high temperature phase, suddenly
quenched to the critical temperature, a universal dynamic scaling behaviour
emerges already within the short-time regime, according to a simple gener-
alisation of the homogeneity assumption for the order parameter,53–55,58

M(t, τ, L, M0) = b−β/νM(b1/νt, b−zτ, b−1L, bx0M0), (36)

where z is the dynamic exponent (dependent on the choice of algorithm),
t = |K − Kc| is the deviation from the critical point, M0 is the ini-
tial magnetisation with the associated scaling dimension x0, and τ is the
time (measured in MC sweeps). In the thermodynamic limit, L → ∞,
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Fig. 12. Monte Carlo simulations of the 2D Ising model inside a square of 101 × 101
lattice sites (106 MCS/spin, Swendsen–Wang cluster algorithm). The figure shows the
correlation function between a point close to the surface (w1 = i) and all other points w
in the square. The sketch on the right specifies the notation.

and at criticality, t = 0, the expected evolution is given by M(τ,M0) =
τ−β/νzf(M0τ

−x0/z) and allows the computation of the critical exponents.
The main interest of short-time dynamics scaling is that it is not affected
by critical slowing down, since only early time stages of the simulation are
involved.

4.5. Conformal Mappings

Monte Carlo simulations of two-dimensional spin systems are generally per-
formed on systems of square shape while transfer matrix computations are
done in strip geometries. In the following, we consider such a system of size
2N ×L, and call u and v the corresponding directions (Fig. 12). The order
parameter correlations between a point close to the surface, and a point
in the bulk of the system should, in principle, lead to both surface and
bulk critical exponents. Practically, it is not of great help for the accurate
determination of critical exponents, since

(i) strong surface effects (shape effects) occur which modify the large
distance power-law behaviour,

(ii) the universal scaling function entering the correlation function is
likely to display a crossover before its asymptotic regime is reached
(system-dependent effect).

One can proceed as follows: systems of increasing size are successively
considered, and the correlations are computed along the u-axis (parallel to
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a square edge considered as the free surface) and the v-axis (perpendicu-
lar to this edge). The order parameter correlation function for example is
supposed to obey a scaling form which reproduces the expected power-law
behaviour in the thermodynamic limit:

G⊥(v) =
1

vxσ+x1
σ
f�
( v

L

)
, G‖(u) =

1
u2x1

σ
f ′

�
( u

N

)
, (37)

where xσ and x1
σ are, respectively, the bulk and surface order parame-

ter scaling dimensions. The scaling functions f� depend on the geometry,
but have to satisfy asymptotic expansions including corrections to scaling,
e.g. f� (v/L) ∼ 1 + const (v/L)ε + · · · in the boundary region v → L.

Equations (37) are not very useful for the determination of critical expo-
nents, since at least five unknown quantities appear, and the correction
terms in f�(x) may have a large amplitude, resulting from the significance
of finite-size corrections. Nevertheless, if the power-law fit is limited to the
linear regions on a log–log scale (almost one decade in Fig. 13 top), one
gets correct estimations of the critical exponents, as long as condition (ii)
is fulfilled.

At a critical point, scale invariance coupled with rotation and transla-
tion invariance also implies covariance under local scale transformations,
i.e. conformal transformations.6 The conformal transformations are those
general coordinate transformations which preserve the angle between any
two vectors. They leave the metric invariant up to a scale change. The
conformal group includes the Euclidean group as a subgroup, the dilata-
tions and the special conformal transformations. In any dimension these
conformal transformations are also called global conformal transformations
because they map the infinite space onto itself. Consider a lattice model
described in the continuum limit by a local theory defined by some action S.
Conformal symmetry occurs when a local theory is scale invariant. In lat-
tice systems, nearest-neighbour interactions ensure that physics is local and
scale invariance holds at the critical point where a continuous limit descrip-
tion is allowed. For any local field (the energy density or the magnetisation
for a spin system for example) the usual homogeneity assumption under a
homogeneous rescaling R→ bR,

〈φ(0)φ(bR)〉 = b−2xφ〈φ(0)φ(R)〉, (38)

is extended to local transformations with a position-dependent rescaling
factor. In two dimensions conformal transformations are realized by the
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Fig. 13. Monte Carlo simulations in the case of the two-dimensional Ising model.
Top: Log–log plot of the order parameter correlation function perpendicular to the sur-
face (v-direction) and parallel to this surface (u-direction) for system sizes 101 × 101
(+, 5 × 106 MCS/spin) and 501 × 501 (◦, 2 × 105 MCS/spin). The correlations are
computed between a point w1 = i close to the surface and points w = iv, and
w = u + i, respectively. The corresponding estimations for xσ + x1

σ and 2x1
σ are indi-

cated by a dashed line. The figures correspond to power-law fits for the size 501 × 501.
Bottom: Conformal rescaling of the perpendicular correlations for the two sizes (see
below). The rescaled correlation function exhibits a true power-law in the whole range
of variation of the new variable, and the value for xσ + x1

σ is improved. The solid lines
correspond to the theoretical asymptotic form while the dotted line is a fit.
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analytic functions in the complex plane (the conformal group is thus
infinite-dimensional): z −→ w(z) and Eq. (38) is thus generalised to
a covariance law of transformation of the (N -point) correlators under
conformal mappings:

〈φ(w1)φ(w2)〉 =|w′(z1) |−xφ |w′(z2) |−xφ 〈φ(z1)φ(z2)〉. (39)

Here, z1 and z2 are two points in the original complex plane and w1

and w2 are the corresponding points in the transformed complex geom-
etry under the mapping w(z). This transformation law is very help-
ful in numerical analysis, since simulations or numerical computations
are always performed on finite systems of particular shape, depend-
ing on the technique used. The critical properties of an infinite system
〈φ(z1)φ(z2)〉 ∼ |z1 − z2|−2xφ can thus be obtained by fitting the numeri-
cal data to the transformed conformal expression which usually deviates
significantly from a simple power law (although the algebraic decay at
criticality must be recovered asymptotically in the limit of an infinite sys-
tem of course). The situation is schematically sketched in Fig. 14. For a
recent systematic use of such mappings applied to Monte Carlo data, see
Ref. 109.

x

iy

Fig. 14. Conformal mapping of the infinite plane z = x+iy inside a finite square N ×N
with free edges or a strip of width L with periodic boundary conditions.
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Among all the possible mappings, we shall here specify a few cases of
interest:

(i) Mapping onto a cylinder: the logarithmic transformation

w(z) =
L

2π
ln z = u + iv (40)

is well known to map the infinite plane onto a strip of finite width L with
periodic boundary conditions and infinite length. This is the limit N →∞
in the rectangular geometry described above. Using the algebraic decay of
the two-point correlator in the z-plane, one gets on the strip

〈φ(0, 0)φ(u, v)〉 =
(

2π

L

)2xφ
[
2 cosh

(
2πu

L

)
− 2 cos

(
2πv

L

)]−xφ

. (41)

In the long direction of the strip, at large distances it becomes an
exponential decay

〈φ(0, 0)φ(u, 0)〉pbc =
(

2π

L

)2xφ

exp
(
−2πuxφ

L

)
. (42)

For sufficiently large strip widths, the transverse direction can also give
some interesting results. Using the mapping w(z) = (L/π) ln z, the half-
infinite plane is mapped onto a strip with open boundaries in the transverse
direction. If the boundary conditions are fixed (for example using an order-
ing surface field coupled to the order parameter) on one edge and free on the
opposite edge (this is the meaning of the notation +f below), the transverse
profile (Fig. 15) of the order parameter density is given by the conformal
expression

〈σ(v)〉+f = const ×
[
L

π
sin

(πv

L

)]−xσ

F
[
cos

(πv

2L

)]
. (43)

The shape of the scaling function F (x) is asymptotically constrained by
simple scaling, F (x) ∼ xx1

σ (here, x1
σ is the boundary scaling dimension of

the order parameter).

(ii) Mapping onto a square: the Schwarz-Christoffel transformation

w(z) =
N

2K
F(z, k), z = sn

(
2Kw

N

)
(44)

maps the half-infinite plane z = x + iy (0 ≤ y < ∞) inside a square
w = u+iv of size N×N (−N/2 ≤ u ≤ N/2, 0 ≤ v ≤ N) with free boundary
conditions along the four edges. Here, F(z, k) is the elliptic integral of the
first kind, sn (2Kw/N) the Jacobian elliptic sine, K = K(k) the complete
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u

v

Fig. 15. Transverse profile of the order parameter in an infinitely long strip with fixed-
free boundary conditions.

elliptic integral of the first kind,102,103 and the modulus k is solution of
K(k)/K(

√
1 − k2) = 1

2 .
In the semi-infinite geometry, the two-point correlator is fixed up to

an unknown scaling function (apart from some asymptotic limits implied
by scaling). Fixing one point z1 close to the free surface (z1 = i) of the
half-infinite plane, and leaving the second point exploring the rest of the
geometry, z2 = z, the following behaviour is expected:

〈φ(z1)φ(z)〉 1
2 ∞ ∼ y−xσψ(ω), (45)

where the dependence on ω = y1y
|z1−z|2 of the universal scaling function ψ

is constrained by the special conformal transformation and its asymptotic
behaviour, ψ(ω) ∼ ωx1

φ , in the limit y 
 1, is implied by scaling.
Using the mapping (44), the local rescaling factor in Eq. (39) is obtained,

w′(z) =
N

2K
[(1 − z2)(1 − k2z2)]−1/2,

and inside the square the two-point correlation function becomes (see
Ref. 44)

〈φ(w1)φ(w)〉sq. ∼
(
�[z] ·

(
|1 − z2| · |1 − k2z2|

)−1/2
)

︸ ︷︷ ︸
κ(w)

−xφ

ψ(ω), (46)

with z(w) given by Eq. (44). This expression is correct up to a constant
amplitude determined by κ(w1) which is kept fixed, but the function ψ(ω)
is still varying with the location of the second point, w.

In order to eliminate the role of the unknown scaling function, it is
more convenient to work with a density profile in the presence of ordering
surface fields (Fig. 16). This is a one-point correlator of which the functional
shape in the half-infinite geometry is determined by scaling apart from some
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Fig. 16. Profile of the order parameter in a square with fixed boundary conditions.

amplitude:

〈σ(z)〉 1
2 ∞ = const×y−xσ , (47)

and it maps onto

〈σ(w)〉sq. = const×[κ(w)]−xσ , (48)

where the function κ(w) again comes from the mapping. The case of
the mapping of the infinite complex plane inside a square with periodic
boundary conditions was for example used in Ref. 71.

Other mappings can be convenient. Our choice here was motivated
by the fact that Monte Carlo simulations are usually performed on sam-
ples of square shapes. On the other hand, the strip (with free or fixed
boundary conditions) is the natural geometry generated in transfer matrix
calculations.

4.6. Impact of Rare Events and Non-Self-Averaging

As we mentioned, the physical properties have to be averaged over many
samples produced with a given probability distribution. One can typically
encounter two opposite situations, depending on the quantities of interest.
The average order parameter for example is defined as a sum of quantities
affected by randomness,

〈σ〉 =
1

N2

∑
i

〈σi〉,

while the correlation function

〈δσj ,σj+u〉 � 〈Λ0 | gj


j+u−1∏

k=j

T′
k


dj+u |Λ0〉,
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essentially depends on a product of non-commuting matrices of which the
elements are determined by the disorder distribution. These two types of
quantities definitely exhibit different properties as functions of the number
of samples used to scan the probability distribution. When computing mean
values, it is clear that the accuracy of the results for a given number of
disorder realizations does not have the same behaviour in the case of sums
or of products of random variables. Consider as an example the sum and
the product of random variables λi taken from a binary distribution,

Σλ =
n∑

i=1

λi, Πλ =
n∏

i=1

λi,

and compute the moments (rescaled by a power 1/p) [(Σλ)p]1/p and
[(Πλ)p]1/p averaged over N realizations of the λi (here we choose for this
example n = 50, so there are some 1015 configurations). Numerical results
are given in Table 4 for selected parameters.

It is particularly clear that the values obtained from the sum Σ con-
verge rapidly (the variations between results obtained at different numbers
of realizations correspond to a statistical noise). This is due to the fact that
Σ is normally distributed, while in the case of the product Π, we note a
continuous increase of the numerical estimate of a given moment as the
number of samples increases and this effect is especially pronounced for
the high moment order p. This is due to the fact that the distribution of
the Π is log-normal and thus there exist some events which have a domi-
nant role in the average, but which are so rare that they are not scanned
by a poor statistics which would essentially explore the region of typi-
cal values. In order to be more precise in the distinction between typical
value and average value, we rewrite ln Π as a sum of random variables,

Table 4. Comparison between the moments of a sum and of a product of
random variables distributed according to a bimodal probability distribution,
as a function of the number of realizations.

Σλ Πλ

N p = 1 p = 5 p = 20 p = 50 p = 1 p = 5 p = 20 p = 50

101 0.990 1.060 1.228 1.305 1.054 1.529 2.042 2.188
103 1.014 1.049 1.156 1.298 1.060 1.292 2.143 2.630
105 1.010 1.047 1.161 1.327 1.054 1.303 2.480 3.467
107 1.010 1.047 1.160 1.322 1.055 1.301 2.511 3.857
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ln Πλ =
∑

i lnλi, which, according to the central limit theorem, has a
Gaussian distribution in the limit of a large number of draws. The typ-
ical value corresponds to the maximum of the probability distribution,
Πtyp = eln Π where the Gaussian is centered, and clearly differs from the
average value Π = eln Π.

The same situation occurs when computing the spin–spin correlation
function 〈σ(0)σ(u)〉st = Gσ(u). Since the probability distribution is almost
log-normal (see Fig. 17), the logarithm of Gσ(u) is self-averaging and the
average lnGσ(u) as well as higher order moments are well behaved. A
cumulant expansion is thus convenient for reconstructing the average Gσ(u)
through

Gσ(u) = exp
(
lnGσ(u) + 1

2 (ln2 Gσ(u)− lnGσ(u)
2
) + · · ·

)
. (49)

This is a test (see Fig. 18) which proves that the probability distribution
is sufficiently well scanned with the large numbers of realizations used in
this run.

10–10 10–8 10–6 10–4 10–2 100
0.00

0.01

0.02

P
(G

σ(
u)

)

u = 30
u = 60
u = 80

0 0.005 0.01 0.015 0.02

0.00

0.01

0.02

0.03

0.04
0.02

G�(u)

Fig. 17. Probability distribution of the spin–spin correlation function (8-state Potts
model with bimodal disorder). The inset shows P(Gσ(u)) (with a very long tail on the
right), while it is shown on a logarithmic scale in the main frame, where one can notice
the shape which is close to a log-normal distribution. The arrow at u = 30 marks the
average value.



December 18, 2003 17:31 Master File for Review Volume Chap04

182 Order, Disorder, and Criticality

0 20 40 60
u

10–8

10–6

10–4

10–2

100

Eq. (49) up to 4th order
most probable value

G(u)

elnG(u)

Fig. 18. Reconstruction of the correlation function from the moments of its logarithm.

5. Numerical Results and Comparison with Perturbative
Expansions in 2D

5.1. Regime q > 4

5.1.1. Randomness Induces a Second-Order Regime

Although there is no perturbation result for q > 4, we shall start with the
regime of first-order transition of the pure model. A first step was to prove
that even for large numbers of states per spin, the transition was rounded
to become continuous. That was done by different authors.39,41 Chen et al.
studied the free energy barrier ∆F (L), defined from the energy histogram
P(E) in Monte Carlo simulations according to e−β∆F (L) = Pmax/Pwell, with
Pmax given by the maximum of P(E) and Pwell corresponding to the value at
the bottom of the well separating the two coexisting phases. They showed
that the energy barrier ∆F (L) = −2σo.d.L

d−1 vanishes in the thermo-
dynamic limit (Fig. 19) where σo.d. is the order–disorder interface tension
between the two possibly coexisting phases.

The dynamics of the Monte Carlo simulations leads to compatible con-
clusions. The energy autocorrelation time τE is indeed exponentially large
(with the system size) when a non vanishing order–disorder interface tension
σo.d. exists,

τE ∼ Ld/2e2σo.d.L
d−1

,

while it is only increasing as a power law at second-order transitions,

τE ∼ Lz,
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Fig. 19. Evolution of the free energy barrier with the size of the system for the 8-state
Potts model with binary disorder (at small disorder strength). The dotted line is a guide
for the eyes. In the inset, the line shows the case of the pure system [taken from Chen,
Ferrenberg and Landau (Ref. 39)].
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Fig. 20. Power-law behaviour of the energy autocorrelation time, averaged over the
disorder realizations, in the 8-state Potts model with binary disorder.

with a dynamical exponent z which strongly depends on the algorithm
used. This latter situation is indeed observed63 in the disordered 8-state
Potts model (Fig. 20).

Cardy and Jacobsen on the other hand used transfer matrix
calculations,41 measuring the free energy density f̄L for which corrections
to scaling behave at first-order transitions such as f̄L ∼ f∞ +O(L−de−L/ξ).
Plotting then λ(L) = ln(f̄L − f∞) + d lnL versus the strip width L should
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Fig. 21. Evolution of the corrections to scaling to the free energy in a strip geometry
(taken from Cardy and Jacobsen41).

give asymptotically a straight line with a slope given by the inverse correla-
tion length 1/ξ. In the presence of randomness, the curve corresponding to
the 8-state Potts model indicates a diverging correlation length as expected
at a second-order phase transition (Fig. 21).

5.1.2. Comparison between Finite-Size Scaling and
Conformal Mappings

Conformal mappings provide quite efficient techniques for the determina-
tion of critical exponents. The validity of such an approach is nevertheless
restricted to systems where scale invariance, translation invariance and
rotation invariance do hold. This requirement is not obviously fulfilled
in random systems, since disorder breaks the symmetries. Hopefully, one
may expect that after averaging over many disorder realizations, one is
led to some effective system for which these symmetries are restored. This
assumption can be checked from numerical simulations. Studying the crit-
ical behaviour using an independent technique, namely finite-size-scaling
which can safely be supposed to give the correct results, we then compare
the outcome to the exponents deduced from various mappings which are
allowed when conformal symmetries are assumed to be restored. The com-
parison was performed carefully in the case of the 8-state Potts model with
binary disorder, and the technique was then applied in the regime q > 4,
and even to asymptotically large q.45 The FSS results, which are considered
here as the reference results, are shown in Fig. 11. In strip geometries, the
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Fig. 22. Fixed-free BC order parameter critical profile for the self-dual binary disordered
8-state Potts model. The behaviour close to the fixed surface gives access to the bulk
scaling dimension (the corresponding curve is shown in dotted line and the conformal
expression is shown in full line while the symbols correspond to strips of various widths).

correlation functions in the long direction and the order parameter profile
in the transverse direction (Fig. 22) lead to compatible results.

In the square geometry, the fit of the correlation function must be done
along some curves inside the square where the scaling variable ω remains
constant. This implies that the function ψ(ω) also remains constant and a
simple power-law fit is then needed,

〈σ(w1)σ(w)〉sq ∼ Aω|κ(w)|−x′
σ ,

where Aω stands for the amplitude which contains ψ(ω) (w1 is fixed and
chosen equal to the imaginary unit w1 = i). A difficulty appears due to
the discretization of the lattice. Estimation of the correlation function
along the continuous curve ω = const is obtained using a Taylor expan-
sion from the data taken at four neighbour points on each plaquette. This
explains the non monotonic behaviour of the error bars in Fig. 23.

The case of the density profile is more readily achieved, since it involves
no unknown scaling function, but a single constant amplitude (it is a one-
point correlator). All the points inside the square enter the power-law fit

〈σ(w)〉sq ∼ const× |κ(w)|−x′
σ

and make the fit more accurate (since there is no need of any expansion
around the lattice points). When the number of points (N2) is large enough,
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Fig. 23. Fitting the correlation function (top) and the order parameter profile (bottom)
in a square geometry. The different curves (top) correspond to different values of the
variable ω. This is the case q = 8, with a binary distribution, at the optimal disorder
strength estimated by the maximum of the central charge in strip geometry.

we can even ignore the uncertainties on each point and simply take as error
bar on the resulting exponent the standard deviation of the fit.

The results for the magnetic scaling dimension measured using Finite-
Size Scaling techniques, compared to the mappings onto strips or square
geometries, are compared in Table 5 in the case of the 8-state Potts model
with a self-dual binary probability distribution of coupling strengths. First
we note that the transition is second-order, even in the regime q > 4, as
predicted by the Imry–Wortis agreement. More important for the follow-
ing is the fact that the agreement between different techniques is quite
fair and leads to the conclusion that conformal techniques can be applied
here, in spite of the lack of the symmetry properties which should in
principle be required. This is due to the fact that we are interested in
average quantities. The system thus becomes, on average, translationally
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Table 5. Comparison between temperature dependence, FSS and
short-time dynamics scaling results for the magnetic exponent β′/ν′ and
the scaling dimension x′

σ at the random fixed point deduced from the loga-
rithmic and the Schwarz–Christoffel mappings for the 8-state Potts model.
In the first line, the exponent β′ deduced from the temperature dependence
is close to x′

σ , since the value of the correlation length exponent is found
very close to 1 (ν′ � 1.01(1)). We note also that in all these references but
Ref. 34, a binary distribution of disorder was used.

x′
σ for the 8-state Potts model with binary disorder

Technique Quantity Scaling dimension Reference

Standard techniques
t-dependence Mb(t) 0.151(1) 33
FSS Mb(Kc) 0.153(1) 28, 29
FSS 〈σ(0)σ(L/2)〉 0.159(3) 34
Short-time dynamics Mb(τ) 0.151(3) 53

Conformal mappings
Periodic strip 〈σ(0)σ(u)〉st 0.1505(3) 30, 44, 63
Free BC square 〈σ(0)σ(w)〉sq 0.152(3) 30, 44, 63
Fixed-free strip 〈σ(v)〉st 0.150(1) 33, 63
Fixed BC square 〈σ(w)〉sq 0.1503(1) 30, 44, 63

and rotationally invariant, as well as scale invariant at the critical point.
This is an important point, because the use of conformal mappings is more
accurate than standard FSS methods, and the comparison between differ-
ent schemes in the 2 ≤ q ≤ 4 regime will require great accuracy, as already
noted in Table 3.

5.2. Regime q ≤ 4

5.2.1. Tests of Replica Symmetry

First of all, the fitting procedure has to be validated. From the exponen-
tial decay of the average spin–spin correlation function, the exponent x′

σ is
deduced and presented as a function of q for the case of a binary disorder in
Fig. 24. These results were first reported by Cardy and Jacobsen in Ref. 41.
The agreement with the third-order expansion in Eq. (20) is extremely good
especially in the region where the expansion is supposed to be valid when q

is not too far from the Ising model value q = 2. The quality of the data con-
firms the reliability of the averaging procedure (Table 6). Even close to the
marginally irrelevant case of the Ising model where logarithmic corrections
are known to be present for some quantities, we note that the numerical
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Fig. 24. Top: Scaling dimension of the order parameter (binary disorder) compared to
the third-order expansion of Dotsenko and co-workers.20 The scaling dimension corre-
sponding to the pure model is shown for comparison. Bottom: Exponent of the second
moment of the spin–spin correlation function as a function of the number of states of the
disordered Potts model (binary disorder). The comparison is done with Replica Symme-
try and Replica Symmetry Breaking scenarios.25 The agreement with the RS result is
quite good around q = 3. When q is close to 2, the discrepancy can be attributed to the
weak relevance of disorder. We indeed used a simple exponential fit as can be expected at
a stable disordered FP. But at q = 2, one knows from Ludwig’s results17 that logarithmic
corrections must be added. These corrections can also influence the vicinity of q = 2 in
a numerical approach.

data are quite satisfactorily in agreement with the perturbative results. The
agreement is made better by the absence of logarithmic corrections for the
average correlation function at q = 2, and we will see that this observation
is no longer true in the following study of other moments.
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Table 6. Comparison of the numerical results for the magnetic scaling
dimension (bimodal probability distribution) x′

σ (from transfer matrix
computations in Ref. 46) with the third-order expansion [Eq. (20)] of
Dotsenko and co-workers.20 The error bars systematically contain the
analytical value.

q x′
σ

Expansion (20) TM result (Ref. 46)

2 0.12500 0.1252(3)
2.25 0.12800 0.1282(5)
2.5 0.13051 0.1307(7)
2.75 0.13269 0.1328(9)
3 0.13465 0.1347(11)
3.25 0.13653 0.1364(13)
3.5 0.13845 0.1379(14)

The question of a possible breaking of replica symmetry in disordered
systems is very controversial and far from being settled, especially in spin
glasses (see e.g., Refs. 104–108). In the context of disordered Potts ferro-
magnets, the question was first addressed by Dotsenko et al.25 In order
to test the difference between Replica Symmetry and Replica Symmetry
Breaking schemes, Dotsenko et al. performed a second-order expansion of
the exponent of the second moment of the spin–spin correlation function
decay in both cases [Eqs. (23) and (24)]. MC simulations were first per-
formed at q = 3 but were not completely conclusive, although in favour of
Replica Symmetry: the perturbation expansion leads to x′

σ2(3) = 0.1176
and x′′

σ2(3) = 0.1201 according to Eqs. (23) and (24), while previous
numerical results lead to 0.113(1),25 0.1140(5),62 0.116(1)33 and 0.119(2).34

Conclusive results for different values of q were then obtained using
transfer matrices. Close to q = 2, the proximity of the marginally irrelevant
Ising FP will surely alter the data, as a reminiscent effect of the logarithmic
corrections present exactly at q = 2 for the second moment.17,109 Too large
values of q on the other hand are not very helpful for the purpose of checking
perturbation expansions which break down when one explores higher values
of the expansion parameter. One thus has to find a balance between these
two extreme situations and the comparison between numerical data and
perturbation results should be conclusive around or slightly below q = 3.
The TM technique thus appears to be well adapted, since it is capable
to deal with non integer values of q. The comparison is shown in Fig. 24
for the bimodal probability distribution and the results are also given in
Table 7. In the convenient domain for the test, around q = 3, the results
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Table 7. Decay exponent of the second moment of the spin–spin correlation
function as obtained numerically in Ref. 46, compared to Replica Symme-
try and Replica Symmetry Breaking expressions of Eqs. (23) and (24).25

The results written in bold face correspond to the range of values of q
where the agreement is particularly satisfactory. The second part of the table
presents Jacobsen’s results47 for the exponent of the average energy correlation
function.

q Perturbative results TM result

x′
σ2 x′′

σ2 Ref. 46

2.25 0.12213 0.12229 0.1204(5)
2.5 0.12002 0.12067 0.1194(8)
2.75 0.11854 0.11997 0.1185(10)
3. 0.11761 0.12011 0.1177(12)
3.25 0.11718 0.12110 0.1172(14)
3.5 0.11723 0.12304 0.1169(16)

x′
ε x′′

ε Ref. 47

2.5 1.006 1.000 1.00(1)
2.75 1.013 1.000 1.01(1)
3. 1.023 1.000 1.02(1)

are written in bold face. The agreement with Replica Symmetry is quite
convincing. The results for the exponent associated to the average energy
density correlations47 confirm this conclusion (Table 8).

5.2.2. Multiscaling

The multiscaling behaviour of the spin–spin correlation functions is notice-
able in the p-dependent set of exponents of the reduced moments

〈σ(0)σ(R)〉p1/p
.

In Ref. 46, an exhaustive computation of 50 different moments in the range
0 ≤ p ≤ 5 was performed in the strip geometry, and the associated scaling
dimensions were derived from a semi-log fit ln 〈σ(0)σ(u)〉p vs ln u, followed
by an extrapolation to L→∞. The numerical results were compared to the
first-order expansion of Ludwig and to the second-order expansion in the
RS scheme in Eq. (26). The second-order result is clearly very good up to
values of p close to 3 and then breaks down as already noticed by Lewis.62

An alternative presentation of the results (used e.g. by Ludwig19) is
given by the scaling dimension of the moment of the correlation function
itself, 〈σ(0)σ(R)〉p

(
not the reduced function 〈σ(0)σ(R)〉p1/p

)
. The scaling
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dimension is thus simply px′
σp(q), hereafter denoted by X ′

σp(q). An exam-
ple, with q = 3, is shown in Fig. 25 depicting the results obtained with
the bimodal and the continuous self-dual probability distributions at the
optimal disorder amplitude as well as the dilution case at optimal dilution.
Once again, we find a fair agreement between the numerical data and the
perturbative result which confirms universality, i.e. the exponent associ-
ated to a given moment of the correlation function does not depend on the
detailed probability distribution of the coupling strengths (provided that it
remains uncorrelated).

0 2 4
0

0.25

0.5

0.75

px
� σ

p

1st order
2nd order
Bimodal distribution
Continuous distribution
Bond dilution

q = 3.

p

Fig. 25. Comparison of the multi-fractal exponents (moment of the correlation function
〈σ(0)σ(u)〉p) with the second-order expansion of Lewis in the RS scheme26 for both the
bimodal and the continuous probability distributions.

Table 8. Decay exponent of the average and typ-
ical energy–energy correlation functions: comparison
between perturbative expansion from Ref. 27 and
transfer matrix computation (from Jacobsen47).

Average Typical

q x′
ε1 TM x′

ε0 TM

2.5 1.006 1.00(1) 1.023 1.02(1)
2.75 1.013 1.01(1) 1.051 1.04(2)
3 1.023 1.02(1) 1.090 1.06(3)
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5.2.3. Probability Distribution of Correlation Functions

In Ref. 19, Ludwig presented a remarkable discussion of the spin–spin cor-
relation function probability distribution. The relevant information on the
large-distance behaviour is encoded in the multiscaling function H(α),r

which is the Legendre transform of the set of independent scaling indices
X ′

σp(q). Setting dX ′
σp(q) = αdp, this function is simply obtained by

H(α) = X ′
σp(q)− αp.

The geometrical interpretation of this Legendre transform follows from the
relation ∂H/∂α = −p where α is defined by ∂X ′

σp(q)/∂p = α. The scaling
dimension x′

σp(q) is obtained from the plot of H(α) by the intercept of the
tangent of slope −p with the abscissa. An example of a multiscaling func-
tion H(α) deduced from the numerical data with the bimodal probability
distribution is shown in Fig. 26.

In this section, we follow Ludwig’s arguments and report a numerical
study of the correlation function probability distribution in the cylinder
geometry.

According to the results of the previous section, the moments of the
spin–spin correlation function along the strip behave asymptotically as
follows:

Gp(u) ≡ 〈σ(0)σ(u)〉p ∼ Bp exp
(
−2πu

L
X ′

σp

)
(50)

and are defined in terms of the probability distribution P[G(u)]:

Gp(u) =
∫ 1

0
dG(u) P[G(u)]Gp(u). (51)

Following Ludwig, we introduce the variable Y (u) = − lnG(u) and write
Gp(u) = e−pY (u). Using the identity P[G(u)]dG = P[Y (u)]dY and Eqs. (50)
and (51), we obtain∫ ∞

0
dY (u) P[Y (u)]e−pY (u) ∼ Bp exp

(
−2πu

L
X ′

σp

)
which leads to the expression of the probability distribution by inverting
the Laplace transform (δ > 0):

P[Y (u)] =
1

2iπ
lim
δ→0

∫ δ+i∞

δ−i∞
dp Bp exp

[
−2πu

L

(
X ′

σp − Y (u)
2πu/L

p

)]
.

rIn the context of multifractality, this function is usually denoted as −f(α).
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Fig. 26. Fitting the probability distribution of the spin–spin correlation function to get
a collapse onto a universal multiscaling function (four different values of u are shown for
a given strip width).

The amplitude Bp is assumed to be smoothly dependent on p (this can be
checked numerically), and its dependence can be ignored with respect to
the exponential, since it only introduces a correction when 2πu/L → ∞.
Let us define the function h(p) = X ′

σp − Y (u)
2πu/Lp. In the large-distance

limit 2πu/L → ∞, the integral can be evaluated by the saddle-point
approximation at the minimum p0 of h(p):(

∂

∂p
X ′

σp

)
p0

=
Y (u)

2πu/L
.

Instead of Y (u), we define the scaled variable α = Y (u)
2πu/L , and the saddle

point value at p0 only depends on this variable h(p0) = H(α). We thus
obtain the probability distribution

P[Y (u)] ∼ exp
[
−2πu

L
H

(
Y (u)

2πu/L

)]
, (52)
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or, using P[Y (u)] dY = P(α)dα,

P(α) ∼ 2πu

L
exp

[
−2πu

L
H(α)

]
. (53)

The multiscaling function contains the essential information on the
probability distribution. A correction to the leading behaviour given by
the saddle-point approximation is needed here to improve the data col-
lapse onto a single multiscaling function. If we expand the function h(p)
close to p0, h(p) � H(α) + 1

2h′′(p0)(p − p0)2, with h′′(p0) > 0 we obtain,
instead of Eq. (52), the following result for the probability distribution
P[Y (u)]:110–112

P[Y (u)] ∼
(

2πu

L

)−1/2

exp
[
−2πu

L
H

(
Y (u)

2πu/L

)]
(54)

and a correction appears in P(α),

P(α) ∼
(

2πu

L

)1/2

exp
[
−2πu

L
H(α)

]
, (55)

which enables one to extract H(α) at fixed α by fitting the probability
distribution to the expression

lnP(α)− 1
2

ln
2πu

L
= const− 2πu

L
H(α). (56)

This is shown in Fig. 26 where the probability distribution of the spin–spin
correlation function was obtained after collecting the results over 96 000
disorder realizations in 50 classes.46 All the data collapse onto a single
multiscaling function H(α) for different distances u and this is even the
case, while still retaining good accuracy for different strip widths or different
probability distributions.46,48

6. Conclusion and Summary of the Main Results

The two-dimensional Potts model is the ideal framework to test the influ-
ence of quenched randomness on phase transitions and critical behaviour. It
exhibits a second-order phase transition completely characterised by confor-
mal invariance when the number of states per spin is lower than or equal to
4, and a first-order transition above 4. The transition line is known exactly,
and it is easy to construct, in the random case, probability distributions of
coupling strengths which preserve the self-duality relation.
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With respect to these advantages, many results concerning the effect of
a weak disorder were obtained during the last decade using perturbation
expansions around the pure fixed point. Different solutions were considered,
first replica-symmetric solutions where the symmetry between all the repli-
cas is supposed to be preserved in the renormalization equations, then the
case of a spontaneous breaking of the replica symmetry was also studied
perturbatively.

Numerical studies have also been performed from different viewpoints.
First of all, Monte Carlo simulations coupled to finite-size scaling analysis;
subsequently transfer matrices and sophisticated graph and loop algorithms
coupled to extensive use of conformal mappings in order to extract the
values of the critical exponents with fairly good accuracy. All the results
were in fair agreement with the perturbative expansions close to the Ising
model limit and concluded in favour of replica symmetric scenarios. The
multiscaling properties of the order parameter and energy density were
also analysed, and a characterisation of the probability distributions of the
correlation functions was made in terms of universal multiscaling functions.
The regime q > 4 where the pure model exhibits a first-order transition has
also been extensively studied, but has not displayed any particular features
compared to the regime q ≤ 4 in the presence of quenched randomness.

The most important question which remains open up to now is the iden-
tification of the conformal field theories which could describe the random
fixed point. This is a delicate program, since in the replica limit of coupled
models, the theory is not unitary (with a central charge which evolves con-
tinuously with the value of q). We may hope for some progress in this direc-
tion for the near future, which would undoubtedly lead to a considerable
contribution to the understanding of two-dimensional disordered systems.
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CHAPTER 5

SCALING OF MIKTOARM STAR POLYMERS

Christian von Ferber
Theoretical Polymer Physics, Freiburg University,

79104 Freiburg, Germany
E-mail: ferber@physik.uni-freiburg.de

We review results on the scaling properties of star polymers built from
chains of different species, so called miktoarm star polymers. The method
covered in this review is primarily the field theoretical renormaliza-
tion group analysis. The results of this approach are compared with
computer simulation and, for their extrapolation to two-dimensional sit-
uations, with exact results derived from conformal invariance, Coulomb
gas methods and most recently from a mapping between flat and fluctu-
ating geometries (quantum gravity). As examples of the application of
the theory we present the calculation of interactions of star polymers in
solution, i.e. effective pair and triplet forces, as well as the derivation of
the multifractal properties of Brownian motion near absorbing polymeric
structures.

1. Introduction

This lecture seems at first sight odd as part of a collection concerning
spins, electrons, Ising and Potts models which primarily describe physical
phenomena observed in metals and alloys. However, the success of the Ising
model and related spin models is due to the fact that the critical behaviour
of a physical system at a phase transition that can be described in terms of
such a model, will be universal in the sense that it does not depend on the
values of the specific microscopic parameters. Rather, the classification into
universality classes is related to the symmetries of the system. Consequently
the applicability of the Ising model is not restricted to a (magnetic) spin
system but equally describes a gas of interacting particles in terms of lattice
gas theory. For this the spin values are interpreted as flags for the occupation
of a given site.

201



February 9, 2004 11:1 Master File for Review Volume Chap05

202 Order, Disorder, and Criticality

In polymer science the power law and scaling behaviour of observables
has long been known and treated by scaling arguments following the ideas
of Flory.1 As an example, the radius of gyration of a polymer chain in a
good solution varies with the molecular weight or equivalently with the
number N of monomers like

Rg ∼ aNν , (1)

with an exponent ν that is independent of the nature of the polymer chain
and the solvent. The same behaviour on the other hand is observed for self-
avoiding walks on a lattice in computer simulations. Following the theory
developed by de Gennes2 and des Cloizeaux3 these excluded volume effects
may be treated using a classical field theory. The coils formed by poly-
mers in solution have radii R that are small in comparison with the size
L of the container but large compared to the atomic scale. The thermody-
namic limit of L→∞ with fixed concentration cp of chains and fixed chain
lengths N is thus well defined. The case of low monomer concentration
c = Ncp is well described by a model of self-avoiding walks. In the criti-
cal limit c → 0, N → ∞, this system with repulsive effective interactions
displays scale invariant properties which are governed by the renormal-
ization group. A large set of experimental observations can be explained
often quantitatively using the calculational tools of the field theory of crit-
ical phenomena.6 The renormalizability and consistency of the theory have
been proven by mapping the polymer system to the standard O(m) Landau–
Ginzburg model of the ferromagnetic phase transitions in the formal limit
of a zero component (m = 0) spin field. The above limit can be understood
in terms of the perturbation theory as a selection rule for the perturbative
contributions and their graphs. This brings us back to the theory of spins
that is in one way or another the topic of all contributions to this collection
of lectures.

As far as some simplifications result from the zero component limit and
many results may be confirmed by experiment, polymers have served as a
testing ground for field theory since the early seventies.4–6 The path integral
formulation7 allows for a direct interpretation of the paths as conformations
of random walks (RWs) and self-avoiding walks (SAWs). Closed paths in
this theory have a multiplicity of the number of components M of the
field. The formal limit m = 0 excludes these loops and yields the polymer
limit of field theory, that describes self and mutually interacting paths. The
field theoretical description of the scaling properties of polymer chains in
good solvents has been generalized to the case of multicomponent polymer
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solutions8–11 and linked polymers.12–16 The theory is also suited to describe
polymer networks of different species.17–22 Considerable interest focusses
on the relation of field theory and multifractals23–29 and the associated
multifractal dimension spectra,30–34 as well as non-intersecting random
walks, their 2D conformal theory35–41 and their rigorous mathematical
description.42,43

We review a model of multicomponent polymer networks that shows a
common core of these topics and allows for a detailed study of the interre-
lations in terms of a renormalizable field theory. While a multifractal spec-
trum may be derived from the scaling exponents of two mutually avoiding
stars of random walks,30 a description in terms of power-of-field operators
seems to be ruled out by stability considerations.23 Nevertheless, it has
been shown that already a simple product of two power-of-field operators
complies with two somewhat contradictory requirements.17,18 The concept
of polymer stars may be generalized by introducing a matrix of interac-
tions between all chains of a star-like arrangement of polymers. This way
the same formalism describes homogeneous polymer stars, stars of mutu-
ally avoiding walks (MAW), and the situation of two mutually interacting
stars. By studying these situations in two dimensions Duplantier40,44,45

deduced that while scaling dimensions are additive for mutually transpar-
ent objects in a flat geometry, they are also additive for mutually avoiding
objects in a fluctuating metric. Combining this with a relation between the
scaling dimensions in both geometries given by Knizhnik, Polyakov and
Zamolodchikov,46 an exact algebra results for the two-dimensional expo-
nents in all situations discussed above. We compare these and earlier exact
results with the 2D-extrapolation of perturbation theory.

The present review originates from a lecture presented during the 2002
Ising Lectures at the Institute for Condensed Matter Physics in Lviv.
It encompasses subjects and results previously published in particular
in collaborations of the present author with Yu. Holovatch,17,18,20,47,48

with L. Schäfer, B. Duplantier, and U. Lehr,49 as well as with A. Jusufi,
M. Watzlawek, C. N. Likos, and H. Löwen.50,51

1.1. Star Polymers and Polymer Networks

Polymers and polymer solutions are among the most intensively studied
objects in condensed matter physics.5 The behaviour of multicomponent
solutions containing polymers of different species is especially rich. Sys-
tems of chemically linked polymer chains of different species like block
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copolymers are of special experimental and technical interest. Linking the
polymer chains of different or even contradictory properties, like hydrophilic
and hydrophobic chains, one obtains systems with a qualitatively new
behaviour. Here, we concentrate on systems of chains in a solvent which,
in a given temperature range, differ in their respective steric interaction
properties. The theory of multicomponent polymer solutions8–11,52 is gen-
eralized for this purpose to solutions of copolymer networks, i.e. chains of
different species linked at their endpoints in the form of stars or networks
of any topology (see Figs. 1–3).

The scaling properties of solutions of polymer networks of a single
species have been studied extensively (for a review see Ref. 15). Star poly-
mers as the simplest polymer networks may be produced by linking together
the endpoints of polymer chains at some core molecule (Fig. 1). In the same
way more general networks of a given topology are formed (Fig. 2). Ran-
domly linked polymer networks on the other hand are obtained as a result of

r1

r0

r2

r3

rf

Fig. 1. Graph of a star polymer of f arms linked together at point r0 with extremities
placed at points r1 . . . rf .

Fig. 2. Graph of a polymer network G. It is characterized by the numbers nf of f -leg
vertices. Here n1 = 3, n3 = 2, n4 = 1, n5 = 1.
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(a) (b)

1

1

2

2

fa

fb

Fig. 3. (a) A block copolymer consisting of two polymer chains of different species
(shown by solid and dashed curves) linked at their endpoints. (b) A miktoarm
(co-)polymer star consisting of fa arms of species a and fb arms of species b tied together
at their endpoints.

a vulcanization process by randomly linking nearby monomers of different
chains to each other.

The asymptotic properties of homogeneous systems of linear chain mole-
cules in solution are universal in the limit of long chains. A polymer solution
usually exibits a so-called Θ temperature at which the two-point attrac-
tive and repulsive interactions between the different monomers compensate
each other. Below this temperature the polymers collapse and precipitation
occurs. Exactly at the Θ point the polymer chains may be described by
random walks (up to higher-order corrections): the mean square distance
between the chain endpoints 〈R2〉 scales with the number of monomers N

like 〈R2〉 ∼ N . Above the Θ temperature one finds the “good solvent”
regime where the effective interaction between the monomers is repul-
sive resulting in a swelling of the polymer coil which is universal in the
asymptotics:

〈R2〉 ∼ N2ν for N →∞ with ν(d = 3) ≈ 0.588, (2)

d being the dimension of space. The number of configurations Z of a
polymer chain of N monomers scales with N like

Z ∼ eµNNγ−1, (3)

with a non-universal fugacity eµ. In the early 70-ies following the work of
de Gennes2 the analogy between the asymptotic properties of long polymer
chains and the long-distance correlations of a magnetic system in the vicin-
ity of the 2nd order phase transition was recognized and elaborated in detail
(see Refs. 4 and 5). This mapping allows us to obtain the above defined
exponents ν and γ as m → 0 limits of the correlation length exponent ν
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and the magnetic susceptibility critical exponent γ of the O(m)-symmetric
model.

On the other hand, if polymers of different species are present in the
same solution, the scaling behaviour of the observables may be much richer.
Let us consider a solution of two different species of polymers in some sol-
vent, a so-called ternary polymer solution. Depending on the temperature
the system may then behave as if one or more of the inter- and intra-chain
interactions vanished in the sense described above.8–11,52 This will lead to
asymptotic scaling laws that differ from those observed for each species
alone.53

Very interesting new systems are obtained when linking together poly-
mers of different species. The simplest system of this kind is a so-called
block copolymer consisting of two parts of different species. These are of
some technical importance, e.g., in serving as surfactants.54 In our context
in the simplest example of a polymer star consists of chains of two different
species (Fig. 3a) which is often referred to as a miktoarm or hetero-arm
star polymer or copolymer star.55–57 For the homogeneous polymer star
in a good solvent the asymptotic properties are uniquely defined by the
number of its constituting chains and the dimension of space.12,15 For the
number of configurations Zf of a polymer star of f chains each consisting
of N monomers one finds:

Zf ∼ eµNfNγf −1, N →∞. (4)

The exponents γf , f = 1, 2, 3, . . . constitute a family of star exponents,
which depends on the number of arms f in a nontrivial way. The case of
linear polymer chains is included in this family with the exponent γ = γ1 =
γ2 defined in (3). For general numbers of arms f the star exponents γf have
no physical counterparts in the set of exponents describing magnetic phase
transitions. Nevertheless they can be related to the scaling dimensions of
composite operators of traceless symmetry in the polymer limit m → 0
of the O(m) symmetric m vector model.49,58 These exponents have been
calculated analytically in perturbation theory,12,16,49,59 by exact methods
in two dimensions,12,14 and by Monte Carlo (MC) simulations.60–62

It has been shown that the scaling properties of polymer networks of
arbitrary but fixed topology are uniquely defined by its constituting stars,15

as long as the statistical ensemble respects some conditions on chain length
distribution.49 Thus the knowledge of the set of star exponents allows one
to obtain the power laws corresponding to (4) also for a general polymer
network of arbitrary topology.
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1.2. Miktoarm Star Polymers and Multifractal Spectra

In this review we also address the following somewhat more complex prob-
lem: what happens to the scaling laws if we build a polymer star or general
network of chains out of different species? In view of the above introduced
ternary solutions, one may thus study systems of polymer networks in which
some of the intra- and inter-chain interactions vanish. For example, one may
describe a copolymer star in solution consisting of say fa chains of species
a and fb chains of species b (see Fig. 3b) in the case that there are no
interactions among the chains of each individual species but only between
chains of different species a and b. This situation in turn may also be inter-
preted as a number fb of random walks which end at the core of a star of
fa chains with the constraint that the fb random walks avoid the chains
of the star. One may thus describe diffusion phenomena with some com-
plicated boundary condition and find a special case of the more complex
growth phenomena in a Laplacian field which gives rise to a multifractal
(MF) spectrum of exponents.18,30 The concept of multifractality developed
in the last decades has proven to be a powerful tool for analyzing systems
with complex statistics which otherwise appear to be intractable.63,64 It
has found direct application in a wide range of fields including turbulence,
chaotic attractors, Laplacian growth phenomena, etc.25,64–70

Let us give a simple example of a MF phenomenon. On a possibly fractal
set X ⊂ R

d of total size R a field ϕ(r) is given at a microscopic scale �.
Then the normalized moments of this field may have a power law scaling
behaviour for �/R → 0:

〈ϕ(r)n〉/〈ϕ(r)〉n ∼ (R/�)−τn . (5)

Nontrivial MF scaling is found if τn �= 0. When the moments are averages
over the sites of X, ϕ(r) defines a measure on X and rigorous arguments
show that the τn are convex from below as functions of n.23,72 In a model
formulated by Cates and Witten30,73 the above fractal set is given by a
polymer which is thought to be absorbing otherwise freely diffusing parti-
cles. The flux of particles on the polymer defines a field at each site which
turns out to have multifractal properties. This idea may be generalized by
deriving the corresponding MF spectrum in the framework of a field theoret-
ical formalism, and by making use of renormalization group (RG) methods
accompanied by the resummation technique. The MF spectrum is related
to the spectrum of scaling dimensions of a family of composite operators
of Lagrangian φ4 field theory. This gives an example of the power-of-field
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operators of which the scaling dimensions show the appropriate convexity
for a MF spectrum.17,18,23

This addresses a special case of a growth process controlled by a
Laplacian field. A variety of phenomena is described by this situation
depending on the interpretation of the field. For diffusion limited aggre-
gation (DLA) this field is given by the concentration of diffusing particles,
in solidification processes it is given by the temperature field, in dielectric
breakdown it is the electric potential, in viscous finger formation it is the
pressure.69,70 In all these processes the resulting structure appears to be of
fractal nature and is characterized by appropriate fractal dimensions.74 The
growth and spatial correlations of the structure are governed by spectra of
multifractal dimensions.63,64 In general, the boundary conditions determin-
ing the field will be given on the surface of the growing aggregate itself. It
is this dynamic coupling that produces the rich structure of the phenomena
and seems to make the general dynamical problem intractable analytically.
The scaling of the moments of the concentration near the surface of a DLA
aggregate has been investigated in detail by MC methods. Simulations with
high accuracy show that in d = 3 dimensions this scaling is described by
the MF formalism while in d = 2 no power law scaling for higher moments
occurs.75–78

The situation is simpler when the absorbing fractal structure is fixed,
in which case one looks for the distribution of the Laplacian field ρ(r) and
its higher moments near the surface of the structure.20,30,73 Following the
diffusion picture, the aggregate is considered as an absorbing fractal, “the
absorber”. The field ρ(r) gives the concentration of diffusing particles, it
vanishes on the surface of the absorber, and it defines the harmonic mea-
sure of absorbtion on the absorber. More specifically, we may consider the
Laplacian field ρ(r) in the vicinity of an absorbing polymer, or near the core
of a polymer star. Specifically, the ensembles of absorbers are characterized
by either RW or SAW statistics. MF scaling is found for the n-moments
〈ρn(r)〉 of the field with respect to these ensembles. The two-dimensional
version of this problem is under current discussion. Sets of multifractal
exponents for d = 2 have been proposed recently with exact results from
conformal field theory on random graphs40,44 and with results extrapolated
to 2D from the perturbative renormalization group approach.18,20,48

The formulation in terms of polymers and random walks allows one
to use the polymer picture and theory developed for polymer networks
and stars12,15,16,49 together with the extension for copolymer stars.17,18

The theory is then mapped to a Lagrangian φ4 field theory with several
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couplings10,11,53 and higher-order composite operators18,20,49 that describe
the star vertices.

1.3. Interactions of Star Polymers

Star polymers79 have also attracted interest in their quality as very soft
colloidal particles.80–84 As the number f of chains increases, they inter-
polate between linear polymers and polymeric micelles.79,80,85 For large f ,
the effective repulsion between the cores of different polymer stars becomes
strong enough to allow for crystalline ordering in a concentrated star poly-
mer solution. While such a behaviour has already been predicted by early
scaling arguments,86,87 corresponding experiments with sufficiently dense
star solutions have become feasible only recently. The crystallization tran-
sition occurs roughly at the overlap concentration c∗ which is the number
density of stars where their coronae start to touch experiencing the mutual
repulsion. It is defined as c∗ = 1/(2Rg)3 where Rg, the radius of gyration,
is the root mean square distance of the monomers from the center of mass
of a single star. In addition, theory and computer simulation have refined
the original estimate86,87 for the number of chains f necessary for a freez-
ing transition from f ∼ 100 to f ∼ 34, and they have predicted a rich
phase diagram including stable anisotropic and diamond solid structures
at high densities and high arm numbers.83 These results were found using
an effective pair potential between stars with a logarithmic short distance
behaviour derived from scaling theory.

The effective pair and triplet interactions of star polymers in a good sol-
vent may be derived using an analytical short-distance expansion inspired
by scaling theory. These compare well with computer simulations50,51,84 for
different arm numbers f . The simulation data show good correspondence
with the theoretical predictions and justify the effective pair potential pic-
ture even beyond the star polymer overlap concentration. Triplet forces,
i.e. three-star forces, not forces between monomers, become relevant with
respect to the pairwise forces if the typical separations between the particles
are smaller than this typical length scale �. This implies a triple overlap of
particle coronae drawn as spheres of diameter � around the particle centers.
The triple overlap volume is an estimate for the magnitude of the triplet
forces. Hence a three-particle configuration on an equilateral triangle is the
configuration where triplet effects should be most pronounced.

In Ref. 50 a set-up of three-star polymers of which the centers are on
an equilateral triangle was considered. It was found that the triplet part
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is attractive but its relative contribution is small (11%) with respect to
the repulsive pairwise part. This relative correction is universal, i.e., it is
independent of the particle separation and of the arm number. It even per-
sists for a collinear configuration of three-star polymers where the absolute
correction is smaller than in the triangular situation for the same star–star
distance. Consequently, the validity of the effective pair potential model
appears to be justified even at densities above the overlap concentration.
In particular, this result gives evidence that the anisotropic and diamond
solids predicted by the pair theory83 may indeed be realizable in actual
samples of concentrated star polymer solutions.

1.4. Comparison with Exact Results in 2D

Polymer field theory usually has to be evaluated in terms of a theory of a
truncated perturbation series. Obviously, it is always of special importance
to compare these with the exact results if such exist. As a rule they are
available for d = 1, 2. For the critical exponents that describe the scaling of
homogeneous polymer chains and star polymers (or, more generally, homo-
geneous polymer networks) the perturbative approach12,15,16,49 is in fair
agreement with the exact data for d = 2.12–14 For the heterogeneous case
however, only perturbative results17,18,20–22 were available until recently.
An exact solution for scaling exponents has since been proposed that uses
methods of conformal invariance on random graphs.40,41 A rigorous mathe-
matical treatment of the problem supporting this approach has been given
in which a number of these exact results are proven with mathematical
rigor.42 A comparative analysis of the properties of the perturbative solu-
tion and of these exact results complemented by computer simulation data
have been presented.48 This shows the areas where the approaches agree
and explains why they differ in general. In this respect some of the specula-
tive results of Ref. 40 derived from the algebra of conformal dimensions for
copolymer stars on 2D random graphs (quantum gravity) are confirmed.

2. Miktoarm Star Polymers

2.1. Model and Notations

Let us first take a look at the model used to describe polymers. In a first
discrete version we will describe a configuration of the polymer by a set of
positions of segment endpoints:

Configuration{r1, . . . , rN} ∈ IRd×N .
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Its statistical weight (Boltzmann factor) in terms of the Hamiltonian H
divided by the product of the Boltzmann constant kB and temperature T

is given by

exp
(
− 1

kBT
H
)

= exp

− 1
4�20

N∑
j=2

(rj − rj−1)2 − β�d
0

N∑
i 	=j=1

δd(ri − rj)

 .

(6)
The first term describes the chain connectivity, the parameter �0 governing
the mean segment length. The second term describes the excluded volume
interaction forbidding two segment end points to take the same position
in space. The parameter β gives the strength of this interaction. The third
parameter in this model is the chain length or number of segments N .

The partition sum Z1 is calculated as an integral over all configurations
of the polymer divided by the system volume Ω, thus dividing out identical
configurations just translated in space:

Z1(N) =
1
Ω

∫ N∏
i=1

dri exp
(
− 1

kBT
H{ri}

)
. (7)

The partition sum can be interpreted as giving the “number of configura-
tions” of the polymer (3). The polymer model is mapped to a renormalizable
field theory making use of well developed formalisms (see, e.g., Refs. 4
and 5). To this end, a continuous version of the model was proposed by
Edwards.88,89 This model is generalized to describe a set of f polymer
chains of varying composition possibly tied together at their endpoints.
The configuration of one polymer in this formulation is then given by a
path ra(s) in d-dimensional space IRd parameterized by a surface variable
0 ≤ s ≤ Sa. The relation of the “Gaussian surface” Sa of the chain a to
the number of segments Na in the discrete model is Sa = Na�20. Allowing
for a symmetric matrix of excluded volume interactions uab between chains
a, b = 1, . . . , f , the Hamiltonian H reads

1
kBT

H(ra) =
f∑

a=1

∫ Sa

0
ds

(
dra(s)

ds

)2

+
1
6

f∑
a,b=1

uab

∫
ddrρa(r)ρb(r), (8)

with densities ρa(r) =
∫ Sa

0 ds δd(r−ra(s)). The partition sum is calculated
as a functional integral:

Zf{Sa} =
1
Ω

∫
D[ra(s)] exp

(
− 1

kBT
H(ra)

)
. (9)
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Here, the symbol D[ra(s)] includes normalization such that Zf{Sa} = 1 in
the absence of all interactions, i.e. if all uab = 0. Let us note here that the
continuous chains may be understood as a limit of discrete self-avoiding
walks, when the length of each step is decreasing while the number of steps
Na is increasing keeping the Gaussian surface Sa of each path fixed:

Sa = Na�20. (10)

The continuous chain model (8) is mapped to a corresponding polymer
(Ginzburg–Landau) field theory by a Laplace transform in the Gaussian
surfaces Sa to conjugate chemical potentials (“mass variables”) µa

Z̃f{µa} =
∫ ∞

0

∏
b

dSb e−µbSbZf{Sa}. (11)

Here, the Laplace-transformed partition function Z̃f{µa} can be expressed
as the m = 0 limit of the functional integral over the vector fields φa, a =
1, . . . , f each with m components φα

a , α = 1, . . . , m

Z̃f{µb} =
1
Ω

∫
D[φa(r)] exp[−L{φb, µb}] |m=0, (12)

where the Landau–Ginzburg–Wilson Lagrangean L of f interacting fields
φb each with m components reads

L{φb, µb} =
1
2

f∑
a=1

∫
ddr [µaφ2

a + (∇φa(r))2]

+
1
4!

f∑
a,a′=1

ua,a′

∫
ddr φ2

a(r)φ2
a′(r). (13)

Here

φ2
a =

m∑
α=1

(φα
a )2. (14)

The limit m = 0 in (12) can be understood as a selection rule for the
diagrams that appear in the perturbation theory expansions and can be
checked diagrammatically. A rigorous proof based on the application of the
Stratonovich–Hubbard transformation to linearize terms in (8) is given for
the multicomponent case in Ref. 53.
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The one-particle irreducible vertex function Γ(L)(qi) can be defined by

δ
(∑

qi

)
Γ(L)(qi) =

∫
eiqiri dr1 · · · drL 〈φa1(r1) · · ·φaL

(rL)〉L1PI . (15)

The averaging in (15) is done with respect to the Lagrangean (13)
while keeping only those contributions which correspond to one-particle
irreducible graphs.

The partition function Z∗f{Sa} of a polymer star consisting of f poly-
mers of different species 1, . . . , f constrained to have a common end point
is obtained from (9) by introducing an appropriate product of δ-functions
ensuring the “star-like” structure. It reads

Z∗f{Sa} =
1
Ω

∫
D[ra]

× exp

− f∑
a=1

∫ Sa

0
ds

(
d�ra(s)

ds

)2

− 1
6

f∑
a,b=1

uab

∫
ddr ρa(�r)ρb(�r)


×

f∏
a=2

δd(�ra(0)− �r1(0)). (16)

The vertex part of its Laplace transform may then be defined49 by

δ
(
p +

∑
qi

)
Γ(∗f)

a1···af (p, q1 · · · qf )

=
∫

ei(pr0+qiri)ddr0d
dr1 · · · ddrf

×〈φa1(r0) · · ·φaf
(r0)φa1(r1) · · ·φaf

(rf )〉L1PI , (17)

where all a1, . . . af are distinct. Here, the local operator product or compos-
ite operator

∏
i φai

(r0) that is inserted to define the vertex function governs
the anomalous scaling behaviour. When only species a is present one may
also define Γ∗f in terms of

δ
(
p +

∑
qi

)
Γ(∗f)(q, p1 · · · pf )

=
∫

ei(qr0+piri)ddr0d
dr1 · · · ddrf

×〈Nα1···αf φα1
a (r0) · · ·φαf

a (r0)φα1
a (r1) · · ·φαf

a (rf )〉L1PI , (18)

where α is the index of the field component and the tensor Nα1,...,αf has
traceless symmetry49,58 ∑

α

Nααα3···αf = 0. (19)
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In what follows our interest is mainly focussed on the case when only
two species of polymers are present, with interactions u11, u22 between
polymers of the same species and u12 = u21 between polymers of different
species. Thus, let us elaborate the results for the case of a ternary polymer
solution. In terms of the scaling behaviour this situation is the generic case
and easily generalized to the case of higher numbers of polymer species by
appropriate combinatorics; as a special case of such a situation we treat a
star of f mutually avoiding (but internally transparent) walks. Let us list
here the expressions to the third order for those vertex functions that enter
the theory. They involve the loop integrals IL

k , JL
k which are given in Table 1

and in Fig. 4 showing the correspondence to the graphs of perturbation
theory. The bare Gamma functions read53

∂

∂k2 Γ(2)
(aa) = 1− 1

9
J2

1u2
aa +

4
27

J3
1u3

aa, a = 1, 2, (20)

Γ(4)
(aaaa) = uaa − 4

3
I1
1u2

aa +
(

5
9
I2
1 +

22
9

I2
2

)
u3

aa

−
(

2
9
I3
1 +

28
27

I3
2 +

8
27

I3
3 +

40
9

I3
7 +

58
27

I3
5 +

14
27

I3
8 +

22
27

I3
4

)
u4

aa,

a = 1, 2. (21)

The bare vertex function for the star vertex of a miktoarm star reads18

Γ(∗f) = 1 +
1
2
I1
1 ūa1a2 +

1
8
I2
1 ūa1a2 ūa3a4 + ūa1a2 ūa1a3I

2
2 + ūa1a1 ūa1a2I

2
2

+
1
2
(I2

2 + I2
1 )ū2

a1a2
+

1
48

I3
1 ūa1a2 ūa3a4 ūa5a6

+
1
2
ūa1a2 ūa1a3 ūa4a5I

3
2 + ūa1a2 ūa1a3 ūa3a4I

3
7

+
1
2
(I3

5 + I3
8 )ūa1a2 ūa1a3 ūa2a4 + ūa1a2 ūa1a3 ūa1a4I

3
7

+
1
3
(3 I3

7 + I3
4 )ūa1a2 ūa1a3 ūa2a3 +

1
4
(I3

2 + I3
1 )ū2

a1a2
ūa3a4

+
(
I3
2 + 2I3

7 + 2I3
5 + I3

4
)
ū2

a1a2
ūa1a3 +

(
I3
3 + 3I3

7 + I3
5
)
ū2

a1a1
ūa1a2

+
1
2
(I3

2 + 2 I3
7 + I3

5 + I3
8 + I3

1 )ū3
a1a2

+
1
2
ūa1a1 ūa1a2 ūa3a4I

3
2

+
(
I3
7 + I3

5
)
ūa1a1 ūa1a2 ūa2a3 +

(
I3
7 + I3

5 + I3
4
)
ūa1a1 ūa1a2 ūa1a3

+
1
2
ūa1a1 ūa1a2 ūa2a2I

3
5 +

(
I3
2 + 4I3

7 + I3
8
)
ūa1a1 ū

2
a1a2

. (22)
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Table 1. Expansion in ε-poles of
integrals contributing to Γ(4) and
(∂/∂k2)Γ(2)(k), and Γ(∗f)

I1
1 (1/ε)(1 + 1

2 ε + 1
2 ε2)

I2
1 (I1

1 )2

I2
2 (1/2ε2)(1 + 3

2 ε + 5
2 ε2 − 1

2Jε2)

I3
1 (I1

1 )3

I3
2 I1

1 I2
2

I3
3 −(1/24ε2)(1 + 15

4 ε)

I3
4

ζ(3)
2ε

I3
5 (1/3ε3)(1 + 5

2 ε + 23
4 ε2 − 3

2Jε2)

I3
6 I3

5

I3
7 (1/6ε3)(1 + 3ε + 31

4 ε2 − 3
2Jε2)

I3
8 (1/3ε3)(1 + 2ε + 13

4 ε2)

J2
1 −(1/8ε)(1 + 5

4 ε)

J3
1 −(1/6ε2)(1 + 2ε)

J
2
1 J

3
1 I

1
1 I

2
1 I

2
2

I
3
1 I

3
2 I

3
3 I

3
4 I

3
5

I
3
6 I

3
7 I

3
8 I

3
1 I

3
2

Fig. 4. Graphs of contributions to Γ(2), Γ(4) in three-loop approximation. The last two
graphs represent additional contributions to Γ(∗f).

Here, summation over ai = 1 · · · f is assumed. For a star of f1 chains of
species 1 and f2 chains of species 2 the matrix of interactions ūab is given by

ūf1f2
ab =


u11/3 if 1 ≤ a, b ≤ f1,

u22/3 if f1 < a, b ≤ f,

u12/3 else.
(23)
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Let us define

Γ(∗f1f2) = Γ(∗f)|
ūab=ū

f1f2
ab

. (24)

For general f1 and f2, the corresponding combinatorics may also be
directly calculated by summation over ai = 1, 2 instead. Replacing ū by u,
each term in the sum with indices a1 · · · ak then acquires a factor(

f1

N1

)(
f2

N2

)
N1!N2!. (25)

Here N1 =
∑

k δ1,ak
is the number of ak = 1 whereas N2 =

∑
k δ2,ak

is the
number of ak = 2.

As a special case we may derive the vertex function Γ(4)
1122 for the u12

interaction using the relation Γ(∗22) = (∂/∂u12)Γ
(4)
1122 which is obvious from

the perturbation theory (see, e.g., Ref. 53),

Γ(4)
1122 =

∫
du12 Γ(∗22). (26)

With the same formalism we can also describe a star of f mutually avoiding
walks.35,36 In this case all interactions on the same chain ūaa vanish and
only those ūab with a �= b remain,

Γ(∗f)
MAW = Γ(∗f)|ūab=(1−δab)u12 . (27)

Here, each term with indices a1 · · · ak acquires a factor
(
f
k

)
k!.

As well known, ultraviolet divergences occur when the vertex functions
(20)–(22) are evaluated naively.90 In the next section the field theoretical
renormalization group approach is to be applied to study this problem.

2.2. Renormalization

Renormalization group (RG) theory is employed to utilize the scaling sym-
metry of the systems in the asymptotic limit, in order to extract the
universal content and at the same time remove divergences which occur for
the evaluation of the bare functions in this limit.90–92 One passes from the
theory in terms of the initial bare variables to a renormalized theory. This
can be achieved by a controlled rearrangement of the series for the vertex
functions. Several asymptotically equivalent procedures serve for this pur-
pose. In our presentation of the renormalization procedure we here restrict
ourselves to the zero mass renormalization (see, e.g., Ref. 91) with succes-
sive ε-expansion.93 When presenting numerical results for the exponents
we will nevertheless compare them with those of the fixed dimension RG
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approach.94 In the present context both approaches have been exploited in
Refs. 18, 20 and 47. The zero mass renormalization is defined directly for
the critical point but has to make use of the ε = 4 − d expansion in order
to give results for critical exponents at the physically interesting dimen-
sions d = 2 and d = 3.93,95–97 The fixed dimension approach renormalizes
for nonzero mass and leads to results98,99 for critical exponents directly
in space dimensions d = 2 and d = 3. However, it cannot be performed
at the critical point itself, although it leads to quantitative results for the
preasymptotic critical behaviour.100,101 Most authors tend to prefer one
method and to exclude the other for non-obvious reasons. Having at hand
the results of both approaches allows for a check of the consistency of the
approximations and the accuracy of the results obtained.

Let us formulate the relations to obtain a renormalized theory in terms
of corresponding renormalization conditions. Note that the polymer limit
of zero component fields leads to an essential simplification. Each field φa,
mass ma and coupling uaa renormalizes as if the other fields were absent,
in so far as any coupling terms are only present for non-zero numbers of
the field components. Renormalized couplings gab may be introduced by

uaa = µεZ2
φa

Zaagaa, a = 1, 2, (28)

u12 = µεZφ1Zφ2Z12g12. (29)

Here, µ is a scale parameter giving the scale of external momenta in the
massless scheme. The renormalization factors Zφa , Zab are defined as power
series in the renormalized coupling which fulfill the following RG conditions:

Zφa
(gaa)

∂

∂k2 Γ(2)
aa (uaa(gaa)) = 1, (30)

Zaa(gaa)Γ(4)
aaaa(uaa(gaa)) = µεgaa, (31)

Z12(gab)Γ
(4)
1122(uab(gab)) = µεg12. (32)

Evaluating these formulas perturbatively, the corresponding loop integrals
are evaluated in the massless approach for external momenta at the scale
of µ. The RG condition for the vertex function Γ(2) reads for massless
renormalization

Γ(2)
aa (uaa(gaa))|k2=µ2 = 0, a = 1, 2. (33)

In order to renormalize the (dimensionless) star vertex functions we
introduce renormalization factors Z∗f1,f2 by

Z
f1/2
φ1

Z
f2/2
φ2

Z∗f1,f2Γ
(∗f1f2)(uab(gab)) = 1. (34)
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In the same way we define the appropriate renormalization of the mutually
avoiding walks (MAWs) vertex function

Z
f/2
φ1

Z(MAWf)Γ
∗f
MAW(u12(gab)) = 1. (35)

The renormalized couplings gab defined by the relations (28) and (29)
depend on the scale parameter µ. By their dependence on gab also the renor-
malization Z factors depend implicitly on µ. This dependence is expressed
by the renormalization group functions defined by the following relations:

µ
d

dµ
gab = βab(ga′b′), (36)

µ
d

dµ
lnZφa

= ηφa
(gaa), (37)

µ
d

dµ
lnZ∗f1f2 = η∗f1f2(gab), (38)

µ
d

dµ
lnZMAWf = ηMAW

f (gab). (39)

The function ηφa
describes the pair correlation critical exponent, while the

functions η∗f1f2 and ηMAW
f (gab) define the set of anomalous dimensions for

copolymer stars and stars of MAWs. Explicit expressions for the β and η

functions are given in the next section together with a study of the RG flow
and the fixed points of the theory.

2.3. Renormalization Group Flow and the Fixed Points

We now discuss the RG flow of the theory. In particular we want to
find appropriate representations for the fixed points of the flow for both
approaches used here. In a study devoted to ternary polymer solutions the
RG flow was calculated53 in the frames of massless renormalization and
given to third loop order in the ε-expansion. Note that for the diagonal
coupling gaa the corresponding expressions are also found in the polymer
limit m = 0 of the O(m)-symmetrical φ4 model. They are known in even
higher orders of perturbation theory [see, e.g., formula (9.8) of Ref. 91]. To
third loop order the expressions read53

βε
gaa

= −εgaa +
1
3
(4 + 2ε + 2ε2)g2

aa −
1
9

(
21
2

+
215
8

ε− 11Jε

)
g3

aa

+
1
27

[79− 22J + 33ζ(3)]g4
aa + O(g5

aa), a = 1, 2. (40)
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βε
g12

= −εg12 +
1
3

(
1 +

1
2
ε +

1
2
ε2
)

(g11 + g22)g12 +
1
3
(2 + ε + ε2)g2

12

−1
9

(
5
4

+
55
16

ε− 3
2
Jε

)
(g2

11 + g2
22)g12

−1
9

(
3 +

15
2

ε− 3Jε

)
(g11 + g22)g2

12 −
1
9
(2 + 5ε− 2Jε)g3

12

+
1
54

(15− J)(g3
11 + g3

22)g12 +
1
27

[
27
2

+ 9ζ(3)− 6J

]
(g2

11 + g2
22)g

2
12

+
1
27

(7− 3J)g11g22g
2
12 +

1
27

[12 + 6ζ(3)− 2J ](g11 + g22)g3
12

+
1
27

[6 + 3ζ(3)− 2J ]g4
12 + O(g5). (41)

Here the Riemann ζ-function with ζ(3) ≈ 1.202 and the constant J ≈
0.7494 occur. The index ε at βε is used to indicate that the β-functions
are obtained in the massless renormalization scheme with successive
ε-expansion.

The equations for the fixed points {g∗
11, g

∗
22, g

∗
12} of the functions βε as

obtained in the massless renormalization,

βε
gaa

(g∗
aa) = 0, a = 1, 2; βε

g12
(g∗

11, g
∗
22, g

∗
12) = 0, (42)

have 8 different solutions, corresponding to the different cases of interacting
and non-interacting chains. In the case when the interaction between the
chains of different species is absent (g∗

12 = 0) one finds the following fixed
points: G0 (g∗

11 = 0, g∗
22 = 0), U0 (g∗

11 �= 0, g∗
22 = 0), U ′

0 (g∗
11 = 0, g∗

22 �= 0),
S0 (g∗

11 �= 0, g∗
22 �= 0).

It is clear from expressions (40) for the β-functions that the non-zero
solutions for g∗

11 and g∗
22 in (42) correspond to the fixed points describing

SAWs (zero solutions correspond to RWs). More interesting are the fixed
points corresponding to the case of mutually interacting chains (g∗

12 �= 0).
Keeping the notation of Ref. 53 they are: G (g∗

11 = 0, g∗
22 = 0), U (g∗

11 �=
0, g∗

22 = 0), U ′ (g∗
11 = 0, g∗

22 �= 0) and S (g∗
11 �= 0, g∗

22 �= 0). In the three-
dimensional space of the couplings g11, g22, g12 the above discussed fixed
points of the renormalization group flow show up in a corresponding flow
diagram at the corners of a cube deformed in the g12 direction (see Fig. 5).
Their ε-expansions are53

g∗
G =

3
2
ε−

[
J +

3
2
ζ(3)

]
3
8
ε3, (43)

g∗
U =

9
8
ε +

39
256

ε2 +
[

267
4096

− 693
1024

ζ(3)− 189
512

J

]
ε3, (44)
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U0

S

S0

U�0

U�

G

G0

U

g11

g22

g12

Fig. 5. Fixed points of the RG flow for ternary polymer systems. See text for discussion.

g∗
S =

3
4
ε +

15
128

ε2 +
[

111
2048

− 99
256

ζ(3)− 33
128

J

]
ε3. (45)

Expressions (43)–(45) give the fixed point values of ternary solutions in the
massless renormalization scheme and are used in the subsequent discussion.

Looking for the stability of the above described fixed points one finds
that only the fixed point S is stable and thus in the excluded volume limit
of infinitely long chains the behaviour of a system of two polymer species is
described by the same scaling laws as a solution of only one polymer species.
Nevertheless while studying polymer mixtures at different temperatures and
also taking into account that real polymer chains are not infinitely long, one
may also study crossover phenomena which are governed by the unstable
fixed points. The knowledge of the total flow allows for a description of the
crossover phenomena in the entire region.53

However, here we restrict the present discussion to the fixed point
behaviour and the properties of the star vertex functions at these fixed
points.

2.4. Results for the Exponents

For homogeneous stars of polymer chains of a single species, several sets
of star exponents have been defined, each describing either the scaling
properties of the configurational number [see Eq. (4)], or the anomalous
dimensions of star vertices, etc. Due to scaling relations these exponents
can be expressed in terms of each other.15 In this sense each set of star
exponents forms a complete basis. For the copolymer and MAW stars con-
sidered here we choose to present all results in terms of the exponents ηf1f2

and ηMAW
f given by fixed point values of the functions η∗f1f2(gab) (38) and



February 9, 2004 11:1 Master File for Review Volume Chap05

Scaling of Miktoarm Star Polymers 221

ηMAW
f (gab) (39). We denote the asymptotic values of the copolymer star

exponents and MAW star exponents by:

ηG
f1f2

= η∗f1f2(gab)|G, (46)

ηU
f1f2

= η∗f1f2(gab)|U = η∗f2f1(gab)|U ′ , (47)

ηS
f = ηU

f,0, (48)

ηMAW
f = ηMAW

f (gab)|G. (49)

In the case of the symmetric fixed point S where we reproduce the
results for homogeneous polymer stars49 we can relate the exponent ηS

f to
the configurational number star exponent γf introduced by (4),

γS
f − 1 = νηS

f + (ν(2− ηφ)− 1)f = ν(ηS
f − fηS

2 ). (50)

Note, that ηS
2 is not to be confused with ηφ. In the asymmetric case, when

one set of chains is self-avoiding and the other is not, the corresponding
exponents γf1f2 are not well defined. This can be seen from Eq. (50) as it
is not clear what should be the value of ν in the first term of its right hand
side. On the other hand, the scaling law of the number of configurations
on the basis of the number of monomers will also be ill-defined. The set
of SAWs will fill a much larger volume for the same number of monomers
than the non-self-avoiding walks. These two sets will not interact along the
full length of SAWs. In this case the exponent describes rather the power
law scaling of the partition function of a (miktoarm) copolymer star with
a common radius R of all arms (e.g. common end-to-end distance):

ZU
f1f2

(R) ∼ RηU
f1f2

−f1ηU
2,0 . (51)

In the same way the power law scaling of the partition function for two
mutually avoiding sets of f1 and f2 otherwise transparent RWs, as well as
for f mutually avoiding walks, may be written in terms of their common
radius R

ZG
f1f2

(R) ∼ RηG
f1f2 , (52)

ZMAW
f (R) ∼ RηMAW

f . (53)

In the case that some of the chains are much shorter than the others
with radii R1 � R2 a short chain expansion for polymer networks shows
that a power law scaling will prevail on the shorter scale with102

Z∗(R1 � R2) ∼ Rη∗−η̂∗
1 , (54)

where η̂∗ is the corresponding exponent of the polymer star with all short
chains removed i.e. on the scale R2.
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Now, from the expressions for the fixed points given in the previous
section and the relations (48) and (49) the series for the appropriate star
exponents can be derived. The ε-expansions of the exponents ηf1f2 read

ηG
f1f2

(ε) = −1
2
f1 f2ε +

1
8
f1 f2(f2 − 3 + f1)ε2

− 1
16

f1 f2(f2 − 3 + f1)(f1 + f2 + 3 ζ(3)− 3)ε3, (55)

ηU
f1f2

(ε) =
1
8
f1(1− f1 − 3f2)ε

+
1

256
f1(25− 33f1 + 8f1

2 − 91f2 + 42f1f2 + 18f2
2)ε2

+
1

4096
f1[577− 969f1 + 456f1

2 − 64f1
3 − 2463f2

+2290f1f2 − 492f1
2f2 + 1050f2

2 − 504f1f2
2 − 108f2

3

−712ζ(3) + 936f1ζ(3)− 224f1
2ζ(3) + 2652f2ζ(3)

−1188f1f2ζ(3)− 540f2
2ζ(3)]ε3, (56)

ηMAW
f (ε) = −1

4
(f − 1)f ε +

1
16

f (f − 1)(2f − 5)ε2

− 1
32

(f − 1)f [4f 2 − 20f + 8f ζ(3)− 19ζ(3) + 25]ε3. (57)

For the sake of completeness we give also the ε-expansions for the exponents
ν and ηφ that appear in relation (50)

ηφ(ε) =
1
64

ε2 +
17

1024
ε3, (58)

ν(ε) =
1
2

+
1
16

ε +
15
512

ε2 +
[

135
8192

− 33
1024

ζ(3)
]

ε3. (59)

2.5. Resummation

The series of the perturbation theory of the field theoretic RG scheme is not
convergent. The growth of the coefficients of perturbation theory series may
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be estimated using information such as the growth of the combinatorial mul-
tiplicity of diagrams. The series for the β function of the O(m) symmetric
φ4 model with one coupling g has the following asymptotic behaviour:103,104

β(g) =
∑

k

Akgk, (60)

Ak = ckb0(−a)kk![1 + O(1/k)], k →∞. (61)

The quantities a, b0, c were calculated in Refs. 103 and 105. Such a
behaviour is also expected and may be proven for the critical exponents as
series in terms of the coupling. These results also show the divergence of the
ε-expansions of the η-exponents and indicate their Borel summability.106

This procedure of resummation takes into account the asymptotic growth
of the coefficients and allows one to map the asymptotic series to a conver-
gent series with the same limiting value. The function βaa considered here
(36) coincides with the O(m) symmetric β function (60) in the polymer
limit m = 0. Thus, its asymptotic behaviour is known. The asymptotic
behaviour of the off diagonal β function β12 has been investigated53 by an
instanton analysis.107,108

Let us introduce the techniques for resummation of the series based on
the knowledge of the asymptotic behaviour. Here, we make use of Padé–
Borel resummation and a resummation extended by a conformal mapping.
The first way of resummation is applicable only for alternating series, while
the second is more universal.

The resummation procedures are as follows. For the asymptotic series
for an exponent γ given as a series in the expansion parameter ε

γ(ε) =
∑

j

γ(j)εj , (62)

one defines the Borel–Leroy transform γB(ε) of the series by

γB(ε) =
∑

j

γ(j)

Γ(j + b + 1)
(ε)j , (63)

b being the fit parameter. Then the value of the initial series may be
calculated from

γ(ε) =
∫ ∞

0
dt tbe−tγB(εt). (64)

Evaluating this for the truncated series as calculated from the pertur-
bation theory and substituting for γB(εt) in (64) its analytic continuation
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in the form of Padé approximant this procedure constitutes the Padé–Borel
resummation.

The conformal mapping technique postulates in addition the knowledge
of the constant a entering (61). Assuming the behaviour (61) holds also
for the expansion of γ(ε) in ε, one concludes that the singularity of the
transformed series γB(ε) closest to the origin is located at the point (−1/a)
and one can map the ε plane onto a circle with a conformal map that leaves
the origin invariant:

w =
(1 + aε)1/2 − 1
(1 + aε)1/2 + 1

, ε =
4
a

w

(1− w)2
. (65)

Thus one obtains an expression for γB(ε) convergent in the whole cut
plane and, as a result, the expression for the resummed function γres.
In order to weaken a possible singularity on the w-plane the correspond-
ing expression may be multiplied by (1 − w)α introducing a parameter
α. In the resummation procedure the value of a is taken from the known
large-order behaviour of the ε-expansion series, while in calculations α is
chosen as a fit parameter defined by the condition of minimal difference
between resummed 2nd order and 3rd order results. The resummation pro-
cedure is seen to be quite insensitive to the parameter b introduced by the
Borel–Leroy transformation (63).

For the resummation of the exponents ηf1f2 one can take into account
in addition the knowledge of the combinatorial factors which multiply each
contribution according to the numbers of chains f1 and f2. This leads to
an additional factor (f1 + f2)k for the kth order contributions. It may be
introduced into the resummation procedure by multiplying the constant a

by (f1+f2). To resum the series at the fixed points S, G and U the following
values of a = aS , aG, aU have been derived:53,103

aS = aG =
3
8

and aU =
27
64

. (66)

2.6. Numerical Results

We present numerical results for the exponents ηG
f1f2

, ηU
f1f2

and ηMAW
f

as calculated in Ref. 18. Results for the symmetric case ηS
f = ηU

f,0
have been calculated using the ε-expansion in Ref. 49 and the pseudo-ε
expansion in Ref. 47.

Even though the non-resummed results of different RG approaches differ
to great extent for higher numbers of arms, resummation shows the con-
sistency of the approaches on the numerical level. Further applying the
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Table 2. Values of the copolymer star exponent ηG
f1f2

at d = 3
obtained by ε-expansion (ηG

ε ) compared with those obtained by the
fixed dimension technique18 (ηG

3d).

f1 f2 ηG
ε ηG

3d f1 f2 ηG
ε ηG

3d

1 1 −0.56 −0.58 3 3 −3.38 −3.57
1 2 −0.99 −1.00 3 4 −4.21 −4.50
1 3 −1.33 −1.35 3 5 −4.94 −5.36
1 4 −1.63 −1.69 3 6 −5.62 −6.15
1 5 −1.88 −1.98 4 4 −5.27 −5.71
1 6 −2.10 −2.24 4 5 −6.24 −6.84
2 2 −1.77 −1.81 4 6 −7.12 −7.90
2 3 −2.45 −2.53 5 5 −7.42 −8.24
2 4 −3.01 −3.17 5 6 −8.50 −9.54
2 5 −3.51 −3.75 6 6 −9.78 −11.07
2 6 −3.95 −4.28

resummation procedure based on the conformal mapping technique as
described in the previous section we find the results given in Tables 2–4.
Comparing the numerical values listed in the above tables it is convincing
that the two approaches and the different resummation procedures all lead
to results which lie within a bandwidth of consistency, which is broaden-
ing for larger values of the number of chains. This is not surprising as we
have seen in Section 2.4 that our expansion parameters are multiplied by
the number of chains. It is rather remarkable that even for a total number
of chains of the order of 10 (see Tables 2 and 3) we still obtain results
comparing well with each other.

3. Multifractal Spectra for the Polymer Absorber Model

Here, we show how to describe the diffusion of particles in the presence of
an absorbing polymer using a “polymer” formalism that represents both
the RWs of the diffusing particles and the absorber itself in the same
way.30,66,73,109–111 We first formulate this problem in terms of the diffusion
of particles in time. The probability to find a diffusing particle at point r1

at time t if it started at point r0 at time t = 0 can be described by the
following normalized path integral:

G0(r0, r1, t) = 〈δ(r(1)(0)− r0)δ(r(1)(t)− r1)〉H0(r(1),t). (67)

The angular brackets in Eq. (67) stand for the following average:

〈· · · 〉H0(r(1),t) =
∫

(· · · ) exp(−H0(r(1), t)) d{r(1)}∫
exp(−H0(r(1), t)) d{r(1)} , (68)
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Table 3. Values of the copolymer star exponent ηU
f1f2

at d = 3 obtained
by ε-expansion (ηU

ε ) and by fixed dimension technique (ηU
3d).

f1 f2 ηU
ε ηU

3d f1 f2 ηU
ε ηU

3d

1 1 −0.43 −0.45 4 1 −2.39 −2.47
1 2 −0.79 −0.81 4 2 −3.33 −3.50
1 3 −1.09 −1.09 4 3 −4.20 −4.48
1 4 −1.35 −1.37 4 4 −5.02 −5.40
1 5 −1.60 −1.64 4 5 −5.80 −6.30
1 6 −1.81 −1.89 4 6 −6.53 −7.15
2 1 −0.98 −0.98 5 1 −3.21 −3.38
2 2 −1.58 −1.60 5 2 −4.28 −4.57
2 3 −2.13 −2.19 5 3 −5.28 −5.71
2 4 −2.61 −2.71 5 4 −6.24 −6.81
2 5 −3.05 −3.21 5 5 −7.15 −7.89
2 6 −3.46 −3.68 5 6 −8.02 −8.92
3 1 −1.64 −1.67 6 1 −4.11 −4.40
3 2 −2.44 −2.52 6 2 −5.29 −5.73
3 3 −3.16 −3.30 6 3 −6.41 −7.03
3 4 −3.82 −4.04 6 4 −7.48 −8.28
3 5 −4.44 −4.75 6 5 −8.51 −9.50
3 6 −5.01 −5.42 6 6 −9.50 −10.69

Table 4. Values of ηMAW
f exponents of star of mutually avoid-

ing walks at d = 2, d = 3 obtained by ε-expansion (ηMAW
ε ) and

by fixed dimension technique18 (ηMAW
3d , ηMAW

2d ). The last column gives
the exact conjecture35,36 ηMAW

exact for d = 2 .

d = 3 d = 2

f ηMAW
ε ηMAW

3d ηMAW
ε ηMAW

2d ηMAW
exact

1 0 0 0 0 −0.250
2 −0.56 −0.56 −1.20 −1.19 −1.250
3 −1.38 −1.36 −2.71 −2.60 −2.916̄
4 −2.36 −2.34 −4.36 −4.07 −5.250
5 −3.43 −3.43 −6.04 −5.61 −8.250
6 −4.58 −4.64 −7.78 −7.17 −11.916̄
7 −5.81 −5.93 −9.57 −8.75 −16.250
8 −7.09 −7.30 −11.42 −10.36 −21.250
9 −8.42 −8.74 −13.31 −11.97 −26.916̄
10 −9.81 −10.24 −15.25 −13.60 −33.250

which is performed with the Hamiltonian:

H0(r(1), t) =
∫ t

0

(dr(1)(τ)
2 dτ

)2
dτ. (69)
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The integration in Eq. (67) is over all paths r(1)(τ) with 0 ≤ τ ≤ t. Here,
the diffusion constant is absorbed by a re-definition of time. The unit of
the dimensionless Hamiltonian H0 is the product kBT of the Boltzmann
constant and temperature while that of time t is the square microscopic
length �2. Spatial boundaries may be included in Eq. (67) by restricting the
path integral to a subspace. The path integrals in Eq. (68) are Gaussian and
may be performed with the boundary conditions of Eq. (67) and shown to be
equivalent to the solution of the following harmonic differential equation:7(

∆r0 −
∂

∂t

)
G0(r0, r1, t) = 0, G0(r0, r1, 0) = δ(r1 − r0). (70)

Let us introduce the absorbing polymer into the system volume. The latter
is assumed to be of much larger size than the absorber itself. The probability
to diffuse from r0 to r1 is now G(r0, r1, t). Walks that touch the absorber
cannot contribute to this probability. The absorber itself is again described
by a path r(2)(s), 0 ≤ s ≤ S2. The boundary condition is implemented by
an avoidance interaction u12 punishing any coincidence of the path r(1) of
the RW and the path r(2) of the absorber. The correlation function of a
RW in the presence of an absorbing path r(2)(s) with 0 ≤ s ≤ S2 may then
be written as

G(r0, r1, S1)

=

〈
δ(r(1)(0)− r0)δ(r(1)(S1)− r1)

× exp

(
−u12

3!

∫ S1

0
ds1

∫ S2

0
ds2 δ(r(1)(s1)− r(2)(s2)

)〉
H0(r(1),S1)

,

(71)

where we have adopted the notation t = S1. Obviously this is symmetric in
r0 and r1. The probability to find a particle at t = 0 in r0 if it was launched
at time t = −∞ at any point r1 in the volume is then described by the field

ρ(r0) = lim
S1→∞

1
V

∫
dr1 G(r0, r1, S1). (72)

Due to Eq. (70) which is not perturbed in the volume outside the absorber,
ρ(r0) obeys the Laplace equation:

∆ρ(r) = 0, (73)

with the following boundary conditions. Because of the avoidance condition
ρ vanishes on the absorber. If the integration volume boundary ∂V is far
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enough from the absorber we may at least in 3D assume a steady state
situation with a constant concentration ρ = ρ∞ on ∂V .

The central object of interest in the present context is the ensemble
averaged moment 〈ρn(r0 + ξ)〉 of the field in the vicinity of the absorber,
i.e. with microscopic ξ. For the RW ensemble the average is performed
with respect to the Hamiltonian H0(r(2), S2), for the SAW ensemble an
additional interaction has to be included. The moments we calculate as an
ensemble average over all configurations of the absorbing polymer choosing
the site r0 in the middle of the polymer. This redefinition leads to some
peculiarities in the MF spectrum as discussed in Refs. 30 and 73 and as we
will see later. Formally we write these moments for ξ → 0 as

lim
|ξ|→0

〈ρn(r0 + ξ)〉

= lim
Sa>m→∞

1
Z0

∗m0

∫ m+n∏
a=1

dra G∗
mn(r0, r1, . . . , rm+n, S1, . . . , Sm+n). (74)

The normalization Z0
∗m0 takes care of the configurations of the absorber,

as explained in the next section, whereas the correlation function G∗
mn is

defined as

G∗
mn(r0, r1, . . . , rm+n, S1, . . . , Sm+n)

=

〈
m+n∏
a=1

δ(r(a)(0)− r0)δ(r(a)(Sa)− ra) exp

(
−

m+n∑
a,b=1

ūab

3!

×
∫ Sa

0
dsa

∫ Sb

0
dsb δ(r(a)(sa)− r(b)(sb)

)〉
Hmn

0

,

Hmn
0 =

m+n∑
a=1

H0(r(a), Sa). (75)

Here, the absorbing walk is represented by m = 2 paths and r(1), r(2), while
the remaining n paths represent n RWs, as shown in Fig. 6. The interaction
matrix ūab is in this case given by ūab = {0 if a, b ≤ m or a, b > m;
u12 else}.

The limits in Eq. (74) look rather ill-defined at first sight, and indeed
they should not be taken naively. Also the evaluation of the functional inte-
gral (75) is not defined in this bare form. Having at hand the polymer field
theory elaborated in the previous sections, the problems of evaluating these
formal expressions are solved by mapping the situation to a renormalizable
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Fig. 6. Sketch of a set of RWs of particles that are absorbed on a polymer chain.

O(m) symmetric field theory in terms of which the limits and a perturba-
tive expansion of (75) make sense. For instance the limit |ξ| → 0 may be
interpreted as a short-distance limit defining a composite operator, while
the limit Sa>m → ∞, with Sb≤m staying finite corresponds to a short-
chain limit102 as given in Eq. (54). In the frames of the polymer picture
G∗

mn(r0, r1, . . . , rm+n, S1, . . . , Sm+n) is the correlation function of m + n

interacting walks all starting at point r0 with endpoints at r1, . . . , rm+n

describing a corresponding polymer star. The normalized partition func-
tion of this star of m + n polymer chains with chain lengths parameterized
by Sa is related to G∗

mn by12,15,20,49

Z∗mn{Sa} =
1

Nmn

∫ m+n∏
a=1

dra G∗
mn(r0, r1, . . . , rm+n, S1, . . . , Sm+n). (76)

The normalization Nmn is chosen such that Z∗mn{Sa}|ūab=0 = 1 for van-
ishing interactions and the point r0 is arbitrary. This allows us to think of
the absorbing paths r(1), . . . , r(m) as being either of a RW (u11 = 0) or of a
SAW (u11 �= 0) ensemble. The moments of the diffusion field near the core
of a polymer star are described for m > 2.

The scaling may be formulated in terms of the size R of the absorbing
walks while the RWs of the diffusing particles are taken infinitely long
corresponding to the short-chain expansion,102 see Eq. (54). The partition
function is normalized by the number of configurations of the absorber
given by Z∗m0 and by the nth power of the first moment [see Eq. (5)]. For
large R on the microscopic scale �, the moments of ρ(r0) at point r0 in the
vicinity of the core of the star scale like

〈ρ(r0)n〉
〈ρ(r0)〉n = Z∗mn/Z∗m0(Z∗m1/Z∗m0)−n ∼

(
R

�

)−τmn

. (77)
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Here R = Sν
a≤m is the radius of the absorbing polymer (star) which is much

smaller than the radii of the RWs describing diffusing particles. Matching
(77) with Eqs. (51)–(53) the exponents τmn are then given by either of

τG
mn = −ηG

mn + nηG
m1, (78)

τU
mn = −ηU

mn + nηU
m1 − (n− 1)ηU

m0. (79)

Here, the τU exponents correspond to the case of a SAW absorber and
ν � 0.588 for SAWs at d = 3 while a τG exponent corresponds a RW
absorber and ν = 1

2 .

3.1. Multifractal Spectrum

A widely used characterization for the MF spectrum is the so-called spectral
function fm(α).64 To obtain this function for the absorption process at the
center of a star with m legs we analytically continue the set of exponents
τmn in the variable n and calculate the following Legendre transform

fm(αmn) = −τmn + nαmn + Dm with αmn =
dτmn

dn
+ Dm. (80)

Following the standard definition, the fractal dimension Dm of the absorber
is included into Eq. (80). In particular, this gives the maximal value of the
spectral function fm(αmn) to be equal to the dimension Dm. An absorbing
chain is described by the case m = 2 where D2 = 2 if the chain is a random
walk, and D2 = 1.71 if it is self-avoiding. In this special case the mid point
of the chain corresponding to the “core” of the 2-star is equivalent to any
other point along the chain as far as the MF scaling of the moments of
concentration is concerned. This excludes the endpoint regions which are
described by the m = 1 case. D2 thus corresponds to the fractal dimension
of this set of equivalent points. There appears to be no natural generaliza-
tion of Dm to arbitrary m where only the moments of concentration near a
special point of the absorbing structure (the core of the star) are of interest.
In any case Dm only shifts the curve of the spectral function f(α) in the
f–α plane by a constant offset. In our presentation we have chosen this
offset in such a way that for all m the maximal point of the spectral curve
coincides with that of the case m = 2. This corresponds to the fact that
the fractal dimension of a polymer star is equal to that of a linear chain.

In the m = 2 case the moments of concentration may also be defined
by an average over all the sites along the chain. For a very long chain one
may expect this average to be equivalent to an average of the moments of
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concentration at the mid point site using an ensemble average over all con-
figurations of the chain.30,73 The site average has been the original approach
to multifractality also due to its easier application in MC simulations. For
general m new interesting behaviour occurs only in the vicinity of the core of
the star. Here, only an ensemble average can be used to define the moments
of concentration near this point. The same approach is used here for all val-
ues of m. Note that some features of MF spectra that are defined using site
averages do not hold for those based on ensemble averages. This is discussed
below.

Expressions for the spectral function have been derived using the pertur-
bation expansions for the η-exponents given to third order both in massless
and massive renormalization.17,18 Starting from the relations for τmn (79)
and the spectral function (80) some algebra results in the following ε-
expansions of the MF spectra for absorption on stars of RWs and SAWs
are:20

αRW
mn (ε) = −m(2n− 1)

1
8
ε2

+m[4mn + 6nζ(3)− 12n + 3n2 + 5− 2m− 3ζ(3)]
1
16

ε3, (81)

fRW
m (α) = −mn2 1

8
ε2 + mn2 1

16
[−6 + 2n + 2m + 3ζ(3)]ε3, (82)

αSAW
mn (ε) = −9m(2n− 1)

1
128

ε2

+3m[168mn + 54n2 + 157 + 180nζ(3)− 350n

−84m− 90ζ(3)]
ε3

2048
, (83)

fSAW
m (α) = −9mn2ε2

128
+

3mn2ε3

2048
[−175 + 36n + 84m + 90ζ(3)], (84)

Here, ζ(3) � 1.202 is the value of the Riemann zeta function.

3.2. Resummation and Results

To extract numerical results, the series in Eqs. (81)–(84) must be treated by
resummation as explained in Section 2.5. Numerical results for the spectral
functions calculated in Ref. 20 are presented in Fig. 7. Each point marked
by a symbol corresponds to the resummation of both fm(αmn) and αmn

for a given pair (m, n) in half-integer spacing for the values of n. Note that
the right wings of the curves correspond to negative n < 0. In this region
reliable resummations are feasible only for sufficiently large m.
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Fig. 7. The multifractal spectrum governing the harmonic measure of diffusion near an
absorbing (a) star of RWs or (b) a star polymer.

Figures 7a and 7b present the resummed MF spectra fm(α) of Brownian
motion near general m-leg polymer stars in d = 3 dimensions. The family of
curves fm(α) appears to approach some limiting envelope for increasing m

in both cases. This behaviour is more pronounced in the case of Brownian
motion near an absorbing SAW star. This provides evidence that the MF
spectrum catches rather general properties of the phenomena under con-
sideration. Here, for the absorption of diffusing particles on a polymer star
the spectrum only slightly varies with the number of legs m of the star even
in the vicinity of the core of the star. Only the absorption on an endpoint
(m = 1) proves to be an exception.

The behaviour of the maximum of the spectra may also be studied in
terms of a series expansion. The original position of the maximum is given
by its α-coordinate in the ε-expansion in the following form:

αm,0 = ηm,1 − η′
m,0, (85)

αRW
max =

1
8
mε + · · · , (86)

αSAW
max =

1
8
m(1−m)ε + · · · . (87)

For m > 1 the position of the SAW maximum is shifted in the opposite
direction to that of the RW maximum. In the ε-expansion the curvature at
the maximum is:

1
f ′′

m

(α) = −η′′
m,0, (88)

1
f ′′RW

m

(α) = −m
ε2

4

{
1− ε

2
[2m− 6 + 3ζ(3)] + · · ·

}
, (89)
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1
f ′′SAW

m

(α) = −9m
ε2

64
+ · · · . (90)

Here, the notation

f ′
m(α) = (d/dα)fm(αm,n)|n=0, η′

m,n = (d/dn)ηm,n|n=0

and correspondingly for higher derivatives, is used. As can be seen also in
the plots, the radius Rm ∼ |1/f ′′

m(α)| of the curvature increases with m for
both the RW and the SAW star. Some asymmetry is also present in the
curves. It may be more explicitly extracted from the series by considering

f ′′
m(α)

f ′′′
m (α)

=
(η′′

m,0)
2

η′′′
0,m

, (91)

f ′′RW
m (α)

f ′′′RW
m (α)

=
mε

12
{1− ε[2m− 6 + 3ζ(3)] + · · · }, (92)

f ′′SAW
m (α)

f ′′′SAW
m (α)

=
mε

16

{
1− ε

[
7
2
m− 175

24
+

15
64

ζ(3)
]

+ · · ·
}

. (93)

This shows that the asymmetry at the maximum decreases slightly with m.
The plots seem to indicate that it approaches some limiting value.

From the plots we present here, in general one may deduce that the series
for the MF spectra for diffusion near an absorbing polymer star possess
stable resummations and that the shape of the resulting curves is robust
against the change of the number of legs m of the polymer star, while a
limiting curve appears to be approached with increasing m.

4. Comparison with 2D Exact Results

While star polymers are difficult to realize experimentally, their study is of
some theoretical interest and they may be related to 2D diffusion processes
corresponding to the situations described in Section 3. The scaling dimen-
sions of two-dimensional uniform polymer stars belong to a limiting case of
the so-called conformal Kac table of conformally invariant theories.112–114

They have also been calculated exactly by Coulomb gas techniques.12,14

Exact relations have also been proposed for stars of mutually avoiding
walks35,36 and for the copolymer star system.40,44

Exact results for exponents of two-dimensional systems which are
described by a conformally invariant field theory with central charge c < 1
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may be taken from the Kac table of scaling dimensions:

hp,q(m) =
[(m + 1)p−mq]2 − 1

4m(m + 1)
, (94)

where p, q are integers in the minimal block

1 ≤ p ≤ m− 1, 1 ≤ q ≤ p (95)

and m is connected with the central charge c by

c = 1− 6/m(m + 1), m ≥ 3. (96)

The exact result for the star exponents of uniform stars in two dimensions
is obtained in the limiting case of m = 2 (which means central charge c = 0)
for half-integer values of p,

xf = 2hf/2,0(2) = (9f2 − 4)/48. (97)

The scaling dimension xf is related to the exponent ηS
f by

xf = −ηS
f +

1
2
(d− 2 + ηφ)f , (98)

with ηφ = 5
24 for d = 2. For the 2D exponents of the star of MAW the

following result has been conjectured:35,36

ηMAW
f = −xMAW

f = −2h0,f (2) =
1− 4f2

12
. (99)

These values are shown in the last column of Table 4. Plotting the resummed
data for ηMAW

f from Table 4 with respect to f2 one finds good agreement
with the conjectured slope of −1/3.
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Fig. 8. 2D exponents ηS
f and ηMAW

f obtained in the ε-expansion and in the fixed d = 2
RG scheme, in comparison with exact results and MC simulations.12,36
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The behaviour of the exponents ηS
f and ηMAW

f is shown in Fig. 8 com-
paring the results of the extrapolation of the perturbative approach to d = 2
dimensions with the exact prediction, as well as with an MC simulation for
the MAW case. In Ref. 40 exact results for the d = 2 copolymer star of two
or more mutually avoiding bunches of SAWs and RWs are proposed. In the
following, exact expressions for the corresponding exponents are derived
from Ref. 40, where relations between exponents in fluctuating geometry
(quantum gravity) and flat 2D geometry are used to extract the exact
2D exponents. We note that at least for the RW case (i.e. exponents ηG)
these results have been rigorously confirmed by probabilistic mathematical
methods.42 The relations read

ηG
f1,f2

=
1
48
{4− [

√
24f1 + 1 +

√
24f2 + 1− 2]2}, (100)

ηU
f1,f2

=
1
48
{4 + 5f1 − [3f1 +

√
24f2 + 1− 1]2}. (101)

The starting point in both cases is the 2D boundary scaling dimensions
for a polymer (SAW) and for Brownian walks (RW) with one extremity at
a Dirichlet boundary in the flat geometry which read12,115

∆̃(0)
P (1) =

5
8
, ∆̃(0)

B (1) = 1, ∆̃(0)
B (f) = f, (102)

for a single polymer, a single RW and a set of f transparent RWs, respec-
tively. The last equation reflects the fact that the scaling dimensions of
transparent, i.e. noninteracting, walks are additive in planar geometry.
Mapping these situations to the boundary of a random surface, the follow-
ing remarkable relation of the corresponding random boundary dimensions
to the planar boundary ones, given by Knizhnik et al., applies:46

∆̃ = U−1(∆̃(0)), U−1(x) =
1
4
(
√

24x + 1− 1) . (103)

With these relations one finds for the above cases

∆̃P (1) =
3
4
, (104)

∆̃B(1) = 1, (105)

∆̃B(f) =
1
4
(
√

24f + 1− 1). (106)

Note that while the dimensions of the transparent RWs are additive
at the planar boundary, they are coupled at the random boundary. On
the other hand, as shown by Duplantier40,44 interacting sets of walks will
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decouple at the random boundary rendering their scaling dimensions addi-
tive. This means that for a set of f1 interacting polymers with one extremity
at a common point at the random boundary one finds

∆̃P (f1) =
3
4
f1. (107)

When this set of polymers is interacting with a second set of mutually
transparent RWs f2, or when two sets of f1 and f2 transparent RWs are
mutually avoiding, the corresponding random boundary dimensions are,
respectively,

∆̃U (f1, f2) =
3
4
f1 +

1
4
(
√

24f2 + 1− 1), (108)

∆̃G(f1, f2) =
1
4
(
√

24f2 + 1− 1) +
1
4
(
√

24f2 + 1− 1). (109)

Again, using the relations of Knizhnik et al., we can now map to the bulk
random and bulk planar situations with scaling dimensions

∆ =
1
2
(∆̃ + γstr), γstr = −1

2
, (110)

∆(0) = U(∆) = V (∆̃), V (x) =
1
24

(4x2 − 1), (111)

where the string suseptibility exponent116 γstr is evaluated for the sphere.
For the above situations we thus find the planar bulk dimensions

∆(0)G(f1, f2) =
1
96
{[
√

24f1 + 1 +
√

24f2 + 1− 2]2 − 4}, (112)

∆(0)U (f1, f2) =
1
96
{[3f1 +

√
24f2 + 1− 1]2 − 4}. (113)

Finally we note the relations between these bulk dimensions with the
exponents η used throughout this review,

ηG
f1,f2

= −2∆(0)G(f1, f2), (114)

ηU
f1,f2

= −2∆(0)U (f1, f2) + f1
1
2
ηφ, ηφ(2D) =

5
24

. (115)

Note a mismatch between Eqs. (51)–(53) and the discussion of Eq. (3) in
Ref. 40 where one should read xP,1 = ηS

2 − ηφ/2 instead of xP,1 = ηφ/2.
These exact 2D results have been compared to the 2D extrapola-

tion of the perturbation theory as well as checked by a MC simulation
for the simplest case when the copolymer star consists of RWs only. In
these simulations48 the stars are grown on a square lattice until a non-
allowed intersection occurs. The number of stars C(N) generated during
the growing process is accumulated for all chain lengths N . Exponents are
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extracted assuming a power law C(N) ∼ N−ν0λf1,f2 . For stars up to a
maximum chain length Nmax = 103 these configurations are accumulated
until C(Nmax) = 105. The number of successful attempts to grow stars with
longer chains decreases rapidly for higher f1 + f2, which increases the sim-
ulation time drastically. While for the case 1+1 a total of 106 attempts are
needed, this number rises to 5× 109 for 5 + 1. Therefore, results in Table 5
are given only for f1 + f2 ≤ 6 together with the statistical error in the lines
marked “MC” and “±∆”, and compared with the exact numbers according
to Eq. (100). The results are in fair agreement despite a slightly growing
discrepancy as the number of RWs f2 increases. Note that only after restor-
ing convergence of the ε-expansion by resummation may reliable exponent
values be extracted. The same resummation is applied for the renormal-
ization group expansions at fixed d = 2, also reported in Table 5. For ηG

1,2
also perturbation theory gives the exact result at first order with all higher
orders vanishing.117

In the perturbative treatment (which starts from the upper critical
dimension5,6 d = 4) the order of the chains in the star does not matter
for the scaling laws: there is always a possibility for every chain to interact
with any other chain constituting a star. On the other hand, in d = 2 the
order of chains does matter: each chain of the star will interact only with its
direct neighbours. This topological restriction has to be taken into account
when comparing exact and perturbative results for d = 2 linked polymers.

The data of Table 5 convince us that perturbation theory series for low
numbers of chains f2 is reliable even for d = 2. Also, we note that the d = 2
copolymers with f1 = 2 are less well described by perturbation theory than
those with f1 = 1 where the topological restriction is not present, due to
the symmetry of ordering.

Table 5. 2D exponents −ηG
f1,f2

(f1 RWs and f2 RWs) calculated by different
techniques.

f1; f2 1;1 1;2 1;3 1;4 1;5 2;2 2;3 2;4 2;5

Exact 1.25 2 2.693 3.356 4 2.916 3.738 4.510 5.25
MC 1.251 1.986 2.662 3.295 3.908 2.913 3.703 4.506
±∆ 0.004 0.004 0.005 0.015 0.022 0.005 0.030 0.039

d = 2 1.22 2.00 2.58 3.04 3.43 3.45 4.59 5.52 6.34
ε3 1.20 2.00 2.56 2.99 3.36 3.41 4.49 5.37 6.13
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Fig. 9. The spectral function for the absorption at a RW end. Bold line: exact. Symbols:
MC (�, size is larger than error bars); the resummed ε3 (•), and d = 2 data (�) are
connected by thin lines.

4.1. Multifractal Spectrum in 2D

For the diffusion of freely moving particles in the presence of a polymer
absorber we have seen in Section 3 that the moments of particle density
display universal scaling laws in the vicinity of the absorbing polymer.
According to the standard definition30 we have included into (80) the fractal
dimension Dm of the absorber. In particular, this gives the maximal value
of the spectral function to be equal to Dm. There appears to be no natural
generalization of Dm for arbitrary m. In our presentation we use a frac-
tal dimension for a polymer star, which equals to that of a polymer chain
(d = 2 for a RW and d = 4

3 for a SAW in d = 2, correspondingly). Another
way to define the multifractal spectrum is chosen in Ref. 40 where the nth
moments (77) are normalized not by 〈φ〉n but by 〈φ〉. This choice has the
remarkable feature that without introducing an additional dimension d in
(80) the maximum of f(α) is d = 4/3 for both the SAW and the RW
absorbers with f1 = 2. However, this definition is not valid for d = 3, where
it does not lead to the correct location of the spectral function maximum.

We display the spectral function for the case of the absorption at a RW
end in Fig. 9. The spectral function is negative for some values of α. This
behaviour has already been observed in the perturbative studies of Ref. 30
and related to the ensemble average in formula (77), in contrast to the usual
site average over the support of the measure. Comparing the perturbative,
the MC and the exact results, we note that the region of 1 < n < 5 in
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which reasonable agreement for the dimension spectra λ and τ is found
corresponds to a rather small region in terms of the parameter α in the left
wing of the spectral functions.

5. Scaling Theory of Forces between Star Polymers

5.1. Two-Star Polymers

We now turn to the effective interaction between the cores of two star
polymers at small distances r that are small on the scale of the size Rg

of the stars. For the moment we consider a more general case of two star
polymers with f1 and f2 arms respectively. The cores of the two stars
are at a distance r from each other. We assume all chains involved to be
of the same length. The power law for the partition sum Z(2)

f1f2
(r) of two

star polymers may then be derived from a short-distance expansion. This
expansion is originally established in the field theoretic formulation of the
n-component spin model. While we do not intend to give any details of
these considerations here, applications to polymer theory may be found in
Refs. 15 and 102. The relevant result on the other hand is simple enough:
the partition sum of the two stars Z(2)

f1f2
(N, r) at a small distance r factorizes

into a function Cf1f2(r) of r alone and the partition function Zf1+f2(N) of
the star with f1 + f2 arms that is formed when the cores of the two stars
coincide,

Z(2)
f1f2

(N, r) ∼ Cf1f2(r)Zf1+f2(N). (116)

For the function Cf1f2(r) one may show that power-law scaling for small r

holds in the form

Cf1f2(r) ∼ rΘ(2)
f1f2 , (117)

with the contact exponent Θ(2)
f1f2

. To find the scaling relation for this power
law we change the length scale in (116) in an invariant way by letting r → λr

and N → λ1/νN . The scaling of the partition function Z(2)
f1f2

may be shown
to factorize into the contributions for the two stars. This transforms (116) to

λ−1/ν(γf1−1)λ−1/ν(γf2−1)Z(2)
f1f2

(λ1/νN, λr)

∼ λ−Θ(2)
f1f2 Cf1f2(λr)λ−1/ν(γf1+f2−1)Zf1+f2(λ

1/νN) . (118)

Collecting powers of λ provides the scaling relation

νΘ(2)
f1f2

= (γf1 − 1) + (γf2 − 1)− (γf1+f2 − 1) ,

Θ(2)
f1f2

= ηS
f1

+ ηS
f2
− ηS

f1+f2
. (119)
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We now specialize our consideration to the interaction between two stars
of equal numbers of arms f1 = f2 = f . The mean force F

(2)
ff (r) between

the two star polymers at short distance r is then easily derived from the
effective potential V eff(r) = −kBT log[Z(2)

ff (r)/(Zf )2] with kBT denoting
the thermal energy. For the force this results in

1
kBT

F
(2)
ff (r) =

Θ(2)
ff

r
. (120)

For large f the leading coefficient of the kth order term εk in Eq. (56) is
multiplied by fk+1. This is due to combinatorial reasons. It limits the use
of the series to low values of f .

Another possibility to estimate the values of the star polymer scaling
exponents γf is to consider the limiting case of many arm star polymers.
For large f each chain of the star is restricted approximately to a cone of
solid angle Ωf = 4π/f . In this cone approximation one finds118 for large f

γf ∼ −f3/2. (121)

The cone approximation for the contact exponents3 Θ(2)
ff may be

matched to the known values for f = 1, 2 (see Table 1), fixing the oth-
erwise unknown prefactor. Assuming that the behaviour of the Θ(2)

ff may
be described by the cone approximation for all f , one finds:

F
(2)
ff (r) ≈ 5

18
f3/2

r
. (122)

This matching in turn suggests an approximate value for the ηf exponents,

ηS
f ≈ −

5
18

(23/2 − 2)−1(f3/2 − f), (123)

consistent with the exact result η1 = 0. This approximation works well for
Θ(2)

ff in the range f = 1, . . . , 6 where we have calculated the corresponding
values from the perturbation theory results as well as according to the
cone approximation. Our results, displayed in the second part of Table 6,
show good correspondence of the cone approximation with the resummation
values.

5.2. Three Stars

The idea of the short-distance expansion has been extended to derive the
triplet interaction of three star polymers at close distance.50 One considers
a symmetric situation in which the three cores of the polymer stars are
located on the corners of an equilateral triangle (see Fig. 10). The distance
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Table 6. Calculation of the exponents that govern the pair and
triplet interactions. The labels (a) and (b) stand for the two
complementary renormalization group approaches (expansion in
ε = 4 − d and massive renormalization at d = 3) used to calculate
the exponents ηf . The difference between the two results may be
taken as an estimation of the error of the method. Label (c) stands
for the cone approximation result with matching to f = 1, 2 as
explained in the text.

f 1 2 3 4 5 6

a ηf 0 −0.28 −0.75 −1.36 −2.07 −2.88
b 0 −0.28 −0.76 −1.38 −2.14 −3.01

f 8 9 10 12 15

a ηf −4.71 −5.72 −6.80 −9.12 −12.98
b −5.06 −6.22 −7.48 −10.23 −14.93

f 1 2 3 4 5 6

a Θ(2)
ff 0.28 0.80 1.38 1.99 2.66 3.36

b 0.28 0.82 1.49 2.30 3.20 4.21
c 0.28 0.79 1.44 2.22 3.11 4.08

a Θ(3)
fff 0.75 2.04 3.47 5.04 6.77

b 0.76 2.17 3.94 6.09 8.51
c 0.74 2.08 3.83 5.89 10.82

a ∆F/F −0.11 −0.15 −0.16 −0.16 −0.15
b −0.09 −0.12 −0.12 −0.12 −0.11
c −0.11 −0.11 −0.11 −0.11 −0.11

between the cores is r while their distance to the center of the triangle is
R. We assume that the radius of gyration Rg of the star polymers is much
larger than their mutual distance Rg � r.

To make the argument more transparent let us treat the slightly more
general case of three stars with f1, f2 and f3 arms, respectively. Shrink-
ing the outer radius R of the triangle on which the cores are located,
the partition function of this configuration of three stars will scale with
R according to

Zf1f2f3(R) ∼ RΘ(3)
f1f2f3 , (124)

Θ(3)
f1f2f3

= ηS
f1

+ ηS
f2

+ ηS
f3
− ηS

f1+f2+f3
. (125)
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r

Fig. 10. Three star polymers at mutual distance r. The cores of the stars (with radius
Rd) are located at the corners of an equilateral triangle. The distance from the center is
R. The mean radius of gyration of a single star is Rg .

Now, the scaling exponent ηS
f1+f2+f3

of the star that results by collapsing
the cores of the three stars at one point has to be taken into account as
follows from an argument analogous to the above consideration for two
stars.

Let us specify the result for the symmetric situation of three equivalent
stars f1 = f2 = f3 = f . Furthermore, we assume that the large f approx-
imation (123) is valid for the exponents ηS

f . Then the three-star contact
exponent may be written as

Θ(3)
fff =

33/2 − 3
23/2 − 2

· 5
18

f3/2. (126)

An effective potential of the system of the three stars at small distance R

from the center may then be defined by

V
(3)eff
fff (R) = −kBTΘ(3)

fff ln(R/Rg). (127)

We now derive the corresponding three-body force underlying this effective
potential. Note that the absolute value of the force is the same for all three
stars. The relation of the potential to the force on the core of one star
is then

V
(3)eff
fff (R + dR)− V

(3)eff
fff (R) =

3∑
i=1

�Fi d�Ri = 3F
(3)
fff (R)dR. (128)

The final result for the total force on each of the stars that includes any
three-body forces is therefore

F
(3)
fff (R) = −kBTΘ(3)

fff /(3R). (129)
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If one starts instead from a sum of two-body forces, then one star expe-
riences the sum of the two forces calculated for the star–star interaction.
With the given geometry of the equilateral triangle this is easily calculated
to give

F
(2)
fff (r) = |r̂12Θ

(2)
ff /r12 + r̂13Θ

(2)
ff /r13| = −kBTΘ(2)

ff /R. (130)

Here, r = r12 = r13 = R
√

3 denotes the distance between two of the stars,
while the r̂ij are the unit vectors along the edges of the triangle (see Fig. 1).
The relative deviation from the pair potential picture is then given by

∆F

F
(2)
fff

=
F

(3)
fff (r)− F

(2)
fff (r)

F
(2)
fff (r)

=
Θ(3)

fff − 3Θ(2)
ff

3Θ(2)
ff

. (131)

Using the cone approximation for the contact exponent one obtains for the
relative deviation caused by triplet forces alone

∆F

F
(2)
fff

=
31/2 − 1
23/2 − 2

− 1 ≈ −0.11. (132)

This result is independent of the number of arms and valid in the
full region that is described by the logarithmic potential. In Table 6 the
exponents as derived from the perturbation expansion of polymer field
theory17,18 are listed confirming the relation Eq. (132). Taking into account
the error that may be estimated from the difference in the results obtained
using η-exponents from two complementary RG approaches, the results are
in good agreement with the cone approximation even for low f values. The
fair coincidence is rather surprising as additional numerical errors might
be introduced by the derivation of the contact exponents from the original
star exponents. It confirms our estimate of the relative deviation caused
by triplet forces to be of the order of not more than 11% for all analytic
approaches followed in Table 6. Let us note that the analogous calculation
for a symmetric linear configuration of three stars yields the same relative
deviation Eq. (132). The absolute triplet forces for the linear configuration
are smaller than for the triangular configuration with the same star–star
distance by a factor

√
3

2 . We note that with the same methods arbitrary
higher-order many-body forces can be investigated assuming a cluster of
M stars. Such a calculation is given in Ref. 50. As a result, the devia-
tions from the pair potential picture increase with the number M and even
diverge for M → ∞. This implies that the pair potential picture breaks
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down for very high concentrations. This is expected, as for high concen-
trations a star polymer solution is mainly a semi-dilute solution of linear
chains where it is irrelevant at which center they are attached to.86

5.3. Computer Simulation

In Refs. 50, 51 and 84 molecular dynamics (MD) simulations were per-
formed to test the effective pair and triplet potential using a method
originally proposed to study single-star polymers.119,120 In this model the
configuration of star polymer i = 1, 2, 3 is given by the coordinates �r

(i,j)
m

of the N monomers m = 1, . . . , N of the f chains j = 1, . . . , f and the
position of its core r

(i)
0 . The main features of this model are the follow-

ing: (1) A purely repulsive truncated Lennard-Jones like potential acts
between all monomers m = 0, . . . , N on all chains. (2) An attractive FENE-
potential119,120 that preserves the chain connectivity and acts only between
consecutive monomers m, m+1 along each chain. (3) These potentials have
to be slightly modified for the interaction between the first monomer m = 1
and the core m = 0 of the star to allow the core to have a radius Rd that
is sufficiently large to place f monomers in its vicinity.

Results of the computer simulation are compared to the theory in
Figs. 11a and 11b. The reduced averaged force on a single star is shown
versus the reduced triangle length for different arm numbers. As a reference
case, also the corresponding results in a pair potential picture are shown,
both within theory and simulation. For technical reasons a small core radius
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Fig. 11. Comparison of the force F measured in the three-star MD with that calculated
from a corresponding two-star MD simulation for (a) f = 3 and f = 10 with N = 100,
and (b) for f = 18 and f = 30 with N = 50. Also the results predicted by the theory
are plotted as a continuous line (only pair forces) and a broken line (including triplet
forces).50
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Rd is kept in the simulation, which is roughly 10% of the radius of gyration
of the whole star. In the theory, on the other hand, the core size was zero.
Hence, to compare properly,84 a shift r − 2Rd has to be performed.

As expected, in both theory and simulation, the triplet forces become
relevant only within the coronae. A comparison with pure pairwise forces
leads to the first important observation that the triplet force is smaller, i.e.
the pure triplet contribution is attractive. (Note that one has to multiply
the pure two-star force by a factor of

√
3 for simple geometrical reasons.)

The relative magnitude of the triplet term, however, is small. A quantitative
comparison with theory and simulation leads to good overall agreement.

In order to check this in more detail, one may extract the prefactors
Θff , Θfff from appropriate fits to all simulation data and again calculate
the relative differences between the pair and triplet cases. While the theory
predicts a constant value of 0.11, see Eq. (130), the simulation data scatter
a lot in the range between 0.05 and 0.15 due to the large statistical error but
the theoretical value falls reasonably within the data.50 Consequently, the
triplet contributions are found to be attractive and small even for nearly
touching cores where the triplet overlap of the coronae is substantial. As far
as further simulational work is concerned, there are many open problems
left. Apart from the investigation for arbitrary triplet configurations and
their extensions to an arbitrary number of stars, the most challenging prob-
lem is a full “ab initio” simulation of many stars including many-body forces
from the very beginning. This is in analogy to Car–Parrinello simulations121

which were also applied to colloidal suspensions.122 A first attempt has been
made,123 but certainly more work is needed here.

6. Summary

6.1. Miktoarm Star Polymers

We reviewed studies of the spectrum of exponents governing the scaling
properties of stars of walks. The self and mutual interactions of a linked
system of two species of polymers have been treated in the frames of field
theoretical RG theory and perturbation expansions16,18,20,35,48,49,59 as well
as by using methods of conformal field theory and quantum gravity.36,40,124

The problem of finding the scaling exponents of star polymers is formu-
lated in terms of the determination of the scaling dimensions of composite
field operators of Lagrangean field theory. On the one hand this allows for
the application of well developed formalisms and methods for analyzing
the scaling properties. On the other hand it defines these new families of
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exponents which extend previous sets in the framework of Lagrangean field
theory. The results agree with previous studies of special cases which were
in part done only to 2nd order of the ε-expansion.35,36 Here the generic
case of a star of two mutually avoiding sets of walks, the walks of each set
being either interacting or transparent, is considered, as well as the case
of a star of mutually interacting walks. Calculations so far have been per-
formed to third order of perturbation theory. A recent approach extends the
calculation to the fourth loop order.125 The three loop ε-expansions of the
exponents are given in Eqs. (55)–(57). Numerical values produced by care-
ful resummation of the asymptotic series using the results of an instanton
analysis of the three coupling problem53 are presented in Tables 2–6.

Remarkable consistency and stability of the results in d = 2 and d = 3
is found with the expected growth of deviations for a large number of arms
belonging to one star. Results for homogeneous star polymers47,49 are in
good agreement with MC simulations.60–62

6.2. Multifractality

The theory of miktoarm star polymers also applies to the multifractal
behaviour of Brownian motion in the vicinity of an absorbing polymer struc-
ture. This extends ideas by Cates and Witten30,73 to map this problem to a
problem of interacting walks. These authors used a Fixman expansion tech-
nique to extract the exponents governing the MF scaling. This approach
is equivalent to a direct renormalization method and unique to dimen-
sional renormalization with ε-expansion. The Fixman expansion assumes
the renormalizability of the quantities corresponding to higher moments of
the Laplacian field of Brownian motion. Mapping the problem to an O(M)-
symmetric φ4-field theory relates the above quantities to corresponding
composite operators for which renormalizability has been proven.49 Fur-
thermore, the scaling exponents of these operators may be retrieved from
Refs. 17 and 18, showing that the resulting spectra of scaling dimensions
of these operators display the convexity properties which are necessarily
found for multifractal scaling but are unusual for power of field operators
in field theory.18,23

Using the three-loop results of Refs. 17 and 18, the general case of
Brownian motion near the core of a star polymer with m legs is tractable.
The higher order calculations are improved by resummation giving reliable
estimates for the families of MF spectra that describe the multi-scaling of
Brownian motion near absorbing RW or SAW stars.
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The results plotted in Fig. 7 indicate some independence of the spectral
function from the number of legs of the absorbing polymer star. For a higher
number of legs the spectrum seems to approach a limiting curve. The MF
spectra show most of the common features shared by spectral functions
that describe a variety of MF phenomena. However, unlike the common
definition of the underlying scaling exponents based on site averages, one
here relies on ensemble averages for the moments of the Laplacian field
of Brownian motion. The average is over the configurational ensembles of
absorbing polymer stars. Only for the case of m = 2 legs of the absorbing
star, could a site average definition be also used. As has been noted, also in
Refs. 30, 34 and 73 the ensemble average leads to the possibility of negative
values of the spectral function (see Fig. 7).

Experimentally such absorbing systems are realized in diffusion con-
trolled reactions with traps or reaction sites attached to polymer chains.
This is described by the irreversible reaction A+B → B with freely diffus-
ing particles A and traps B attached along the polymer chain.109–111 The
higher nth moments of the field at some special trap might then describe
the reaction rate for An + C → C. If C is located at the core of a polymer
star this system realizes all aspects of the studies presented. While extensive
MC studies exist for many problems in the field of DLA a MC simulation
to the present problem is lacking.

6.3. 2D Exact Results and Extensions

The field-theoretical description of a polymer network of different species
has been derived by means of renormalization group perturbation theory
in the form of a series that can be extrapolated to d = 2 dimensions. These
perturbation expansion results for d = 2 are compared with subsequently
published exact results40,42 and MC simulations.48 The series, when appro-
priately resummed, gives a reliable description of the scaling of copolymer
stars with not too many chains even for the d = 2 dimensional case. Not
only does the increase of the expansion parameter forbid application of
the perturbative results for higher numbers of chains: in d = 2 topological
restrictions appear that are not taken into account by field theory.

Analyzing the MF properties of the resulting spectra of exponents one
finds that the spectrum τ(n) is in much closer coincidence with the exact
counterpart than the spectral function f(α). In the latter case the pertur-
bative approach gives comparable results only for a narrow region in the left
wing of the spectral function. Note however, that the right wing corresponds
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to negative values of n, where obviously the analytic continuation of the
perturbative expansions as well as of the exact results is speculative.

We note that the notion of MF spectra has recently been extended to
describe the higher MF structure encountered in 2D.41 In particular, the
double MF spectrum of the harmonic measure of absorption on a polymer
simultaneously from the right and from the left hand sides may be derived
in this formalism.
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49. L. Schäfer, C. von Ferber, U. Lehr and B. Duplantier, Nucl. Phys. B374,

473 (1992).
50. C. von Ferber, A. Jusufi, C. N. Likos, H. Löwen and M. Watzlawek, Eur.
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83. M. Watzlawek, C. N. Likos and H. Löwen, Phys. Rev. Lett. 82, 5289 (1999).
84. A. Jusufi, M. Watzlawek and H. Löwen, Macromol. 32, 4470 (1999).
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CHAPTER 6

FIELD THEORETIC APPROACHES TO THE
SUPERCONDUCTING PHASE TRANSITION

Flavio S. Nogueira and Hagen Kleinert
Institut für Theoretische Physik, Freie Universität Berlin,

Arnimallee 14, D-14195 Berlin, Germany
E-mail: nogueira@physik.fu-berlin.de

Several field theoretic approaches to the superconducting phase tran-
sition are discussed. Emphasis is given to theories of scaling and
renormalization group in the context of the Ginzburg–Landau theory
and its variants. Also discussed is the duality approach, which allows
one to access the strong-coupling limit of the Ginzburg–Landau theory.

1. Introduction

The Ginzburg–Landau (GL) phenomenological theory of superconductivity1

was proposed long before the famous Bardeen–Cooper–Schrieffer (BCS)
microscopic theory of superconductivity.2 A few years after the BCS theory,
Gorkov3 derived the GL theory from the BCS theory. This was done by
deriving an effective theory for the Cooper pairs valid in the neighbor-
hood of the critical temperature Tc. The modern derivation proceeds most
elegantly via functional integrals, introducing a collective quantum field
∆(x, t) for the Cooper pairs via a Hubbard–Stratonovich transformation
and integrating out the fermions in the partition function.4

Amazingly, the GL theory has kept great actuality up to now. It is
highly relevant for the description of high-Tc superconductors, even though
the original BCS theory is inadequate to treat these materials. The success
of the GL theory in the study of modern problems of superconductivity
lies on its universal effective character, the details of the microscopic model
being unimportant. In the neighborhood of the critical point the GL the-
ory covers a wide range of applications, many of them outside the field of
superconductivity. Perhaps the most famous example in condensed matter

253
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physics is an application to the smectic-A to nematic phase transition in
liquid crystals.5 In elementary particle physics, Gorkov’s derivation of the
GL theory has been imitated starting out from a four-dimensional relativis-
tic version of the BCS model, the so-called Nambu–Jona–Lasinio model.
The GL field in the resulting GL theory describes quark–antiquark bound
states, the mesons π, σ, ρ, and A1.6 This model is still of wide use in nuclear
physics. Another relativistic GL model is needed to generate the masses of
the vector bosons W and Z in the unified theory of electromagnetic and
weak interactions in a renormalizable way.7 This is done by a nonabelian
analog of the Meissner effect , which in this context is called the Higgs
mechanism.

In 1973 Coleman and Weinberg8 showed that the four-dimensional
abelian GL model (or scalar electrodynamics, in the language of elemen-
tary particle physics) exhibits a spontaneous mass generation in an initially
massless theory. In the language of statistical mechanics, this implies a first-
order transition if the mass of the scalar field passes through zero. One
year later, Halperin, Lubensky and Ma (HLM) observed a similar pheno-
menon in the three-dimensional GL theory of superconductivity.9 These
papers inaugurated a new era in the study of the GL model. It was the
first time that renormalization group (RG) methods were used to study the
superconducting phase transition.

At the mean-field level, the GL model exhibits a second-order phase
transition. The HLM analysis, however, concludes that fluctuations change
the order of the transition to first. The phase transition would be of second
order only if the number of complex components of the order parameter
is absurdly high. If the number of complex components is N/2, the one-
loop RG analysis of HLM gave the lower bound N > Nc = 365 for a
second-order transition. No infrared stable charged fixed point was found
for N ≤ Nc. However, years later Dasgupta and Halperin10 raised doubts
on this result by using duality arguments and a Monte Carlo simulation of
a lattice model in the London limit, to demonstrate that the transition for
N = 2 in the type II regime is of second order. The RG result that the
phase transition is always of first order seems therefore to be an artifact
of the ε-expansion. Shortly after this, Kleinert11 performed a quantitative
duality on the lattice and found a disorder field theory12 which clarified the
discrepancy between the HLM RG result and the numerical simulations of
Dasgupta and Halperin. He showed that there exists a tricritical point in
the phase diagram of the superconductor on the separation line between
first- and second-order regimes. This result and the numerical prediction11
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were fully confirmed only recently by large scale Monte Carlo simulations
of Mo et al.13

In the last ten years the RG approach to the GL model was revisited
by several groups.14–18 The aim was to improve the RG analysis in such a
way as to obtain the charged fixed point for N = 2 predicted by the duality
scenario. Despite considerable progress, our understanding of this problem
is far from satisfactory.

In this paper we shall review the basic field theoretic ideas relevant for
the understanding of the superconducting phase transition. The reader is
supposed to have some familiarity with RG theory and duality transfor-
mations. For a recent review on the RG approach to the GL model which
focus more on resummation of ε-expansion results, including calculations
of amplitude ratios, see Ref. 19.

2. Review of the HLM Theory

The GL Hamiltonian is given by

H =
1
2
(∇×A)2 + |(∇− ieA)ψ|2 + m2|ψ|2 +

1
2
u|ψ|4, (1)

where ψ is the order field and A is the fluctuating vector potential. The
partition function is written in the form of a functional integral as

Z =
∫
DADψ†Dψ det(−∇2)δ(∇ ·A) exp

(
−
∫

d3rH
)

, (2)

where a delta functional in the measure of integration enforces the Coulomb
gauge ∇ · A = 0. The factor det(−∇2) is the associated Faddeev–Popov
determinant.7 The above Hamiltonian coincides with the Euclidian ver-
sion of the Abelian Higgs model in particle physics. The Coulomb gauge is
the Euclidian counterpart of the relativistic Lorentz gauge. The Faddeev–
Popov determinant should be included in order to cancel a contribution
1/ det(−∇2) that arises upon integration over A taking into account the
constraint ∇ ·A = 0.7,30

2.1. HLM Mean-Field Theory

Let us make the following change of variables in the partition function (2):

ψ =
1√
2
ρ eiθ, A = a +

1
e
∇θ, (3)
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which brings the partition function to the form

Z =
∫
Da Dρ Dθ ρ det(−∇2)δ(∇·a+e−1∇2θ) exp

(
−
∫

d3r H
)

, (4)

with

H =
1
2
(∇× a)2 +

1
2
e2ρ2a2 +

1
2
(∇ρ)2 +

1
2
m2ρ2 +

1
8
uρ4. (5)

In these variables, the Hamiltonian does not depend on θ. This change of
variables is allowed only in a region where the system has few vortex lines,
since otherwise the cyclic nature of the θ-field becomes relevant, and ∇ eiθ

is no longer equal to i∇θ eiθ, as assumed in going from (1) to (5), but equal
to i(∇θ−2πn)eiθ, where n is a vortex gauge field.12,20 This problem of the
Hamiltonian (5) which is said to be in the unitary gauge will need special
attention.

Now we can use the delta function to integrate out θ. The result of this
integration cancels out the Faddeev–Popov determinant.

Next we assume that ρ is uniform, say ρ = ρ̄ = const. Since the Hamil-
tonian is quadratic in a, the a integration can be done straightforwardly to
obtain the free energy density:

F =
1

2V
Tr ln[(−∇2+e2ρ̄2)δµν +∂µ∂ν ]− 1

2V
δ3(0)Tr ln(e2ρ̄2)+

m2

2
ρ̄2+

u

8
ρ̄4,

(6)
where V is the (infinite) volume and the term δ3(0)Tr ln(e2ρ̄2)/2V comes
from the exponentiation of the functional Jacobian in Eq. (4). In order to
evaluate the Tr ln in Eq. (6) we have to use the Fourier transform of the
operator

M(r, r′) = [(−∇2 + e2ρ̄2)δµν + ∂µ∂ν ]δ3(r− r′). (7)

The operator M(r, r′) is diagonal in momentum space. Indeed, we can write

M(r, r′) =
∫

d3p

(2π)3
eip·(r−r′)M̂(p), (8)

M̂(p) = (p2 + e2ρ̄2)PT
µν(p) + e2ρ̄2PL

µν(p), (9)

where PT
µν(p) = δµν − pµpν/p2 and PL

µν(p) = pµpν/p2 are the transverse
and longitudinal projectors, respectively. Now, the Tr lnM(r, r′) is obtained
first by taking the logarithm of the transversal and longitudinal parts of
M̂(p) and tracing over the vector indices. The second step is to trace out
the coordinates by integrating over r for r = r′. This produces an overall
volume factor V which cancels out exactly the 1/V factor in Eq. (6). Note
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that the term proportional to δ3(0) ln(e2ρ̄2) drops out in the calculations.
If we write ρ̄ = |ψ̄|, the end result is the celebrated HLM mean field free
energy:

FHLM = −e3|ψ̄|3
6π

+
m2

2
|ψ̄|2 +

u

8
|ψ̄|4. (10)

Due to the cubic term in Eq. (10), the transition is of first order. The basic
problem with this argument was pointed out in Ref. 11. In the critical
regime of a type-II superconductor, the order field contains numerous lines
of zeros which make it impossible to use the uniformity assumption ρ =
ρ̄ = const.

2.2. Renormalization Group in d = 4 − ε Dimensions

In the original HLM work, the RG calculations were performed using the
Wilson version of the renormalization group,21 where fast modes are inte-
grated out to obtain an effective theory in terms of the slow modes. The field
theoretical approach using the Callan–Symanzik equation gives an equiva-
lent result in a perturbative setting. We shall discuss the RG calculation in
d = 4− ε dimensions in this context.

The dimensionless renormalized couplings are defined by

f ≡ µ−εZAe2
0, g ≡ µ−εZ2

ψZ−1
g u0, (11)

where µ gives the mass scale of the problem. Note that in Eq. (11) we have
denoted the bare couplings by a zero subindex. The bare fields are denoted
by ψ0 and A0. Accordingly, the bare mass is denoted by m0. We shall use
this notation from now on.

The renormalization constants are defined such that the “renormal-
ized Hamiltonian” Hr is given by the following rewriting of the bare
Hamiltonian:

Hr(A, ψ; m2, u, e)

= H(Z1/2
A A, Z

1/2
ψ ψ; ZmZ−1

ψ m2, ZgZ
−2
ψ u, Z

−1/2
A e). (12)

From Eq. (12) we see that the renormalized fields are given by ψ = Z
−1/2
ψ ψ0

and A = Z
−1/2
A A0.

The calculations are more easily done if we set m = 0 and evaluate
the Feynman graphs at nonzero external momenta to avoid infrared diver-
gences. The external momenta in a four-leg graph will be taken at the
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Fig. 1. Feynman graph contributing to the f2 term in βg . The dashed lines represent
the vector potential propagator, while the external lines represent the order parameter.

symmetry point

pi · pj =
1
4
µ2(4δij − 1). (13)

Even if m �= 0 we have to face severe infrared divergences in this prob-
lem. This is due to the masslessness of the vector potential field. The free
A propagator is given in the Coulomb gauge by

Dµν(p) =
1
p2

(
δµν − pµpν

p2

)
. (14)

Thus, the graph in Fig. 1 is proportional to the integral∫
ddk

(2π)d

1
k2(p− k)2

∣∣∣∣
SP

=
πd/2

(2π)d

Γ(2− d/2)Γ2(d/2− 1)
Γ(d− 2)

µd−4, (15)

evaluated at the symmetry point (SP) as prescribed in Eq. (13).
The β-functions are defined by

βf ≡ µ
∂f

∂µ
, βg ≡ µ

∂g

∂µ
. (16)

These β-functions are defined for the dimension d in the interval (2, 4]. For
d > 4 the theory is no longer renormalizable and the β-functions are not
defined. At d = 2 the infrared divergences are very strong and require a
special treatment.

Let us assume that the order parameter field has N/2 complex com-
ponents. Then, for any dimension d ∈ (2, 4] the β-functions are given at
one-loop order by

βf = (4− d)[−f + NA(d)f2], (17)

βg = (4− d)
{
−g + B(d)

[
−2(d− 1)fg +

(N+8)
2

g2 + 2(d−1)f2
]}

,

(18)
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where

A(d) = −Γ(1− d/2)Γ2(d/2)
(4π)d/2Γ(d)

, (19)

B(d) =
Γ(2− d/2)Γ2(d/2− 1)

(4π)d/2Γ(d− 2)
. (20)

If we set d = 4− ε and expand to first order in ε, we obtain9,44

βf = −εf +
N

48π2 f2, (21)

βg = −εg − 3fg

4π2 +
N + 8
8π2 g2 +

3
8π2 f2. (22)

From Eqs. (21) and (22) we see easily that charged fixed points exist
only if N > Nc = 365.9. Thus, if N is large enough to allow for the
existence of charged fixed points we obtain the flow diagram shown schemat-
ically in Fig. 2. In the figure the arrows correspond to µ → 0. There are
four fixed points. The Gaussian fixed point is trivial and corresponds to
f∗ = g∗ = 0. It governs the ordinary mean-field behavior. There is one
non-trivial uncharged fixed point, labeled “Heisenberg” in the figure, which
governs the N -component Heisenberg model universality class. For N = 2
the superfluid 4He belongs to this universality class (in this case we speak of
an XY universality class). The Heisenberg fixed point is unstable for non-
zero charge. There are two charged fixed points. The one labeled SC in the
figure is infrared stable and governs the superconducting phase transition.
Its infrared stability ensures that the phase transition is second order. The
second charged fixed point is labeled with a T and is called the tricritical

g

f

T SC

Heisenberg

Fig. 2. Schematic flow diagram for the GL model for N > Nc.
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fixed point. It is infrared stable along the line starting in the Gaussian fixed
point and unstable along the g-direction. The line of stability of the tricrit-
ical fixed point is called the tricritical line. The tricritical line separates the
regions in the flow diagram corresponding to first- and second-order phase
transition.

As we shall see later on in these lectures, the flow diagram shown in
Fig. 2 should also be valid for N = 2.s For the moment let us remark
that if we use the β-functions in fixed dimension as given in Eqs. (17) and
(18) the value of Nc is considerably smaller at d = 3. Indeed, by setting
d = 3 in Eqs. (17) and (18), we obtain that charged fixed points exist for
N > Nc = 103.4.

2.3. Critical Exponents

The critical exponents can be evaluated using standard methods.22 The η

exponent is obtained as the value of the RG function

γψ = µ
∂ lnZψ

∂µ
, (23)

at the infrared stable fixed point. The η exponent governs the large distance
behavior of the order field correlation function at the critical point:

〈ψ(r)ψ†(r′)〉 ∼ 1
|r− r′|d−2+η

. (24)

The critical exponent ν, governing the scaling of the correlation length
ξ = m−1 ∼ t−ν , with t being the reduced temperature, is obtained as
the infrared stable fixed point value of the RG function νψ defined by the
equation

1
νψ
− 2 = γm, (25)

γm = µ
∂

∂µ
ln
(

Zm

Zψ

)
. (26)

In an approach where the correlation functions are computed at the critical
point the mass renormalization Zm must be computed through |ψ|2 inser-
tions in the 2-point function.7,22 For any dimension d ∈ (2, 4], we obtain

sIn the context of the ε-expansion, see for example the two-loops resummed RG analysis
by Folk and Holovatch.15,19
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the one-loop result

γψ = (1− d)(4− d)B(d)f, (27)

γm = (N + 2)(d− 4)B(d)g/2− γψ. (28)

Once the critical exponents η and ν are evaluated, all the other critical
exponents can be obtained using the standard scaling relations. We shall
prove later that the standard scaling relations apply also in the case of the
GL model.

2.4. 1/N Expansion

The 1/N expansion is one of the most popular non-perturbative methods in
the field theoretical and statistical physics literature. The critical exponents
of the GL model at O(1/N) were calculated at d = 3 by HLM. Since the
original paper does not contain any detail of the calculation, we shall outline
it here. The large N limit in the GL model is taken at Nu and Ne2 fixed.

Let us calculate the critical exponent η. The relevant graphs are shown in
Fig. 3. The idea is to pick up the p2 ln |p| contribution of Γ(2)(p) = G−1(p),
where G is the order field propagator. To keep the theory massless, we
have to subtract the p = 0 contribution of the self-energy. The subtracted

(b)(a)

=

=

+ +

+

+

+

Fig. 3. Feynman graph contributing to the momentum dependent part of the self-energy
of the order field propagator. The double lines represent dressed propagators. The graphs
(a) and (b) contain effective vertices given by an infinite sum of a chain of bubbles.
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contribution coming from the graph (a) in Fig. 3 is

Σa(p) =
∫

d3k

(2π)3
V (k)

(
1

(p− k)2
− 1

k2

)
, (29)

where

V (k) =
2u

1 + uNΠ(k)
, (30)

and Π(k) is the polarization bubble

Π(p) =
∫

d3k

(2π)3
G0(p− k)G0(k), (31)

where G0 is the free scalar propagator. In the massless case we have simply

Π(p) =
1

8|p| . (32)

When e = 0, Eq. (30) gives the effective interaction of the O(N) model.7

The −ηap2 ln |p| contribution from Eq. (29) gives

ηa =
8

3π2N
, (33)

which is just the η-exponent of the O(N) model at O(1/N).7

In order to compute the contribution from the graph (b) of Fig. 3,
we need to calculate the dressed vector potential propagator. The dressed
propagator is obtained by summing the chain of bubbles shown in Fig. 3.
The result is

Dµν(p) =
1

p2 + ΣA(p)

(
δµν − pµpν

p2

)
, (34)

where in the massless case

ΣA(p) =
1
32

Ne2|p|. (35)

The self-energy contribution from graph (b) is then

Σb(p) = −e2
∫

d3k

(2π)3
(2pµ − kµ)(2pν − kν)

(p− k)2
Dµν(k). (36)

Thus, we obtain the contribution −ηbp2 ln |p|, where

ηb = − 128
3π2N

. (37)

The η-exponent of the GL model at O(1/N) is obtained by adding the
contributions from Eqs. (33) and (37),

η = ηa + ηb = − 40
π2N

. (38)
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The critical exponent ν at O(1/N) can be computed through similar
calculations, except that one needs to consider massive propagators for the
order field. Instead of picking up the contribution p2 ln |p|, we take the
m2 lnm one from the self-energy at zero momentum. This gives in fact the
critical exponent γ. The critical exponent ν is obtained straightforwardly
by using the scaling relation γ = ν(2− η). The end result is:

ν = 1− 96
π2N

. (39)

Note that in the 1/N expansion no tricritical fixed point is generated at
O(1/N). The reason for that comes from the fact that the graph in Fig. 1
is O(1/N2) and does not contribute to the above calculations. This graph
is the main obstacle against attaining the charged fixed point.

3. Existence of the Charged Fixed Point

3.1. Scaling near the Charged Fixed Point

By assuming the existence of the charged fixed point, it is possible to derive
exact scaling relations for the GL theory.23 For example, it is easy to prove
that if a charged fixed point exists then ν′ = ν, where ν′ is the expo-
nent of the penetration depth λ. To this end, it is necessary to consider
the GL model in the ordered phase, that is, at T < Tc. In this situa-
tion the vector potential becomes massive through the Higgs mechanism,7

with a mass mA = λ−1. The Higgs mechanism implies that there are no
massless modes in the superconductor in the ordered phase. This shows
a fundamental difference between a superconductor and a superfluid: The
ordered phase of a superfluid contains a massless mode or Goldstone boson.
The Ginzburg parameter κ is defined by the ratio between the Higgs
mass and the vector potential mass: κ = m/mA. It can be shown that
m2 = uρs/2 and m2

A = e2ρs, with ρs being the superfluid density. These
formulas are easily obtained in a tree level analysis of the Higgs mech-
anism. Their application in the renormalized case follows from imposing
suitable renormalization conditions and the Ward identities.18,24 Thus,
κ2 = u/2e2 = g/2f . Since both f and g tend to a nonzero fixed point
value in the infrared (m → 0), it follows that the Ginzburg parameter
κ2 = λ2/ξ2 = g/2f → const as m → 0. As a consequence, the scaling
relation λ ∼ ξ holds and therefore the equality between the corresponding
critical exponents.
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In the following it will be useful to use m as the running RG scale. Thus,
f = md−4ZAe2

0 and g = md−4Z2
ψZ−1

g u0. Therefore,

βf ≡ m
∂f

∂m
= (γA + d− 4)f, (40)

γA ≡ m
∂ lnZA

∂m
. (41)

Thus, under the assumption of existence of the charged fixed point we
obtain that

ηA ≡ γA(f∗, g∗) = 4− d. (42)

The above equation gives the exact anomalous dimension of the vector
potential.17 This means that the large distance behavior at the critical
point,

〈Aµ(r)Aµ(r′)〉 ∼ 1
|r− r′|d−2+ηA

∼ 1
|r− r′|2 , (43)

holds for all d ∈ (2, 4].
It is instructive and experimentally relevant to compare the scaling near

a charged fixed point with the one governed by the XY fixed point. To this
end, let us first note that the flow equation for κ2 is written exactly as23

m
∂κ2

∂m
= κ2

(
βg

g
+ 4− d− γA

)
. (44)

Since κ2 = m2/m2
A, the following exact evolution equation holds for m2

A:23

m
∂m2

A

∂m
= m2

A

(
d− 2 + γA − βg

g

)
. (45)

From Eq. (45) we obtain that near a fixed point mA behaves as

mA ∼ m(d−2+ηA)/2. (46)

The above constitutes a rederivation of a result due to Herbut and
Tesanovic.17 For the charged fixed point ηA = 4 − d and we obtain once
more that ν′ = ν (remember: m = ξ−1 and mA = λ−1). For the XY fixed
point, on the other hand, ηA = 0 and we obtain from Eq. (46) the scaling
relation for the superconducting XY universality class:25

ν′ =
ν(d− 2)

2
. (47)

A further interesting consequence of the scaling relation (46) is the fol-
lowing. The vector potential mass is given in terms of the superfluid density
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ρs as m2
A = e2ρs. Equation (40) implies the scaling e2 ∼ mηA near the

charged fixed point. Therefore, from Eq. (46) we obtain23

ρs ∼ md−2 ∼ |t|ν(d−2), (48)

where t is the reduced temperature. Equation (48) is just the Josephson
relation26 and we have thus shown that it is also valid near the charged
fixed point. In his original paper, Josephson has obtained the above rela-
tion for the superfluid in the form ρs ∼ t2β−νη.26 Then he derived the result
(48) by assuming that hyperscaling holds, that is, dν = 2−α, which together
with the scaling relations α+2β +γ = 2 and γ = ν(2− η) imply 2β− νη =
ν(d− 2). We have obtained the result (48) without using these supplemen-
tary scaling relations. Our result follows from the exact evolution equation
for the vector potential mass, Eq. (45). The form ρs ∼ t2β−νη can be
proven without any reference to the charge and is therefore valid also for
the superconductor. From this statement and Eq. (48) we prove

2β − νη = ν(d− 2) (49)

for the superconductor.
Experiments in high quality crystals of YBa2Cu3O7−δ (YBCO) per-

formed at zero field verify very well Eq. (47) for the d = 3 case.27

Most experiments are unable to probe the charged critical region. How-
ever, in experiments involving critical dynamics the situation is not clear.
In this case we have again that different scaling relations are obtained
near the charged fixed point. In general the AC conductivity scales as
σ(ω) ∼ e2ρs/(−iω). Since ρs ∼ ξ2−d, e2 ∼ ξ−ηA , and ω ∼ ξ−z, where
z is the dynamical critical exponent, we derive the scaling relation28

σ(ω) ∼ ξ2−d+z−ηA ∼ |t|ν(d−2−z−ηA). (50)

For the XY universality class where ηA = 0 we have σ(ω) ∼ ξ2−d+z.25 Near
the charged fixed point, however, we obtain σ(ω) ∼ |t|ν(2−z).28,29

3.2. Duality

Duality is a powerful tool in physics.30 It allows the mapping of a weak-
coupling problem on a strong-coupling one. In the context of statistical
physics, it maps the low temperature expansion into a high temperature
expansion. In some cases, duality allows one to obtain exact information
on the physical system. The classical example is the two-dimensional Ising
model, where the exact critical temperature was obtained31 before the exact
solution appeared.32 The exact determination of the critical temperature
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was possible because the Ising model has the self-duality property, that is,
the duality transformation has a fixed point. The self-duality property is
also verified in other systems and for d > 3, as in the Z2 lattice gauge
theories. However, the discreteness of the gauge group makes these theories
very similar from the point of view of duality to the two-dimensional Ising
model. Self-duality is more difficult to find in continuous gauge groups.
The GL model, for example, has no such property, but as we shall see, it is
nevertheless almost self-dual.

In this section we shall discuss the field theoretic approach to duality
in the GL model. We shall show in detail how scaling works in a disorder
field theory (DFT) for the superconducting phase transition. The DFT
to be discussed here was proposed first by Kleinert nearly twenty years
ago.11 This formulation allows one to demonstrate that tricritical point
exists in the phase diagram of the superconductor. The existence of this
tricritical point allows one to build a consistent picture where the strong-
coupling limit – which exhibits a second-order phase transition10 – and
the weak coupling limit, with its weak first order scenario, coexist with
the normal phase, meeting at the tricritical point. On the basis of the
DFT, the estimated value of κ at the tricritical point was κt ≈ 0.8/

√
2.11

Early Monte Carlo simulations33 give, on the other hand, the estimate
κt ≈ 0.42/

√
2. Remarkably, Kleinert’s estimate agrees within 5% with a

recent, more precise, Monte Carlo simulation by Mo, Hove and Sudbø.13

The first scaling analysis of the DFT was made by Kiometzis, Kleinert,
and Schakel.14 From the analysis in Ref. 14, it is possible to establish the
value of the critical exponent ν as having a XY value, ν � 0.67. However,
as we shall see, the scaling analysis of the DFT contains some ambiguities
which are not yet completely resolved.

3.2.1. Duality in the Lattice Ginzburg–Landau Model

A lattice version of the GL model has the Hamiltonian

H = −β
∑
i,µ

cos(∇µθi − eAiµ) +
1
2

∑
i

(∇×Ai)2, (51)

where ∇µ is the lattice derivative, ∇µfi ≡ fi+µ̂ − fi, and β = 1/T . The
partition function is then given by

Z =
∫ π

−π

(∏
i

dθi

2π

)∫ ∞

−∞

∏
i,µ

dAiµ

 exp(−H). (52)
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The duality transformation can be done exactly when the Villain form of
the Hamiltonian is used. The Villain approximation34 corresponds to the
replacement

exp(β cos x) →
∞∑

n=−∞
exp

(
−β

2
(x− 2πn)2

)
, (53)

which turns out to be very accurate near the critical region.35

Assuming from now on the Villain approximation, we introduce an
auxiliary integer field miµ such that

∑
{niµ}

exp
(
−β

2
(∇µθi − eAiµ − 2πniµ)2

)

∝
∑

{miµ}
exp

(
− 1

2β
m2

iµ + i(∇µθi − eAiµ)miµ

)
. (54)

The proportionality factor above is not important in the following. All such
proportionality factors in the foregoing manipulations will be neglected.
They correspond to smooth factors in the temperature. Equation (54) was
obtained using the identity

∞∑
m=−∞

exp[(−t/2)m2 + ixm] =

√
2π

t

∞∑
n=−∞

exp[(−1/2t)(x− 2πn)2]. (55)

The summation notation in Eq. (54) with a {niµ} means a multiple
summation, analogous to multiple integration.

By integrating out the angular variables θi we obtain the partition
function

Z =
∫ ∞

−∞

[∏
i,µ

dAiµ

] ∑
{mi}

δ∇·mi,0

× exp

{∑
i

[
− 1

2β
m2

i + ieAi ·mi − 1
2
(∇×Ai)2

]}
. (56)

The Kronecker delta constraint ∇ ·mi = 0 generated by the θi integrations
implies that the link variables miµ form closed loops. These closed loops
are interpreted as magnetic vortices.30 When e = 0 the vector potential
decouples and we have, up to a proportionality factor, the partition function
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for the XY model in terms of link variables,

ZXY =
∑
{mi}

(δ∇·mi,0) exp

(
− 1

2β

∑
i

m2
i

)
. (57)

We can solve the constraint on mi by introducing a new integer link
variable through mi = ∇ × li. After integrating out Ai and using the
Poisson formula

∞∑
n=−∞

F (n) =
∞∑

m=−∞

∫ ∞

−∞
dx F (x)e2πimx, (58)

to go from the integer variables li to continuum variables hi, we obtain

Z =
∫ ∞

−∞

[∏
i,µ

dhiµ

] ∑
{mi}

δ∇·mi,0

× exp

[∑
i

(
− 1

2β
(∇hi)2 − e2

2
h2

i + 2πimi · hi

)]
. (59)

Equation (59) corresponds to the dually transformed lattice GL model.
By performing the hi integration in Eq. (59) we obtain

Z =
∑
{mi}

(δ∇·mi,0) exp

−2π2β
∑
i,j,µ

miµG(ri − rj)mjµ

 , (60)

where the Green function G has the following behavior at large distances:

G(ri − rj) ∼ e−√
βe|ri−rj |

4π|ri − rj | . (61)

Thus, in the superconductor the magnetic vortex loops interact with a
screened long range interaction.

Let us consider now the “frozen” superconductor limit36 of the dual
representation (59). The “frozen” superconductor corresponds to the zero
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temperature limit, T → 0. In this case, after integrating out hi, we obtain

Zfrozen =
∑
{mi}

(δ∇·mi,0) exp

(
−2π2

e2

∑
i

m2
i

)
. (62)

Equation (62) has the same form as Eq. (57). Thus, the “frozen” supercon-
ductor is the same as a XY model provided we identify

e2 =
4π2

T
. (63)

The above result allows us to localize a critical point on the e2-axis in the
phase diagram in the e2–T -plane. Using Eq. (63) and the fact that Tc ≈ 3
for the XY model in the Villain approximation,30 we obtain e2

c = 4π2/Tc ≈
13.159 on the e2-axis. Thus, we can locate two limiting critical points in the
phase diagram, since we have in the T -axis the Villain-XY critical point at
Tc ≈ 3.

The vortex–vortex interaction in Eq. (60) is singular at short distances.
Therefore, it is natural to introduce a vortex core term with energy ε0 in
the dual lattice Hamiltonian,

Hdual =
∑

i

(
1
2β

(∇× hi)2 +
e2

2
h2

i − 2πimi·hi +
ε0
2

m2
i

)
. (64)

Using Eq. (55) and the integral representation of the Kronecker delta

δ∇·mi,0 =
∫ π

−π

dθi

2π
eiθi(∇·mi), (65)

we obtain

H ′
dual =

∑
i

(
1
2β

(∇× hi)2 +
e2

2
h2
)

+
∑
i,µ

1
2εc

(∇µθi − 2πiniµ − 2πhiµ)2.

(66)
The Hamiltonian in Eq. (66) has the same form as the lattice GL Hamil-
tonian in the Villain approximation, except that in Eq. (66) the vector
field is massive. Thus, we see that there is almost a self-duality between
them. When e = 0 the Hamiltonian (66) is the dual of the (Villain) lattice
XY Hamiltonian. Note that in this duality transformation a locally gauge
invariant model is mapped on a globally invariant one.

Let us set e = 0 in Eq. (64) and look for the phase diagram in the β–ε0
plane. In such a phase diagram the point (βc, 0) corresponds to the XY



December 18, 2003 17:32 Master File for Review Volume Chap06

270 Order, Disorder, and Criticality

critical point. Integrating out hi we obtain the partition function

Z ′|e=0 =
∑
{mi}

(δ∇·mi,0) exp

−2π2β
∑
i,j,µ

miµḠ(ri − rj)mjµ − ε0
2

m2
i

 ,

(67)
where Ḡ behaves at large distances as

Ḡ(ri − rj) ∼ 1
4π|ri − rj | . (68)

From Eqs. (57) and (67) we see that the point (0, 1/2βc) in the β–ε0 plane
corresponds to an “inverted” XY (IXY ) transition.10 By performing the
Ai integration in Eq. (56) we obtain

Z =
∑
{mi}

(δ∇·mi,0) exp

−e2

2

∑
i,j,µ

miµḠ(ri − rj)mjµ − 1
2β

m2
i

 , (69)

and we see that the IXY critical point corresponds to e2
c = 4π2βc.10

Clearly the IXY transition is a second-order phase transition. Note that
this transition arises in a lattice GL model where the amplitude fluctuations
are frozen (London limit). Therefore, we should not expect to find a first-
order phase transition in this case. This London limit is appropriate when
magnetic fluctuations are relevant in the type II regime. In Fig. 4 we show
the approximate phase diagram.11

T

Tc

e2
ec

2 = 4π2

Tc

Fig. 4. Schematic phase diagram showing the critical points on the e2- and T -axis. Here
Tc ≈ 3. The ordered superconducting phase corresponds to 0 < e2 < e2

c .
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3.2.2. The Disorder Field Theory

The IXY universality class must have the same thermodynamic exponents
as the XY model. For instance, we expect ν � 0.67 and, from the scaling
analysis of Section 3.1, ν′ = ν. This last scaling relation has been confirmed
in Monte Carlo simulations of the lattice model (51).42 Although the ther-
modynamic exponents are the same as in the XY universality class, critical
exponents like η and ηA are not the same. We have seen in Section 3.1 that
ηA = 4 − d near the charged fixed point. The d = 3 value, ηA = 1, corre-
sponds to the IXY universality class discussed in the preceding subsection.
The XY universality class, on the other hand, has ηA = 0. Also, we have
−1 < η < 0 in the IXY universality class, while η > 0 in the XY one.

Useful information from different universality classes and crossovers in
superconductors can be obtained from the DFT. The DFT is constructed
out of the dual lattice Hamiltonians discussed in this section. The bare DFT
associated to the lattice Hamiltonian (66) is given by14,43

HDFT =
1
2
(∇×h0)2+

m2
A,0

2
h2

0+|(∇−iẽ0h0)φ0|2+m̃2
0|φ0|2+

ũ0

2
|φ0|4, (70)

where the bare dual charge ẽ0 ≡ 2πmA,0/e0. mA,0 is the bare mass of the
vector potential in the original theory. We see that the disordered phase
of the DFT corresponds to the ordered phase of the GL model. This is a
general feature of all duality transformations: the low temperature phase
is mapped in the high temperature phase. This justifies the denomination
“disorder field theory” for the continuum limit of the lattice dual model. The
field φ0 is the bare disorder parameter field. In the superconducting phase
〈φ0〉 = 0, while the order parameter in the original GL model 〈ψ0〉 �= 0.
Conversely, the normal phase corresponds to 〈φ0〉 �= 0 and 〈ψ0〉 = 0.

It should be noted that the Hamiltonian (70) is a generalization of the
London model. The field h0 is in fact the magnetic induction, while |φ0|2
gives the vortex loop density.

The renormalization of the Hamiltonian (70) is similar to the one of
the GL model, up to the following subtlety. From the Ward identities we
obtain that the mass term for the vector field is not renormalized, that is,
m2

A,0h
2
0/2 = m2

Ah2/2, where the absence of the zero subindices indicates
renormalized quantities. Since the renormalized induction field is given by
h = Z

−1/2
h h0, we obtain

m2
A = Zhm2

A,0. (71)



December 18, 2003 17:32 Master File for Review Volume Chap06

272 Order, Disorder, and Criticality

The dual charge renormalizes in a similar way:

ẽ2 = Zhẽ2
0. (72)

Since ẽ2
0 = 4π2m2

A,0/e2
0, it follows from Eqs. (71) and (72) that the Cooper

pair charge e0 is not renormalized in the DFT, e = e0.
It is important to remark that the vector potential mass renormalization

in the DFT involves only one renormalization constant, while the same is
not true in the GL model.18

Due to the presence of a massive vector field, the DFT has an ambiguous
scaling.23 This ambiguity has recently been a matter of debate.37–39 Let
us see how it works. In Ref. 14 the scaling chosen was in principle very
natural, with the bare masses behaving in the same way with mean field
exponents: m̃2

0 ∼ |t| and m2
A,0 ∼ |t|. Renormalization is employed as usual.

We have

m̃2
0 = Zm̃Z−1

φ m̃2, (73)

and therefore

m̃
∂m̃2

0

∂m̃
= (2 + γm̃)m̃2

0, (74)

where γm̃ is defined in a way similar to γm in Eq. (28). Since m̃2
0/m2

A,0 =
const, we obtain

m̃
∂m2

A,0

∂m̃
= (2 + γm̃)m2

A,0. (75)

Let us define the dimensionless renormalized dual coupling by f̃ = ẽ2/m̃.
From Eqs. (72) and (75), we obtain the β-function

βf̃ ≡ m̃
∂f̃

∂m̃
= (γh + γm̃ + 1)f̃ , (76)

γh ≡ m̃
∂ lnZh

∂m̃
. (77)

Now, we can easily obtain the bound

γm̃ + 1 ≤ (1/ν)− 1 ≤ 1. (78)

It is also straightforward to show that γh ≥ 0. Therefore, the infrared stable
fixed point to (76) is at f̃∗ = 0. This implies that the critical exponent ν

has an XY value and that ηh ≡ γ∗
h = 0.
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From Eqs. (71) and (75) we obtain

m̃
∂m2

A

∂m̃
= (γh + γm̃ + 2)m2

A. (79)

Near the fixed point the above equation becomes

m̃
∂m2

A

∂m̃
≈ 1

ν
m2

A, (80)

which implies the scaling

m2
A ∼ m̃1/ν . (81)

Since m̃ ∼ |t|ν , the above scaling implies that the penetration depth
exponent is given exactly by ν′ = 1

2 .
Another possible scaling is the one considered by Herbut37 where it

is assumed that m2
A,0 = const. Within this scaling we obtain instead of

Eq. (76) the β-function

βf̃ = (γh − 1)f̃ , (82)

which is similar to the β-function of the coupling f in the GL model at
d = 3. From Eq. (71) we obtain

m̃
∂m2

A

∂m̃
= γhm2

A. (83)

The β-function for the coupling g̃ = ũ/m̃ contains functions of the ratio
m̃/mA multiplying every power of f̃ .37 Due to the evolution equation (83),
we see that m2

A ∼ m̃γ∗
h ∼ m̃. Therefore, m̃/mA → 0 as the critical point is

approached. Thus, the fixed point g̃∗ is the same as in the XY model and
once more the critical exponent ν has an XY value.37 However, from the
exact scaling behavior m2

A ∼ m̃ we see that the penetration depth exponent
is given by ν′ = ν/2, which corresponds to the same value as in the 3D
XY superconducting universality class. Therefore, the scaling considered
in Ref. 37 does not give the expected value for the IXY universality class,
which should be ν′ = ν ≈ 2

3 .17 It was shown in Ref. 23 that the IXY

universality class can only be obtained if the bare mass m2
A,0 ∼ |t|ζ , where

ζ = 2ν ≈ 4
3 , i.e., m2

A,0 should scale as m2 of the original GL model. It seems
that if we want the dual model to imply the result ν′ = ν, we have to make
this assumption.

An alternative scenario for the scaling behavior in the DFT is the fol-
lowing. We have shown that the XY model dualizes in a GL model. The
GL model, on the other hand, dualizes on the DFT whose Hamiltonian is
given in Eq. (70). Now, the dual of the dual must be of course the original
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model. This means that the GL model should dualize in an XY model and
therefore the DFT Hamiltonian should be equivalent to it. On the basis of
this argument we should expect a scaling consistent with the XY univer-
sality class, instead of IXY . If we accept this argument, we are led to the
conclusion that the correct scaling behavior should assume m2

A,0 = const
as in Ref. 37 to obtain the XY scaling of the penetration depth, ν′ = ν/2.

4. The Physical Meaning of the Critical Exponent η

In the superconducting phase transition only the exponents ν, ν′, and α are
measured. Here α is the specific heat exponent, which is related to ν by the
hyperscaling relation dν = 2− α. At present the critical exponent η is not
measured and we can even doubt its physical significance. We can argue that
the superconducting order parameter cannot be considered to be a physical
measurable quantity because its conjugate field has no physical meaning. In
a ferromagnet the field conjugate to the magnetization is just the external
magnetic field, which can be controlled by experiments. Another problem
is that the order parameter 〈ψ〉 is not gauge invariant. Thus, a calculation
of 〈ψ(r)ψ†(r′)〉 will depend on the gauge choice and, as a consequence, η

will also be gauge dependent.
In this section we shall show that it is possible to define a gauge-

independent η exponent and discuss its physical significance. The physical
meaning of η arises due to a special feature which at first glance looks very
much like a pathology: it has a negative sign. Indeed, we would expect from
very general non-perturbative arguments that η should be positive. In the
case of a pure |ψ|4 theory we can prove that η ≥ 0 in the following way. In
momentum space the correlation function G(r− r′) ≡ 〈ψ(r)ψ†(r′)〉 has the
spectral representation45

Ĝ(p) =
∫ ∞

0
dµ

ρ(µ)
p2 + µ2 , (84)

where the spectral weight ρ(µ) satisfies the sum rule

∫ ∞

0
dµ ρ(µ) = 1. (85)

The above representation is well known in quantum field theory and is
called the Källen–Lehmann spectral representation.45 Now, because of the
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condition (85) on the spectral weight, we have the inequality

Ĝ(p) ≤ 1/p2. (86)

If one assumes the low momentum behavior at the critical point Ĝ(p) ∼
1/|p|2−η, we obtain from the inequality (86) that η ≥ 0.

In the case of the GL model, all calculations of η give a negative value
in the interval −1 < η < 0 for d = 3.9,15–18,46–48 In general it is argued that
since Ĝ(p) ∼ 1/|p|2−η, we have in real space the large distance behavior at
the critical point,

G(r− r′) ∼ 1
|r− r′|d−2+η

. (87)

The above will not diverge as |r − r′| → ∞ provided η > 2 − d and for
this reason we could have in principle a negative η exponent. Such an argu-
ment is certainly not correct in the case of pure |ψ|4 theory where the
Källen–Lehmann representation holds which implies η ≥ 0. In the case of
the GL model the situation is much more subtle and the Källen–Lehmann
representation does not apply, at least not in the above form.28,49

In order to give a physical interpretation to the negative sign of η in
superconductors, let us consider a one-loop approximation at the critical
point and fixed dimensionality d = 3. The calculation is uncontrolled but
serves to illustrate the main point. Assuming N = 2, the vector potential
propagator is then given by

Dµν(p) =
1

p2 + e2|p|/16

(
δµν − pµpν

p2

)
, (88)

while the order parameter two-point correlation function is

G(p) =
1

p2 − e2|p|/4
. (89)

Now, we see from Eq. (88) that as |p| → 0 the second term in the denomi-
nator dominates, implying ηA = 1. However, the same argument does not
apply to Eq. (89) because the second term in the denominator has a neg-
ative sign in front of it and therefore the p2 term is still relevant. Thus,
there is a momentum space instability in the problem similar to the one
encountered in theories of magnetic systems exhibiting a Lifshitz point.50

There the Hamiltonian already contains the momentum space instability
from the very beginning due to the presence of higher order derivatives.50

Due to this, the susceptibility in those magnetic systems has a maximum at
a nonzero value of p. This leads to the appearance of a modulated regime in
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the phase diagram, which is plotted in the P–T -plane, where P is the ratio
between two competing interactions. It was conjectured in Ref. 28 that
a similar behavior occurs in the superconductor. The modulated regime
would be associated to the type II behavior, which would be in this way
analogous to the helical phase in magnetic systems exhibiting a Lifshitz
point. In the case of magnetic systems, the Lifshitz point is the point in the
phase diagram where the paramagnetic, ferromagnetic and helical phases
coexist. In the case of the superconductor it corresponds to the point where
the type I, type II, and normal phases coexist. In complete analogy with
magnetic systems, the phase diagram is plotted in the κ2–T -plane. Note
that in the case of the GL model the Lifshitz point-like behavior would be
generated by thermal fluctuations.

Further insight in this problem can be obtained by looking at the propa-
gator in the 1/N expansion already discussed in this review. The self-energy
at the critical point and O(1/N) is given by

Σ(p) =
40

π2N
p2 ln

( |p|
Ne2

)
. (90)

Thus, besides the pole at p = 0, we have also a pole at

|p0| = Ne2 exp
(
−π2N

40

)
. (91)

This instability is similar to the one leading to chiral symmetry breaking
in three-dimensional QED (QED3).51 The difference is that in QED3 the
instability occurs with respect to the mass, which is dynamically generated
by spontaneous chiral symmetry breaking. Thus, if M is the generated
fermion mass, the pole of the propagator occurs at51

M = Ne2 exp
(−π2N

8

)
. (92)

We have not yet discussed how to cure the disease which results from
the lack of gauge invariance of the order parameter correlation function
G(r−r′). Our physical interpretation of the critical exponent η given above
has no value if η is a gauge-dependent quantity. The best thing to do is to
define a gauge-invariant correlation function for the order parameter. The
choice of such a gauge-invariant correlation function is not unique but as
we shall show, there is one whose value of η coincides with the one which
is obtained by computing it in the Coulomb gauge, which is the gauge we
are using in this review.



December 18, 2003 17:32 Master File for Review Volume Chap06

Field Theoretic Approaches to the Superconducting Phase Transition 277

A popular gauge-invariant correlation function which is often used in
the literature is

G(r− r′) =

〈
ψ(r) exp

(
−ie

∫ r′

r
dr′′ ·A(r′′)

)
ψ†(r′)

〉
. (93)

A calculation of η using the above correlation function was carried out
recently by Kleinert and Schakel.52 They calculated this exponent using
both the ε-expansion and the 1/N -expansion. In the former case the result is

η = −36
N

ε, (94)

while in the latter case η was computed for arbitrary dimensionality d ∈
(2, 4) and up to order 1/N52

η = − 1
N

(d2 + 2d− 6)Γ(d− 2)
Γ(2− d/2)Γ2(d/2− 1)Γ(d/2)

. (95)

By setting d = 4−ε in Eq. (95) and expanding to order ε we obtain Eq. (94).
In a GL Hamiltonian with a gauge-fixing term

Hgf =
1
2α

(∇ ·A)2, (96)

the above expression of η corresponds to values that would have been
obtained by fixing the gauge α = −3 in the ε-expansion case and α = 1− d

in the case of the 1/N -expansion. Thus, in each case the value of η does not
agree with the one that is obtained by fixing the Coulomb gauge, which
corresponds to α = 0. Note, however, that the above gauge-independent
results both confirm that η is indeed negative.

A different point of view discussed in Ref. 53 focuses instead in the flow
of the gauge-fixing parameter α. From the Ward identities it follows that
the gauge-fixing parameter renormalizes as

α = Z−1
A α0, (97)

which implies the β-function

βα = −γAα. (98)

Since at the charge fixed point we have γA(f∗, g∗) = 4 − d, the only way
to get a fixed point to Eq. (98) when d ∈ (2, 4) is to set α = 0. Due to
the negative sign in Eq. (98), the flow is unstable for arbitrary nonzero α.
Thus, it is clear that stable charged fixed points can be obtained only if the
Coulomb gauge corresponds to the fixed point of the theory in 2 < d < 4.
For d = 4, which is the case of interest for particle physicists, any value
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α

f* f

Fig. 5. Schematic flow diagram in the f–α-plane.

of α can be chosen, since in this case γA(f∗, g∗) = 0. In Fig. 5 we show a
schematic flow diagram in the f–α-plane for the case where d ∈ (2, 4). Based
on this scenario, we are led to conclude that the above gauge-independent
results for η do not correspond to the infrared stable fixed point. This means
that the correlation function (93) is not a good choice of gauge-invariant
correlation function giving a gauge-independent value of the η exponent. In
fact, the correlation function (93) even fails to lead to long-range order. It
can be rigorously shown that in the dimensions of interest the correlation
function (93) always decays to zero.54 A better gauge-invariant correlation
function is55

G(r− r′) =
〈

ψ(r) exp
(
−ie

∫
ddr′′A(r′′) · b(r′′)

)
ψ†(r′)

〉
, (99)

b(r′′) = ∇V (r′′ − r)−∇V (r′′ − r′), (100)

−∇2V (r) = δd(r). (101)

Since the above correlation function is gauge-invariant, any gauge can be
fixed to calculate it. The end result will be always gauge-independent. It is
easy to see that in the Coulomb gauge

G(r− r′)|Coulomb = 〈ψ(r)ψ†(r′)〉|α=0. (102)

Therefore in such a scenario the η exponent corresponds precisely to the
one we calculated previously in the Coulomb gauge. Furthermore, it can
be shown that the correlation function (99) exhibits long-range order,55 in
contrast to the one given in Eq. (93).
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5. Renormalization Group Calculation at Fixed Dimension
and below Tc

In the ε-expansion RG approach the same RG functions are obtained
regardless of whether the calculation is carried out below or above Tc. As
dictated by the Ward identities, the singular behavior is exactly the same
above and below Tc.7 However, if the calculation is done in fixed dimension
d = 3 and below Tc the situation is different and the RG functions depend
explicitly on the Ginzburg parameter κ. We shall not give the details of this
approach here. Instead, we shall concentrate on the physical aspects of this
new approach which allows one to obtain a charge fixed point at one-loop
order. The interested reader is referred to Ref. 18 for the technical details.

The approach we are going to discuss is not really perturbative. Actually,
only the powers of f are being effectively counted and the powers of g are
counted only partially. Thus, by one-loop we mean first-order in f . The
point is that κ arises in the calculations in two different ways: as the ratio
between the masses κ = m/mA and as the ratio between coupling constants,
κ2 = g/2f . The coupling g, when it appears, is eliminated in favor of κ and
the RG flow is in this way parametrized in terms of κ and f . This way of
working is of course more complicated than more usual RG approaches but
it has the advantage of being physically more appealing due to the explicit
presence of κ in the RG functions. In the classical Abrikosov solution of
the GL model in an external magnetic field κ appears explicitly and the
existence of two types of superconductivity is made evident.56 For instance,
the slope of the magnetization curve near Hc2 is given by

dM

dH
=

1
4πβA(2κ2 − 1)

, (103)

where βA is the Abrikosov parameter. The above expression is singular
at κ = 1√

2
, which corresponds to the point separating type I from type

II superconductivity. Such a singular behavior at κ = 1√
2

should be also
visible in the GL model with a thermally fluctuating vector potential. The
new approach introduced in Ref. 18 makes this feature explicit in a RG
context. As we shall see, this aspect of this new approach is crucial to
obtain the charged fixed point at d = 3 and N = 2.

The only RG function that is singular at κ = 1√
2

is γA,

γA =
√

2C(κ)f
24π(2κ2 − 1)3

, (104)

C(κ) = 4κ6 + 10κ4 − 24
√

2κ3 + 27κ2 + 4
√

2κ− 1
2
. (105)
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The β-function for κ2 is given by

βκ2 = (2γπ − γA − ζπ)κ2, (106)

where

γπ =
κ f

12π

2κ2 +
√

2κ− 8√
2κ + 1

, (107)

ζπ = −
√

2
4π

f

(
3κ2

2
+

1√
2κ

)
. (108)

As before, the charged fixed point at d = 3 is determined by the condition
γA(f∗, κ∗) = 1. This leads to the fixed points

f∗ ≈ 0.3, κ∗ ≈ 1.17√
2

. (109)

Note that κ∗ is slightly above the value 1√
2

and therefore the charged fixed
point occurs in the type II regime.

The reason why a charged fixed point is obtained in the above analysis
is similar to the reason why the 1/N -expansion leads to a charged fixed
point already at order 1/N . The fixed point coupling f∗ is small enough
such that an f2

∗ -term is strongly suppressed in the other RG functions. It
is a large f2-term in βg that spoils at N = 2. The charged fixed point in
the HLM theory. In order to explain why this new method is so successful,
let us define an effective coupling f̄ by

γA(f̄ , κ) = 1. (110)

The above equation defines a critical line in the sense that the βf vanishes
on this line. Note, however, that βκ2 does not vanish in general. From
Eq. (110) we obtain

f̄(κ) =
24π(2κ2 − 1)3√

2C(κ)
. (111)

From the above equation we see that f̄(κ) becomes very small when κ

approaches 1√
2

from the right. Precisely at κ = 1√
2

we have f̄ = 0. This
behavior suggests that the best approximation scheme should be one where
the small parameter is given by ∆κ ≡ κ − 1√

2
. Now it is easy to see that

the ε-expansion based on RG fails because it effectively expands around
κ = 0 and therefore it corresponds to the deep type I regime where the
transition is clearly first-order. Furthermore, C(κ) vanishes at κ = 0.096√

2
and f̄ becomes very large as this value of κ is approached from the left.
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Thus, a perturbation expansion around κ = 0 breaks down at κ = 0.096√
2

.
There is an “infinite barrier” separating the deep type I from the type II
regime. In the interval 0.096√

2
< κ < 1√

2
the effective coupling f̄ is negative

and thus unphysical. The coupling f̄ can be really small only for κ > 1√
2
,

i.e., in the type II regime.
Note that our one-loop approximation gives only one charged fixed

point. The tricritical fixed point is absent in this approximation. This
behavior also occurs in the 1/N -expansion where only one charged fixed
point is found. A higher order calculation is necessary to obtain the tri-
critical fixed point. At two loops the singular behavior in κ is expected
to change. Thus, instead of finding a singularity at κ = 1√

2
, which is the

same as in the mean-field solution, we expect to find a singular behavior at
κt ≈ 0.8√

2
, in agreement with Refs. 11 and 13.

6. Concluding remarks

In this chapter we have reviewed several modern field-theoretic approaches
in the superconducting phase transition. We have emphasized some special
topics which are not extensively discussed in the literature. In particu-
lar, the scaling behavior of the continuum dual model was analysed in
more detail than in the original publications. The duality scenario is phys-
ically and conceptually very important, but its scaling behavior is not
yet fully understood. Another topic that deserves further attention is the
recently conjectured Lifshitz point-like behavior in the GL model.18,28 Such
a scenario provides an interesting possibility to understand physically the
negative value of the critical exponent η.
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